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PREFACE. 



Wb have endeavoured in the present work to combine some of 
the modem developments of Higher Algebra with the subjects 
usually included in works on the Theory of Equations. The 
first ten Chapters contain all the propositions ordinarily found 
in elementary treatises on the subject. In these Chapters we 
have not hesitated to employ the more modem notation wher- 
ever it appeared that greater simplicity or comprehensiveness 
could be thereby obtained. 

Eegarding the algebraical and the numerical solution of 
equations as essentially distinct problems, we have purposely 
omitted in Chap. YI. numerical examples in illustration of the 
modes of solution there given of the cubic and biquadratic 
equations. Such examples do not render clearer the conception 
of an algebraical solution ; and, for practical purposes, the 
algebraical formula may be regarded as almost useless in the 
ease of equations of a degree higher than the second. 

In the treatment of Elimination and Linear Transformation, 
as well as in the more advanced treatment of Symmetric Func- 
tions, a knowledge of Determinants is indispensable. We have 
found it necessary, therefore, to give a Chapter on this subject. 
It has been our aim to moke this Chapter as simple and intelli- 
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gible as possible to the beginner ; and at the same time to omit 
no proposition whioh might be found useful in the application 
of this calculus. For many of the examples in this Chapter, as 
well as in other parts of the work, we are indebted to the kind- 
ness of Mr. Cathcart, Fellow of Trinity College. 

We have approached the consideration of Covariants and 
Invariants through the medium of the functions of the diffe- 
rences of the roots of equations — this appearing to us the sim- 
plest mode of presenting the subject to beginners. We have 
attempted at the same time to show how this mode of treatment 
may be brought into harmony with the more general problem of 
the linear transformation of algebraic forms. In the chapters 
on this subject we have confined our attention to the quadratic, 
cubic, and quartic; regarding any complete discussion of the 
covariants and invariants of higher binary forms as too diffi- 
cult for a work like the present. 

Of the works which have afforded us assistance in the more 
elementary part of the subject, we wish to mention particularly 
the Traits d^Algkbre of M. Bertrand, and the writings of the 
late Professor Young* of Belfast, which have contributed so 
much to extend and simplify the analysis and solution of 
numerical equations. 

In the more advanced portions of the subject we are in- 
debted mainly, among published works, to the Lessons Intro- 
ductory to the Modern Higher Algebra of Dr. Salmon, and the 
Theorie der bindren algebraischen Formen of Clebsch ; and 
in some degree to the Thiorie des Formes binaires of the 



* Theory and Solution of Algehraieai Equations, London, 1835 ; Analysis and 
Solution of Cubic and Biquadratic JEquations, London, 1842 ; and Theory and 
Solution of Algebraical Equations of the ff iff her Orders, London, 1843. 
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Chov. F. Fa4 De Bruno. We must record also our obligations 
in this department of the subject to Mr. Michael Boberts, from 
whose Papers in the Quarterly Journal and other periodicals, 
and from whose professorial lectures in the XJniversity of 
Dublin, very great assistance has been derived. Many of the 
examples also are taken from Papers set by h im at the Uni- 
versity Examinations. 

In the chapter on the Complex Variable we have followed 
closely the treatment of imaginary quantities given by M. 
Briot in his Lemons (PAlgkhre, 

In connei^on with various parts of the subject several 
other works have been consulted, among which may be 
mentioned the treatises on Algebra by Serret, Meyer Hirsch, 
and Kubini, and papers in the mathematical journals by Boole, 
Cayley, Sylvester, Hermite, and others. 

We have, in the last place, to express our thanks to Mr. 
Eobert Gbaham, of Trinity College, Dublin, who has read the 
proof sheets, and verified most of the examples. His thorough 
acquaintance with the subject has been invaluable to us, and 
many improvements throughout the work are owing to sug- 
gestions made by him. 

Tbinitt College, 

September, 1881. 



Note. — The first ten Chapters of this work may be regarded as forming an 
elementary course. In reading these Chapters for the first time, Students are 
recommended to omit Art. 53 of Chap. V., and to confine their attention in 
Chap. VI. to Arts 56, 56, 57, 61, 62, and 63. 
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THEORY OF EQUATIONS. 



INTRODUCTION, 

1. Beflnltioiis. — Any mathematical expression involving a 
qnantitj is called a function of that quantity. 

We shall be employed mainly with such algebraical fane- 
tions as are rational and integral. By a rational function of a 
quantity is meant one which contains that quantity in a rational 
form only ; that is, a form free from fractional indices or radical 
signs. By an integral function of a quantity is meant one in 
which the quantity enters in an integral form only; that is, 
never in the denominator of a fraction. The following expres- 
sion, for example, in which n is a positive integer, is a rational 
and integral algebraical Junction of x : — 

aa^ +&i^"* + caf^~^ +......+ A:a? + /. 

Here it is to be observed that our definition has reference to 
the quantityo; only, of which the expression is a function. The 
several coefficients a, &, Cy &c., may be ikational or fractional, 
and the function still remain rational and integral in x. 

A function of x is represented for brevity by F{x)yf{x), ^(a?), 
or some similar symbol. 

The name polynomial is given to the algebraical fiinc- 
tion to express the fact that it is constituted of a number of 
terms containing different powers of x conliected by the signs 

B 



2 Introduction. 

plus or minus. For certain Talues of the variable quantity ^, 
one given polynomial may become equal to another differently 
oonstituted. The algebraical expression of such a relation is 
called an equation; and any value of the quantity x which 
satisfies this equation is called a root of the equation. The 
determination of all possible roots constitutes the complete 
solution of the equation. 

It is obvious that, by bringing all the terms to one side, we 
may arrange any equation according to descending powers of x 
in the following manner : — 

flfoiu" + a,aJ"~* + a,a^' +....+ On-iX + a„ = 0. 

The highest power of 2; in this equation being n, it is said to 
be an equation of the n^^ degree in x. For an equation of the 
n^* degree we. shall, in general, employ the form here written. 
The suffix attached to the letter a indicates the power of x 
which each coefficient accompanies, the sum of the exponent of x 
and the suffix of a being equal to n for each term. An equation 
is not altered if all its terms be divided by any quantity. We 
may thiua, if we please, dividing by ao> make the coefficient of x^ 
in the above equation equal to unity. We shall find it often 
convenient to make this supposition ; and in such cases we shall 
write the equation in the form 

af^-^PiOf^'^ +P2X^~^ + . . . -^Pn^iX +pn = 0. 

An equation is said to be complete when it contains terms 
involving a; in all its powers from n to 0, and incomplete when 
some of the terms are absent; or, in other words, when some of 
the coefficients />i, ji?,, &c., are equal to zero. The term pn^ 
which does not contain x^ is called the absolute term. An equa- 
tion is numerical^ or algebraical^ according as its coefficients are 
numbers, or algebraical symbols. 

2. Mmnerlcal and Algebraical S^nattons. — In many 
researches in both mathematical and physical science the final 
mathematical problem presents itself in the form of an equation 
on whose solution that of the problem depends. It was natural, 
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tberefore, that the attention of mathematioianB should have been 
at an early stage in the history of the soienoe directed towards 
inquiries of this nature. The soienoe of the Theory of Equa- 
tionsy SA it now stands, has grown out of the suooessive attempts 
of mathematicians to discover general methods for the solution 
of equations of any degree. When the coe£Scients of an equation 
are given numbers, the problem is to determine a numerical 
value, or perhaps several different numerical values, which will 
satisfy the equation. In this branch of the science very great 
prc^iress has been made ; and the best methods hitherto advanced 
for the discovery, either exactly or approximately, of the nume- 
rical values of the roots will be explained in their proper places 
in this work. 

Equal progress has not been made in the general solution of 
equations whose coefficients are algebraical symbols. The stu- 
dent is aware that the root of an equation of the second degree, 
whose coefficients are such symbols, may be expressed in terms 
of these coefficients in a general formula ; and that the nume- 
rical roots of any particular numerical equation may be obtained 
by substituting in this formula the particular numbers for the 
symbols. It was natural to inquire whether it was possible to 
discover any such formula in the case of equations of higher 
degrees. Such results have been attained in the case of equa- 
tions of the third and fourth degrees. It will be shown that 
in certain oases these formulas fail to give us the solution of 
a numerical equation by substitution of the numerical coef- 
ficients for the general symbols, and are, therefore, in this 
respect, inferior to the corresponding algebraical solution of 
the quadratic. 

Many attempts have been made to arrive at similar general 
formulas for equations of the fifth and higher degrees ; but it 
may now be regarded as established by the researches of modem 
analyrts that it is not possible by means of radical signs, and 
other signs of operation employed in common algebra, to ex- 
press the root of an equation of the fifth or any higher degree 
in terms of the coefficients. 

b2 



4 Introduction. 

3. Polynomials. — One important object of the soienoe of 
the Theory of Equations is thus the discovery of those values 
of the quantity x which give to the polynomial /{x) the par- 
ticular value zero. In attempting to discover such values of 
the variable we shall be led into many inquiries concerning 
the values assumed by the polynomial for other different values 
of ap. We shall, in fact, see in the next Chapter that, corre- 
sponding to a continuous series of values of x varying from an 
infinitely great negative quantity (- oo ) to an infinitely great 
positive quantity (+ oo )yf{x) will assume also values continuously 
varying. The study of such variations is a very important part 
of the subject on which we are engaged. The general solution 
of numerical equations is, in fact, a tentative process ; and by 
examining the values assumed by the polynomial for certain 
arbitrarily assumed values of the variable, we shall be led, if 
not to the root itself, at least to an indioation of the neighbour- 
hood in which it exists, and within which our further approxi- 
mation must be carried on. 

Apolynomial is sometimes called a quantic. It is convenient 
to have distinct names for quantics of the 2nd, 3rd, 4th, 5th, 
&c;, degrees. That of the 2nd degree is called a quadratic or 
quadric; that of the 3rd is called a cubic; that of the 4th a 
quariic or biquadratic ; that of the 5th a quintic ; and so on. The 
equations obtained by equating these quantics to zero are called 
quadratic^ cubic^ biquadratic^ &o., equations^ respectively. 



CHAPTER I. 

GENERAL PROPERTIES OF POLYNOMIALS. 

4. In tracing the changes of value of a polTnomial correspond- 
ing to changes in the variable, we shall first inquire what terms 
in the polynomial are most important when values very great 
or very smaU are assigned to x. This inquiry will form the 
subject of the present and succeeding Articles. 
Writing the polynomial in the form 

f fli 1 02 1 an^i 1 flf, 1 ) 

y UoX aoX Oo ar^ do or) 

it is plain that its value tends to become equal to OoO^, as x tends 
towards oo . We proceed, then, to inquire what is the value of x 
nearest to zero which will have the effect of making the term 
Oo^ exceed the sum of all the others. 
Tbeorem. — I/in the polynomial 

Of^af^ + a\af^^ + Oi^J^* + . . . + a^^ix + an 

the value — 4- 1, ar any greater f>adue^ be substituted for a?, where a^ 

is that one of the coefficients Oi, a^^ . . . a^ whose numerical value is. 
greatest^ irrespective of sign^ the term containing the highest power 
of X will exceed the sum of all the terms which follow. 
The inequality 

aosf^ > aiof'^ + flia^"* + . . . + o»_iar + «,» 
is satisfied by the following : — 

a^af^ > ait (pif^'^ + a^' + . . . + a? + 1)> 
where au is the gre&test among the coefficients 

without regard to sign. * 



6 General Properties of Polynomials. 

Tbui leads, summing the geometric series, to the condition 

which is satisfied if e^o (^ - 1) be > or = auy 

or a? > or = — + 1 ; 

which proves the theorem. 

Jtemark, — This theorem is useful in furnishing us, when the 
ooefBcionts of the polynomial are given numbers, with a number 
such that when x receives values nearer to + oo the polynomial 
will preserve constantly a positive sign. If we change the 
sign of iVf the first term will retain its sign if n be even, and 
will become negative if n be odd; so that we are furnished 
by the same theorem with a negative value of Xy such that for 
any value nearer to - oo , the polynomial will retain constantly 
a positive sign if n be even, and a negative sign if n be odd. 
The constitution of the polynoniial is, in general^ such that 
limits much nearer to sero than those here arrived at can 
bo found beyond which the function preserves the same sign ; 
for in the above proof we have taken the most un&vourable case, 
i. <»• where all the coefficients except the first are negative, and 
each equal to a* ; whereas in general the coefficients have varying 
values* positive, negative, or lero. Several theorems, having for 
their object the discovery of audi doeer limits, will be given in a 
subMHixient Chapter. 

fi« We now proceed to determine what is the most important 
term in a polynomial when the value of x is indefinitely dimi- 
nished* and what is the greatest value of ur for which that tenn 
ext'ee^ls all the others. 

It is evident that the polynomial tends to become equal to 
«« as JT tends towards lenx TTe inquire what is the greatoBt 
value of Jt which gives «« the preponderance* 
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the value , or any stnaller value, be substituted for a?, where au 

an + ak 

is the greatest coeffident exclusive of any the term an will be nume- 
rically greater than the sum of all the others. 

To prove this, let a? = - ; then by the theorem of Art. 4, 

au being now the greatest among the ooefficients Oo, (Zi, a,.i, 

without regard to sign, the value — + 1, or any greater value of 

y, will make 



that isy ttn > On-x - + flr»-2— + . . . do— ; 

y y" y" 

hence the value — - — , or any less value of x. will make 

an > Onr-iX + ttn^iX^ + . . . + Oo^^. 

This proposition is often stated in a different manner, as 

follows: — Values so small may be assigned to x as to fnake the 

polynomial 

On^iX + an^2^ + . . . + a^af* 

less than any assigned quantity. 

This is evident, as in the above proof an may be taken to be 
the assigned quantity. 

There is also another useful statement of the theorem, as 

follows : — When the variable x receives a very small value, the sign 

of the polynomial 

an^iX + an^a^ +....+ a^af 

is the same as the sign of its first term a„^iX. 

This appears by writing the expression in the form 

for when a value sufficiently small is given to x, the numerical 
value of the term an>i exceeds the sum of the other terms of the 
expression within the brackets, and the sign of that expression 
will consequently depend on the sign of (Im^i. 



8 General Properties of Polynomials. 

6. Chans® of fomi of a Polynonftlal corresponiltiigf 
to an increase or dluklnntion of the ¥artable. BerlTed 
Functions. — ^We shall now examine the form assumed by the 
polynomial when a? + A is substituted for x. 

If we suppose h essentially positive, the resulting form will 
correspond to an increase of the variable; and by changing the 
sign of h in the result we obtain the form corresponding to a 
diminution of x. 

When X is changed to a? + A, f[x) becomes f{x + A), or 

a,i{x + hy +ai(a?+ A)""Hfli(aj+A)"~'+ . . . + a^i{x + A)' + <Vi(^+ A) +rt«. 

Let each term of this expression be expanded by the binomial 
theorem, and the result arranged according to ascending powers 
of A. We then have 

+ A|#Woa?*"' + («-!) flio?""' + (n - 2) a%ixf^ + . . . + 2an^x +«„_,> 



A** . , 

M . n-1 . . . 2 . 1>««. 



1.2.3.../} 



0* 



It will be observed that the part of this expression indepen- 
dent of A is f{x) : a result which is obvious d priori ; and that 
the subsequent coefficients of the different powers of A are 
functions of x of degrees diminishing by unity. It will further 
be observed that the coefficient of A may be derived from f{x) 
in the following manner : — ^Let each term in /(or) be multiplied 
by the exponent of a; in that term, and let the exponent of ^ in 
the term be diminished by unity, the sign being retained ; the 
sum of all the terms oif(x) treated in this way will constitute a 
polynomial of dimensions one degree lower than those oi/{x). 
This polynomial is called the Jirst derived Junction of f(x). 
It is usual to represent this function r by the notation /^(^). 



\ 
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A* 
The coefficient of := — jr may be derived from /'(a?) by a process 

the same as that employed in deriving /'(a?) from /(a?), or by the 
operation twice performed on /(a?). It is represented by /"(a;). 
Thus /''(a?) is called the second derived function of /(a?) ; and in 
like manner the succeeding coefficients may all be derived by 
successive operations of this character ; so that, employing the 
notation here indicated, we may write the result thus : — 

f{x + h) =/{x) +f\x)h /-^ h? + Y^ *' + ... + (hh\ 

We may observe that, since the interchange of x and h does 
not Blteirf{x + k)y the expansion may also be written in the form 

fix + h) =/ih) +/'(A) X +-^ a? + .^J^g a^ + . . . + a.a^. 

We shall in general employ this notation ; but on certain 
occasions it will be found more convenient when dealing with 
the Buooessive derived functions to use suffixes instead of the 
accents here employed, the latter notation becoming cumbrous 
when we go beyond the first two or three derived functions. 
The above expansion will then be written as follows: — 



Example. 

■ 

Find what the polynomial 4fl;' + 6jp^-7a; + 4 hecomeB when x is changed into 

Here 

f(x) =4ir» + 6aj»-7« + 4, 

f(x) =12ar»+12«-7, 

f"{x) = 24a: + 12, 

r'{x) = 24; 
and the result is 

4a:3+6a:»-7ir + 4 + (12«»+12a?-7)A+(24iC + 12) -*!-+24-4-5. 

1.2 1.2.0 

This example shows how the ahsolute teim of each function disappears when its 
derived is formed, the degree of the function diminishing, tall finally /ti(ir) is reached, 
which is equal in general to {n.n — 1 . »-2 .. . 2.1}ao; in this case fi{x) 
= {3. 2 . 1}4. 
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7. Contliiiilty of a Rational Integral FunctloM of ^. 

— ^If the value of x be made to vary, by indefinitely small inare- 
ments, from one quantity a to a greater quantity h^ it beoomes 
an inquiry how the polynomial f{x) varies at the same time. 
The object of the present Article is to show that /(a?) passes at 
the same time through all values between /(a) and f{h) ; in 
other words, that it varies continuously along with x. Let x be 
increased from a to a + h. The corresponding increment of 
f{x)iA 

f{a + h) -/ W, 

which is equal, by Art. 6, to 

/'(a)A+r(a)j^ + ...+aoA", 

in which all the coej£cients/'(a),/''(a), &c., are finite quantities. 
Now, by the theorem of Art. 5, this latter expression may, by 
taking h small enough, be made to assume a valueless than any 
assigned quantity ; so that the dijSerence between f{a + h) and 
f{a) may be made as small as we please, and will ultimately 
vanish with h. The same is true during all stages of the 
variation of x from a to 6 ; thus the continuity of the function 
f[x) is established. 

It is to be observed that it is not here proved that f{x) 
increases continuously from /(a) to /(J). It may either increase 
or diminish, or at one time increase, and at another diminish ; 
but our proof shows that it cannot pass per saltum from one 
value to another. The sign of f\a) wiU determine whether /(a?) 
is increasing or diminishing ; for we know by Art. 5 that when 
h is small enough the sign of the total increment will depend on 
that of f\a) h. We thus observe that when f\a) is positive/ (x) 
M increasing with x; and whenf\a) is negative /(x) is diminishing 
as X increases. 

8. Form of the linotlent and Remainder wben a 

Polynomial is divided by a Binomial. — ^Let the quotient, 

when 

OoJif* + aiJif*'^ + flfaa?""- + . . . + an-\X + a„ 
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IB divided by ^r - A, be 

This we shall represent by Q, and the remainder by R, We 
have then the following equation : 

f{x)^{x-^h)Q + R. 

The meaning of this equation is, that when Q is multiplied 
by ar - A, and 12 addedy theresultmust \)eidenticalj term for term, 
with/(;p). In order to distinguish identical equations of this 
kind from others, it will often be found convenient to use the 
symbol here employed in place of the usual symbol of equality. 
The right-hand side of the identity is 

Kdif + bi jiu^-' + Jj iaj*"'+... + ft«_i \x + R 
-AJo) -AJi) -hbnJi -hbn^i. 

Equating the coej£cients of x on both sides, we get the fol- 
lowing series of equations to determine b^ fti, h^. . . bn^i^ R : — 

Jo = «0, 

6i = boh + aiy 

62 = blh + Oty 

bi = JjA + 03, 



R =* bft^ih + an. 



These equations supply a ready method of calculating in 
succession the coefi&cients bof b^ &c., of the quotient, and the 
remainder. For this purpose we write the series of operations 
in the following manner : — 

0Q, Oij flfj, fls, .... Un-\i dny 

bfihy blh, bjly .... bnr-zhy Sn-i-V. ^ 
biy biy 63, .... On.i, jK. 

In the first line are written down the successive coefficients 
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olf{x) ; the first term in the aeoond line ifl obtained by multi- 
plying On (or Jo» which is equal to it) by h. The product boh is 
placed under ^i, and then added to it in order to obtain the 
term bx in the third line. This term, when obtained, is multi- 
plied in its turn by A, and placed under a,. The product is 
added to Ot to obtain the second figure h in the third line. The 
repetition of this process furnishes in succession all the coef- 
ficients of the quotient, the last figure thus obtained being the 
remainder. A few examples will make this plain. 

Examples. 

1 . Find' the quotient and remainder when 8d^ - Sje' 4 lOar* + 1 1« - 61 is divided 
l»y * - 3, 

The oalo\Uation it arranged aa followa :— 



-« 


10 


11 


- 61. 


9 


12 


66 


231. 


4 


22 


77 


170. 



Thua the quotient is Sjp* 4 iJV* 4 22jr <i- 77, and the remainder 170. 
2« Find the quotient and remainder when jr3-h&jr*<i'Sjr + 2is dfrided hfx- 1. 

Am, Q = «> + 6r+9, J? = ll. 

a. FindOandi(wheBJr»*4««^.7jP^-lU>13isdiyidedb7 4r-5. 

[N. B, -When anj term in a pdlynonial is absent, earemust he taken to siqi^ 
the place of xia (Mwttkient Vf aeio in writing down the ooefficients of /(x). In this 
««am|Oet» thwel(w\ the series in the first line wiU he 

1-4 7 0-11 -13,] 

Am^ = s* + jr5+12ar-6as-i-289, ^=143S. 

4« Find the qiiotient aad wwiain der whM j>^-3^T^15jt^4.2B dmded hy s ~ a, 
,4*ik Q-J*>3U»>:***l4jf*+a6U*^^«i>-rll2jr»-2Wbr-h4ia, ^^838. 

^ Find th»q«Kie«t «a4 rMMawW whms^^jF^-l As <f 113 k ^^ 



9. Tiitatetteft m^ Wmm/f^Mmmm* — The arithmetical 
tioft eiX|4sdfted ia the pcweding Aitide supplies a coiiTniknt 
pnife^'^al iM^bod ol calvHiIating the rauue of a polTucsnial wh o s e 
e^>i94&«MiU ai^ gtT^^n nttmb«» wh^n aaj nomber k sdbetitiited 
for jr. l\>r« thie^ tquativ^a 

r- - r - i t^ if. 



Tabulatian of Functions. 



13 



sinoe its two membeiB are identically equal, must be satisfied 
when any quantity is substituted for x. Put x= h; then 
f{h) =Ii; x-h being = 0, and Q remaining finite. Eenoe the 
result of substituting h for x in f{x) is the remainder when 
f{x) is divided by a;- A, and can be oaloulated rapidly by the 
process of the last Article. 

For example, the result of substituting 3 for x in the poly- 
nomial of Ex. 1, Art. 8, viz., 

3j?*-5a^ + 10a^ + lliP-61, 

i& 170, this being the remainder after division by a? - 3. The 
student can verify this by actual substitution. 
Again, the result of substituting - 4 for a; in 

a?* + a^-10a?+113 

is - 855, as appears from Ex. 5, Art. 8. We saw in Art. 7 that 
as X receives a continuous series of values increasing from - oo to 
+ 00 , f{x) will pass through a corresponding continuous series. 
If we substitute in succession for a;, in a polynomial whose coef- 
ficients are given numbers, a series of numbers such as 

— GO , ... — 3, — 2, — 1, 0, 1, 2, 3, . . . + 00 , 

and calculate, and note down, the corresponding values of /(a*), 
the process may be called the tabulation of the function. 



EXAMFLBS. 

1. Tabulate the trinomial 2;^^ + x ~ 6, for the yalues of x 

-4,-3,-2,-1, 0, 1, 2, 3, 4. 



Values of 9, 


-4 


-3 


-2 


-1 





1 


2 


3 

1 • 


4 


Values of /(«), 


22 


9 





-5 


-6 


-3 


4 


, 16 


30 



2. Tabulate the polynomial 10^"^ - 17^;' + a; + 6 for the yalues of x 

-4,-3,-2,-1, 0, 1, 2, 3, 4. 



Values of x^ 


-4 


-3 


-2 


-1 





1 


2 


3 


4 


Values of /(«) 


-910 


-420 


-144 


-22 


6 





20 


126 


378 
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10. C^rapUc Representation of a Polyi 

Whenever we liave to deal with a great niunber of vaLues of any 
yarjing quantity, it is important to be able to represent them in 
some simple and expressive manner. This in the present in- 
stance oan be effected, and the general character of the function 
made apparent to the eye, by means of a graphic representation. 
We proceed to explain such a representation of the function 

Let two right lines OJC, OY 
(fig. 1), cut one another at right 
angles, andbeproducedindefinitely 
in both directions. These lines are 
called the oxIb of x and axis of y^ 
respectively. Lines, such as OAj 
measured on the axis of x at the 
right-hand side of 0, are regarded 
as positive, and those, such as 
0A\ measured at the left-hand 
side, as negative. Lines parallel 
to OF which are above XX\ such as AP or -B'Q', are positive ; 
and those below it, such as ^T or A'Pj are negative. These 
conventions are already familiar to the student acquainted with 
Trigonometry. 

We can now take any length we please on OX as unity, 
and any number positive or negative will be represented by a 
line measured on XX^ ; the series of numbers increasing from 
to + 00 in the direction OX, and diminishing from to - oo in the 
direction 0X\ Let any number m be represented by OA ; cal- 
culate /(w) ; from A draw AP parallel to OF to represent /(w) 
in magnitude on the same scale as that on which OA represents 
m, and to represent by its position above or below the line OX 
the sign of /(m). 

Corresponding to the different values of m represented by 
OAy OBf OCf &c., we shall have a series of points P, Q, U, Ac, 
which, when we suppose the number of values of m indefinitely 
increased so as to include all numbers between - qo and + qo , will 
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trace out a oontinuouB ourved line ; and this curved line will, 
by the distanoeB of its several points from the line OXj exhibit 
to the eye the several values of the function /(a;). 

The student acquainted with analytic geometiy will observe 
that the process we have here explained is that of tracing the 
plane curve whose equation is y -f{x). 

It is of course impossible to substitute for x all the numerical 
values between - oo and + oo ; and the labour of the calculation 
precludes our substitution of more than a limited number of 
values in any particular case. But the advantage of this graphic 
representation is, that in general we shall be able, from the 
calculation of a limited number of values of f{x) corresponding 
to small integral values of Xy to draw approximately the form of 
the curve representing the function, and thus obtain a general 
idea of its nature. 

The process here described is also called tracing the function. 
We add examples : — 

Examples. 

1. Let it 1)6 required to trace the trinomial f(x) = 2«' + jp — 6. 
From Ex. 1, Art. 9, we haye, iot the values of x 

,...-4,-3,-2,-1, 0, 1, 2, 3, 4, .... 

the eorretponding yalues c&f{x) 

.... 22, 9, 0,-6,-6,-3, 4, 16, 30, .... 

The unit of length taken is one-aizth of 
the line OD in fig. 2. 

By means of these values we obtain 
the positions of nine points on the curve ; 
seven of which. Ay S, C, 2>, £, F, Qy are 
here represented, the other two correspond- 
ing to values of f(x) which lie out of the 
limits of our figure. 

It may occur to the student that we 
have here exercised considerable imagina- 
tion in drawing that part of the curve 
which lies between the points determined 
by calculation; and that much closer nu- 
merical values must be substituted for » in 
order to obtain the shape of the curve with 
any acconcy. He will learn, however, as *^*8« 2. 

he proceeds, that we are assisted in our approximation to the form of the curve by 
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many other connderations besides the ascertained yalues of /(«). Cases undoubt- 
edly occur in whicb the portion of the curve between two values of x must be more 
closely examined, and then the substitution of nearer values of x will become neces- 
sary. The next example will furnish an illustration of such cases. 

Remark. — The ourve here traoed outs the axis of ^ in two 
points (a number equal to the degree of the polynomial): in 
other words, there are two values of x, for whioh the value of 
the given polynomial is zero ; these are the two roots of the 

equation 2a^ + a? - 6 = 0, viz., - 2, and ^. The curve correspond- 
ing to a given polynomial may not out the axis of x at all, or 
may cut it in a number of points less than the degree of the 
polynomial. Suoh cases correspond to the imaginary roots of 
equations, as will appear more fully in the next Chapter. For 
example, the ourve whioh represents the polynomial 2^ + a? + 2 
will, when traoed, lie entirely above the axis of a; ; in fact, sinoe 
this function differs from the former only by the addition of the 
constant quantity 8, each value oif{x) is obtained by adding 8 
to the previously oaloulated value, and the entire curve can be 
obtained by simply supposing the previously traced curve to be 
moved up parallel to the axis of y through a distance of 8 of the 
units. It is evident, by the solution of the equation 2a^ + a; + 2 
- 0, that the two values of x which render the polynomial zero 
are in this case imaginary. Whenever, as here, the number of 
points in which the curve outs the axis of x falls short of the 
degree of the polynomial, it is customary to speak of the curve 
as cutting the line in imaginary points. 

2. Trace the polynomial 

103:^-173^ + a: + 6. 

This is already tabulated in Art. 9 for the values of x 

-4,-3,-2,-1, 0, 1, 2, 3, 4. 

We may here remark, as an exercise on Art. 4, that this function retains positive 
values for all positive values of x greater than 2*7, and retains negative values for all 
values of d; nearer to — oo than — 2*7. The curve will, then, if it cuts the axis of ;r at 
all, cut it at a point (or points) conesponding to some value (or values) of x be- 
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tween - 2*7 and + 2*7 ; ao that if our object is to deteimine, or approximate to, the 



positioiifl of the roots of the equation /(:t;) = 0, 
OUT tabulation may be confbied to the interval 
between — 2*7 and 2*7 ; indeed it may be con- 
fined to a closer interval, as will appear when 
we come to a more precise discussion of the 
limits of the roots of equations (cf. Bemark, 
Art. 4). This is a case in which the sub- 
stitution of integral values only of x gives very 
little hielp towards the tracing of the curve, and 
where, consequently, smaller intervals have to 
be examined. We give the tabulation of the 
function for intervals of one-tenth between 
the integers — 1, ; 0, 1 ; 1, 2. From these 
values the positions of the corresponding points 
on the curve may be approximately ascertained, 
and the curve traced as in fig. 3. 




Values of » 
Values of /(jr) 



-1 
-22; 



-•9 
■15-96 



-•8! --7 
10-8 ,-6-46 



-•6|--5 

1 

-2-88| 


-•4 

2-24 


-•3 
3-9 


-•2 

504 


-•1 
5-72 



Values of j; 
Values <df(x) 




6 



6-94 5-6 t 604 



•4 -6 
4-32 I 3-5 



•6 



2-64 



1-8 



•8 



1-04 



■42 



Values of x 
Values of /(*) 



11 



-16 



1-2 



1-3 



•54 



1-4 ; 1-6 



1-52 



1-6 



5-04 



1-7 
7-7 



1-8 



11 04 



1-9 



16-12 



20 



11. Maxima asd Mininia Yalues of Polynomials. — 

It is apparent from the oonsideratioiis efitablisbed in the pre- 
ceding Artioles, that as the variable x changes from - 00 to + 00 , 
the function f{x) may imdergo many variations. It may go 
on for a certain period increasing, and then, ceasing to increase, 
may commence to diminish ; it may then cease to diminish and 
commence again to increase; after which another period of 
diminution may arrive, or the function may (as in the last 
example of the preceding Art.) go on then continually in- 
creasing. At a stage where the function ceases to increase 
and commences to diminish, it is said to have attained a 
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« 

maximum valtie ; ' and when it ceases to diminish and oom- 
menoes to increase, it is said to have attained a mtnwium 
value. A polynomial may have several maxima or several 
minima values, or both, the number depending on its degree. 
Nothing exhibits so well as a graphic representation the occur- 
rence of such a maximum or minimum value ; as well as the 
various fluctuations of which the values of a polynomial are sus- 
. ceptible. "We shall give in a subsequent Chapter the method of 
finding the values of x corresponding to the maxima or minima 
values oi/{x)y together with criteria to decide between maxima 
and minima. These are among the considerations alluded to in 
Art. 10, as aiding us in the graphic construction of the poly- 
nomial. Another very material aid to such a construction 
would be a knowledge of the values of x corresponding to the 
points (if any) in which the line XX' is cut by the curve ; that 
is to say, of the values of x which render /(a?) = 0. Such a value 
of ;r is a root of the equation /(a?) = 0. 

We proceed in the next Chapter to a discussion of the roots, 
and general properties of equations. 



CHAPTER II. 

OENBRAL PROPERTIES OF EQUATIONS. 

12. The questions which we have now to discuss with respect 
to the equation 

are whether every such equation must have a root ; whether, 
assuming the existence of roots, their number is definite or in- 
definite ; what is their character ; are they always real, or may 
they involve the imaginary expression ^/- 1. 

The following theorem enables us to estabUsh the existence 
of a real root in many instances : — 

Tlieorem. — If ttoo real quantiiies a and b be substituted far 
the unknown quantity x in any polynomial f(x)j and if they furnish 
results having different signSy one plus and the other minus ; then the 
equation /(^) = must have at least one real root intermediate 
in value between a and b. 

This theorem is an immediate consequence of the property 
of the continuity of the function /(a?) established in Art. 7 ; for 
since /(a?) changes continuously from /(a) to /(J), i, e. passes 
through all the intermediate values, while x changes from a 
to b ; and since one of these quantities, f{a) or/(d), is positive, 
and the other negative, it follows that for some value of x inter- 
mediate between a and byf{x) must attain the value zero which 
is intermediate between/(a) and/(fr), ^ • . ' 

The student will assist his conception of thii^ thebrem by 
reference to the graphic method of representation described in 
Art. 10. What is here proved, and what will appear obviqus 
from the figure, is, that if there exist two points of the curVed 

c2 
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line representing the polynomial on opposite sides of the axis OX, 
then the curye joining these points must cut that axis at least 
onoe. It will also be evident from the figure that several values 
may exist between a and b for which f{x) = 0, i, e, for which 
the curve out« the axis. For example, in fig. 3, Art. 10, a?=-2 
gives a negative value. (- 144), -and x = 2 gives a positive value 
(20), and between* these points of the curve there exist three 
points of section of the axis oi x. 

Corollary. — If there exist no real quantity tohichy substituted 
for a?, mikes f (x) ^ 0, then f (x) must be positive for every real value 
ofx. 

For it is evident (Art. 4) that ^ = oo makes /(^) positive ; and 
no value of Xy therefore, can make it negative ; for if it did, the 
Equation would by the theor^n of this Article have a real root, 
which is contrary to our present hypothesis. In terms of the 
graphic representation this theorem may be expressed by saying 
that when the equation/(a;} = has no real root, the curve repre- 
senting the polynomial/(a;) must lie entirely abgve the axis of x. 

13. Tbeorem. — JEvery equation of an odd degree has at least 
one real root of a sign opposite to that of its last term. 

This is an immediate consequence of the theorem in the last 
Article. Substitute in succession - oo , 0, oo for a; in the poly- 
nomilLl/(a;). The results are, n being odd (see Art. 4), 

ar = - GO , f{x) is negative ; 

x = Oy sign oif{x) is the same as that of On ; 

a? « + 00 , f(x) is positive. 

If On is positive, the equation must have a real root between - oo 
and 0, t. e. a real negative root ; and if an is negative, the equa- 
tion must have a real root between and oo , i. e, a real positive 
root. The theorem is thus proved. 

14. Tbeorem. — Every equation of an even degree^ whose last 
term is negative, has at least tioo real roots, one positive and the 
other negative. 
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The results of substitutmg - oo , 0, go are in this case 



-00 



0, 



+ 00 






hence there is a real root between - oo and 0, and another be- 
tween and +00 ; i.e., there exist at least one real negatiye, and 
one real positive root. 

We have contented ourselves in both these Articles with 
proving the existence of roots, and for this purpose it is sufficient 
to substitute very large positive or negative values, as we have 
done, for x. We are of course able to najrow the limits vithln 
which the roots lie by the aid ,of the theorem of Art. (4), and 
still more by the aid of the theorems to be given subsequently, 
to which we have before made reference. 

15. Existence of a Root in tbe C^eneral Equation. 
Imaginary Roots. — We have now proved the existence of a 
real root in the case of every 
equation except one of an even 
degree whose last term is positive. 
Such an equation may have no 
real root at all. It becomes then 
an inquiry whether, in the ab- 
sence of real values, there may 
not be values involving the ima- 
ginary expression y^- 1 which, 
when substituted for x, reduce the 
polynomial to zero ; or whether 
there may not be in certain cases 
both real and imaginary values 
of the variable which satisfy the equation. We take a simple 
case to illustrate our meaning. Ab already remarked (see Ex. 1, 
Art. 10), the curve corresponding to the polynomial 

/(a?)s2«» + a; + 2 
lies entirely above the axis of ;r, as in fig. 4. The equation 




Pig. 4. 
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f{x) = has no real roots ; but it has the two imaginaiy roots 

1 Vl5 /- 1 yi5 /-p 

as is evident by the solution of the quadratic. 

In this simple instance we observe that, in the absence of 
any real values, there are two imaginary expressions which 
reduce the polynomial to zero. The general proposition of 
which this is a very particular illustration is, that every rational 
integral equation 

aoixf* + flia^"* + a2X*^'^-¥ . . . + fln-i^ + <^ = 
miiat have a root 0/ the form 

d and j3 being real finite quantities. This proposition includes 
both real and imaginary roots, the former corresponding to the 
value j3 = 0. 

As the proof of this proposition involves considerations 
somewhat advanced, and as we do not wish to interrupt the 
student so early in his study of the subject by investigations of 
a difSoult nature, we shall defer its discussion to a subsequent 
part of this work. For the present, therefore, we assume the 
proposition, and proceed to derive certain consequences from it. 

16. Tbeorem. — Every eqtiation of n dimensions has n roots^ 
and no more. 

We first observe that if any quantity A is a root of the equa^ 
tion/(a?) = 0, then/ (a?) is divisible by a?- A without a remainder. 
This is evident from Art. 9 ; for if f{h) = 0, t. e. if A is a root 
oi/{x) = 0, jR must be = 0. 

The converse of this is also obviously true. 

Let, now, the given equation be 

f{x) = ir" + piof"-' + jE?2a?"~' + . . . +Pf^iX +pn = 0. 

This equation must have a root, real or imaginary (see Arjt. 15), 
which we shall denote by the symbol oi. Let the quotient, when 
/{x) is divided by a- - a„ be ^1 [x) ; we have then the identical 

equation 

f{x) =:(;r-ai)0,(^). 
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Again, the equation ^i {x) = 0, whioh is of n - 1 dimensions, must 
have a root, which we represent by at. Let the quotient ob- 
tained by dividing ^i [x) by ^ - 112 be ^2 (;r). Henoe 

^i{x) = {x'-a^f^{^)^ 
and .*. f{x) ={x- ai) {x - aa) ^2 {x)^ 

where ^ (a;) is of n - 2 dimensions. 

Jhrooeeding in this manner, we prove that./(a?) oonsLsts of the 
product of n factors, each containing x in the first degree, and a 
numerical factor ^^ {x). Comparing the coefficients of o^, it is 
plain that ^«, (a;) = 1. Thus we prove the identical equation 

f{x) s (a? - ai) (a? - a,) (a? - as) (a; - a».i) (« - a„). 

It is evident that the substitution of any one of the quanti- 
ties oi, as, . . . an for X in the right-hand member of this equation 
will reduce that member to zero, and will therefore reduce /(;v) 
to zero; that is to say, the equation/(:r) =0 has for roots the n 
quantities ai, as, as . . . 0^1.1, an- And it can have no other roots ; 
for if any quantity other than one of the quantities ai, as, . . . an 
be substituted in the right-hand member of the above equation, 
the factors will be all different from zero, and therefore the pro- 
duct cannot vanish. 

Corollary. — Two polynomials of the »'* degree cannot be equal 
to one another for more than n values of the variable without being 
completely identical. 

For if, in fact, we equate their difference to zero, we obtain 
an equation of the n*^ degree, which can be satisfied by n values 
only of the variable, unless each coefficient be separately equal 
to zero. 

Remark, — ^The theorem of this Article, although of no as- 
sistance in the solution of the equation /(a;) »0, enables us to 
solve completely the converse problem, i, e. to find the equation 
whose roots are any n given quantities. The required equation 
is obtained by multiplying together the n simple factors formed 
by subtracting from x each of the given roots. It also enables 
us to obtain, when any one or more of the roots of a given equa- 
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points of section corresponding to the two positive roots having 
now disappeared. 

Consider, for example, the polynomial lOiB* - 17a?' + ;» + 28, 
which is obtained from that of Ex. 2, Art. 10, by the addition 
of 22. The student can easily construct the figure : the point 
corresponding to A in fig. 3 will now lie much above the axis of x. 
Divide by a? + 1, and obtain the trinomial lOaj* - 27 a? + 28 which 
contains the remaining two roots. They are easily found to be 

27 a/391 /-:r 27 a/391 /— 
20 ■*■ 20 '^ ' 20 20 

In the examples we have studied, in both this Art. and 
Art. 15, we observe that a change in the form of a polynomial 
may convert it from one having real roots into another in which 
two of the real roots become equal, and a further change may 
convert it into a form where the two roots become imaginiaiy. 
We also observe in these examples that when a change of form 
of the polynomial causes one real root to disappear, a second also 
disappears, and the two are replaced by a pair of imaginary 
roots. This is true in general, as will be established in the 
next Article. 

18. Imaginary Roots enter E^aattons tn Pairs. — 
The proposition we have to prove may be stated as follows : — 
If an equation f{x) = 0, whose coefficients are all real quantities^ 

have for a root the imaginary expression a + /3 \/- 1, it mvst also 
have for a root the conjugate imaginary expression a - j3 y^- 1. 
The product 



(iP-a-^v/^)(«-a+/3y-l)-(aj-a)' + ^*. 

Let the polynomial /(ar) be divided by the second member of 
this identity, and if possible let there be a remainder Rx-\^ R. 
We have then the identical equation 

where Q is the quotient, of n - 2 dimensions in x. Substitute in 
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this identity a + /3 V'^^ for x. This, by hypothesis, oause8/(ir) 
to vanish. It also causes {x - a)' + /3' to vanish. Henoe 

from this we ootain the two equations 

sinoe the real and imaginary parts cannot destroy one another ; 
henoe 

Thus the remainder Rx-^R' vanishes ; and, therefore, f{x) is 
divisible without remainder by the product of the two factors 

The equation has, consequently, the root a - /3 \/-l as well 

as the root a + /3 \/-l. 

Thus the total number of imaginary roots in ai^ equation 
with real coefficients will always be even ; and every polynomial 
may be regarded as composed of real factors, each pair of ima- 
ginary roots producing a real quadratic factor, and each real 
root producing a real simple factor. The actual resolution of 
the polynomial into these factors constitutes the complete solu- 
tion of the equation. 

We observed in Axt. 17 that equal roots may be considered 
as the connecting link between real and imaginary roots. We 
may now regard this statement from another point of view. Sup- 
pose a polynomial has the quadratic factor {x - aY + ky and let 
its form be altered by means of slight alterations in the value of 
k. When k is negative, the quadratic factor gives a pair of real 
roote ; when i « 0, this f 6U3tor has two equal roots, a ; when k is 
positive, the factor has two imaginary roots. 

Remark, — A proof exactly similar to that above given shows 

that mrd roots, of the form a ± \/yy enter equations whose coef- 
ficients are rational in pairs. 
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EXAKPLES. 

1. Form the cubic equation wMch ehall contain the two roots 

1, 3 + 2v^^. 

Am, a:8_7a:2+i9ar_l3 = 0. 

2. Form a rational equation which ehall haye for two of its roots 

Ant. «4-12«» + 72««-312a; + 676 = 0. 

3. Solve the equation 

a^+2a:»-6a;» + 6a;+2 = 0, 
which has a root 

-2 + v^3. 

^w. Theroot8are-2fv^3, l±^^. 

4. Solye the equation 

3«'-4a:' + aJ + 88 = 0, 
one toot being 

2 + v^^ 

Ans. The roots are 2 + v^-7, --. 

19. Bescartes' Rule of Signs — PtisttlTe Roots. — This 
rule, which enables us, by the mere inspection of a given equa- 
tion, to assign a superior limit to the number of its positive 
roots, may be enimciated as follows : — No equation can have more 
positwe roots than it has changes of sign from + to -, and from - to 
+, in the terms of its first member, 

"We shall content ourselves for the present with the proof 
which is usually given, and which is more a verification than a 
general demonstration of this celebrated theorem of Dldscartes. 
It will be subsequently shown that this rule of Descartes, and 
other similar rules which were discovered by early investi- 
gators relative to the number of the positive, negative, and 
imaginary roots of equations, are immediate deductions from 
the more general theorems of Sudan and Fourier. 

Let the signs of a polynomial taken at random succeed each 
other in the following order : — 

+ + - + + + - + -. 

In this there are in all seven changes of sign, including 
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those from + to -, and from - to +. It is proposed to show that 
if this polynomial be multiplied by a binomial whose signs, 
corresponding to a positive root, are + -, the resulting poly- 
nomial will have at least one more change of sign than the 
original. 

We write down only the signs which oocnr in the operation 
as follows : — 

+ + - + + + - + - 

+ - + + + + - + 



We have placed here in the result the ambiguous sign ± 
wherever there are two terms with different signs to be added. 
We observe in this case, and it will readily appear also for every 
other arrangement, that the effect of the process is to introduG.e 
the ambiguous sign wherever the sign + follows +, or - follows -, in 
the original polynomial. The number of variations of sign is 
never diminished. There is, moreover, always one variation 
added at the end. Ttus is obvious in the above instauQp, where the 
original polynomial terminates with a variation ; if it terminate 
with a continuation of sign, it will equally appear that the cor- 
responding ambiguity in the resulting polynomial inust furnish 
one additional variation either with the preceding or with the 
superadded sign. Thus, in even the most unfavourable case; 
that, namely, in which the continuations of sign in the original 
remain continuations in the resulting polynomial, there is one 
variation added ; and we may conclude in general that the 
effect of the multiplication of a polynomial by a binomial 
factor a; - a is to introduce at least one additional change of 
sign. 

Suppose now a polynomial formed of the product of the 
fcctors corresponding to the negative and imaginary roots of an 
equation ; the effect of multiplying this by each of the factors 
a? - a, a? - /3, « - 7, &c., corresponding to the positive roots 
o, /3, 7, &c., ... is to introduce at least one change of sign for 
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each ; 1k> that when the complete product is formed oontaming 
all the roots, we are sure that the resulting polynomial has at 
least as many changes of sign as it has positive roots. This is 
Descartes' proposition. 

20. Bescartes' Rule of Signs — BTegatlTe Roots* — ^In 
order to give the most advantageous statement to Descartes' rule 
in the case of negative roots, we first prove that if - a: be substi- 
tuted for X in the equation f{x) = 0, the resulting equation will 
have the same roots as the original except that their signs will 
be changed. This follows from the identical equation of Art. 16 

/{x) s (x-Qi) {x - Qi) (ar - as) . . . . (x-an), 
from which we derive 

/(- x) = (- 1)" {x + ai) {x + 02) (a; + Qa) . . . . (a: + a«). 
From this it is evident that the roots of /(- x) = are 

Hence the negative roots of /(a?) are positive roots of /(- x)y and 
we may enimciate Descartes' rule for negative roots as fol- 
lows: — No equation can have a greater number of negative roots 
than there are changes of sign in the terms of the polynomial f{-x). 

21. Use of Rescartes' Rule In proTlng the existence 
of Imaginary Roots. — We are often able to detect the existence 
of imaginary roots in equations by the application of Descartes' 
rule ; for if it should happen that the simi of the greatest possible 
nimiber of positive roots, added to the greatest possible number ' 
of negative roots, is less than the degree of the equation, we are 
sure of the existence of imaginary roots. Take, for example, 
the equation 

This, having only one variation, cannot have more than one 
positive root. And, changing x into - x^ we get 

which, having only one variation, the original equation cannot 
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have more than one negative root. Hence, in the proposed 
equation there cannot exist more than two real roots. It has, 
therefore, at least six imaginary roots. This application of 
Descartes' rule is available only in the case of incomplete 
equations ; for it is easily seen that the sum of the number of 
variations in /(a?) and /(-a?) is exactly equal to the degree of 
the equation when it is complete. 

22. Theorem. — ^We shall close this chapter with the fol- 
lowing theorem, which defines fully the conclusions which can 
be drawn as to the roots of an equation from the signs furnished 
by its first member when two given numbers are substituted 
for a?: — IftuH) numbers a and ft, substituted for x in the polynomial 
f{x)j give results with contrary signsy an odd number of real roots 
of the equation f{x) = lies between them; and if they give results 
icith the same sign^ either no real root or an even number of real 
roots lies between them. 

We proceed to prove the first part of this proposition : the 
second is proved in an exactly similar manner. 

Let the following m roots ai, a2, . . . . amy and no others, of 
the equation f{x) = lie between the quantities a and 6, of 
which, as usual, we take a to be the lesser. 

Let i>{x) be the quotient when/(ir) is divided by the product 
of the m factors {x - oi) (a? - aa) .... (a? - Om). "We have, then, 
the identical equation 

/(a?) = (a? - ai) (a? - aj) .... (a?-a«) ^(a?). 
Putting in this successively x = aj x-b^we obtain 
f{a) = (a-a,)(a-oa) .... («-am)0(fl), 
f{b) = (ft - a J(ft - Ha) .... (6 - a«) 0(ft). 

Now 0(a) and ^(ft) have the same sign; for if they had dif- 
ferent signs there would be, by Art. 12, one root at least of the 
equation ^ (a*) « between them. By hypothesis, f{a) and /(ft) 
have dijfferent signs ; hence the signs of the products 

(a-ai)(fl-a2) .... (fl-am), 
(6-ai)(ft-a2) .... {b -010)9 
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7 are different ; but the sign of the eecond is positiye, siuoe all 
its factors are positive ; hence the sign of the first is negative ; 
but all the factors of the first are negative ; thevef ore their 
number must be odd; which proves the proposition. 

In this proposition it is to be imderstood that multiple roots 
are counted a number of times equal to the degree of their 
multiplicity. 

1^ is instructive to regard this proposition by the light of 
the graphic method of construction, from which point of view it 
appears edmost intuitively true ; for if a point be taken on a 
curve at one side of the axis, we must cross the axis an odd 
number of times to reach a point at the other side ; and we must 
cross it an even number of times, or not at all, to reach any 
other point at the same side of the axis. 

Examples. 

1. If the sigZLB of the terms of an equation be all positiye, it cannot have a 
poeitiye root. 

2. If the signs of the terms of any complete equation be alternately positive 
and negative, it cannot have a negative root. 

3. If an equation consist of a number of terms connected by + signs followed by 
a number of terms connected by - signs, it has one positive root and no more. 

[Apply Art. 12, substituting and a> ; and Art. 19.] 

4. If an equation involve only even powers of x, and if all the coefficients have 
positive signs, it cannot have a real root. 

[Apply Arts. 19 and 20.] 

6. If an equation involve only odd powers of x^ and if the coefficients have all 
positive sigps. It has the root zero and no other real root. 

6. If an equation be complete, the number of continuations of sign in/(«) is the 
same as the number of variations of sign in/(- x), 

7. When an equation is complete ; if all its roots are real, the number of positive 
roots is equal to the number of variations, and the number of negative roots is 
equal to the number of continuations of sign. 

8. An equation having an even nimiber of variations of sign must have its last 
sign positive, and one having an odd number of variations must have its last sign 
negative. 

[N. B. — ^The sign + is always given to the highest power of a?.] 

9. Hence prove that if an equation has an even number of variations it must 
have an equal or less even number of positive roots; and if it has an odd number of 
variations it must have an equal or less odd number of positive roots; in other 
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words, the number of podtiye roota when less than the number of yariations must 
differ from it by an eyen number. 

[8ub6titute''0 and ao , and apply Art 22.] 

10. Find an inferior limit to the number of imagiinary roots of the equation 

j^-3ar»-«-f 1 = 0. 

Ans. At least two imaginary roots. 

11. Find the nature of the roots of the equation 

«*+16a?« + 7ar-ll = 0. 
[Apply Arts. 14, 19, 20.] 

Ant, One positiye, one negatiye, two imaginary. 

12. Show that the equation 

a^+^ay + r—O, 

where q and r are essentially positiye, has one negatiye and two imaginary roots. 

13. Show that the equation 

ap'-^^+rsO, 

where q and r are essentially positiye, has one negatiye root ; and that the other two 
roots are either imaginary or both positiye. 

14. Show that the equation 

A^ B^ C^ X* 



+ £ H + . . , . ' =3 a? — 1», 



a?— a x — b x — e x — l 

where a, 6, «,.... / are numbers all different from one another, cannot haye an 
imaginary root. 

Substitute a+/3 v^- 1 and a-/3 y^- 1 in succession for x^ and subtract. We 
get an expression which can yanish only on the supposition /d = 0. 

15. Show that the equation 

a;n . 1 = 

has, when n is eyen, two real roots 1 and — 1, and no other real root ; and, when n 
is odd, the real root 1, and no other real root. 

[This and the next example follow readily from Arts. 19 and 20.] 

16. Show that the equation 

*•+ 1 =0 

has, when n is eyen, no real root ; and, when n is odd, the real root — 1, and no 
other real root. 

17. Solye the equation 

a^ + 2j«»+ 3j»aj» + 2^a?-r*= 0. 
This is equiyalent to 

(«»+ j« + y»)* - J* -r* = 0. 



1 n — — 



The different signs of the radicals giye four combinations, and the expression 
here written inyolyes the four roots. 
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18. Form the equation which has for roots the different yalues of the expression 

2+aV'7 + A/ll+aV7, 
where ^' = 1. 

If no restriction had been made by the introduction of 0, this expression would 

have 8 yalues. The v 7 must now be taken with the same sign where it occurs 
imder the second radical and free from it. There are, therefore, only four yalues 
in all. Ana. a?* - 8r» - 12jc2 + 844; - 63 = 0. 

19. Fonn the equation which has for roots the four yalues of 



- 9 + e v^l37 +3 \/34 -2$ Vl37, 

where a» = 1. Ana. x^ + 36a^ - 400j^ - 3168a; + 7744 = 0. 

20. Form an equation with rational coefficients which shall haye for roots all the 
yalues of the expression 

where ei« = l, d2« = l, a8«=l. 

There are eight different yalues of this expression, viz., 

-\/p + ^/q-\^r, y/ P -^/ q ^- %/r, 

-Vp-Vq^*/^y V^jp + \/?-\/#". 

Assume 

. Squaring this, we haye 

a?* «1? + y + r + 2 (82 ^3 \/ jr + $3 tf 1 \/rP + 01 $2 \/l?^) . 
Transposing, and squaring again, 
{pi^-p-q-rY-^{,qr\rp-\-p^-\^%Bx9i9^y/p^r{^9v\/p^92\/q\^i\/r). (1) 

Transposing, substituting x for di ^/p + $2 \/q + ©3 v^r, and squaring, we obtain 
the final equation free from radicals 

{a:* - 2a:2(p + f + r) + jp» + ^« + r« - 2^r - 2rp - 2pj}* = 64^>yra^. 

This is an eqxiation of the eighth degree, whose roots are the yalues aboye writ- 
ten. Since 9i, Oz* 03 haye disappeared, it is indifferent which of the eight roots 

± '^ P ±^/ q ± V ^ ^ assumed equal to a; in the first instance. The final equation 
is that which would haye been obtained if each of the 8 roots had been subtractad 
from Xy and the continued product formed, as in Ex. 6, Art. 16. 



CHAPTER III. 

RELATIONS BETWEEN THE ROOTS AND COEFFICIENTS OF EQUA- 
TIONS, WITH APPLICATIONS TO SYMMETRIC FUNCTIONS OF THE 
ROOTS. 

23. Relations between the Roots and Coeffictents. — 

Taking for simplioitj the coefficient of the highest power of x 
as unity, and representing, as in Art. 16, the n roots of an equa- 
tion by ai, as, aj, . . . . an, we have the following identity : — 

= (« - ai) [x - aj) (a? - as) .... (a; - On). (1) 

When the factors of the second member of this identity are 
multiplied together, the product will consist, as is proved in 
elementary works on Algebra, of a highest term a^; plus a 
term af^^ multiplied by the factor 

— (tti + 02 + fls + . . . . + On), 

t. e, the sum of the roots with their signs changed ; plus a term 
af^-* multiplied by the factor 

O1CI2 + 0103+ a%€Lz +....+ CIn.iClQ, 

«. e. the sum of the products of the roots taken in pairs ; plus a 
teim j^"® multiplied by the factor 

- (010208+ ai020i+ . . . . + afi_2 0n-ian), 

f . e, the sum of the products of the roots with their signs 
changed taken three by three ; and so on. It is plain that the 
sign of each coefficient will be negative or positive according as 
the number of roots in each product is odd or even. The last 
term is 

±010203 .... 0||.iOm| 

1)2 
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the sign being - if n is odd, and + if n is even. Equating the 
coefficients of x on each side of the identity (1), we have the 
following series of equations: — 

JK>i = - (oi + aa + as + . . . + a«), 

Pt = (fli oj + ai03 + aaCs + . . . . + fln-i an), 

j[?s = -(aia«a3 + aiasa4 + . . .. +an-2Cii»-iaii), [ ^ ^ 

• • • • • • • 

Pn = (- 1)* 010203 . • . . On^lOfiy 

which fiirnish us with the following 

Theorem. — In every algebraic equation^ the coefficient of 
whose highest term is unity j the coefficient piof the second term with 
its sign changed is eqiml to the sum of the roots. 

The coefficient p% of the third term is equal to the sum of the 
products of the roots taken two by two. 

The coefficient p^ of the fourth term with its sign changed is 
equal to the sum of the products of the roots taken three by three ; 
and so on^ the signs of the coefficients being taken alternately negative 
andpositivCy and the number of roots multiplied together in each term 
of the corresponding function of the roots increasing by unity ^ till 
finally that function is reached which consists of the product of the 
n roots. 

When the coefficient a^ oiaf^ is not unity (see Art. 1), we 
must divide each term of the equation by it. The sum of the 

roots is then equal to — -; the sum of their products in pairs is 

aQ 

equal to -* ; and so on. 

Cor. 1. — Every root of an equation is a divisor of the last 
term. 

Cor. 2. — If the roots of an equation be all positive, the coef- 
ficients will be alternately positive and negative; and if the 
roots be all negative, the coefficients will be all positive. This 
IB obvious from the equations (2) [cf . Arts. 19 and 20]. 

24. Appltcatloiui of the Theorem. — Since the equations 
(2) of the preceding Article furnish us with n distinct relations 
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between the n roots and the ooeffidents, it might perhaps be 
supposed that by their means some advantage is gained in the 
general solution of the equation. Such, however, is not the 
case ; for suppose it were attempted to determine by means of 
"these equations a root, ai, of the original equation, this could be 
effected only by the elimination of the other roots by means of 
the. given equations, and the consequent determination of a final 
equation of which ai is one of the roots. Now, in whatever 
way this final equation is obtained, it must have for solution 
not only ai, but each of the other roots 02, as . . . a» ; for, since 
all the roots enter in the same manner in the equations (2), if it 
had been proposed to determine aa (or any other root) by the 
elimination of the rest, our final equation could differ from that 
obtained for ax only by the substitution of as (or that other root) 
for ai. The final equation arrived at, therefore, by the process 
of elimination must have the n quantities ai, at, .... a^ for 
roots ; and cannot, consequently, be easier of solution than the 
given equation. This final equation is, in fact, the original 
equation itself, with the root we are seeking substituted for x. 
This we shall show for the particular case of a cubic. The pro- 
cess is perfectly general, and may be applied to an equation of 
any degree. Let a, /3, 7 be the roots of the equation 

We have, by Art. 23, 

JK>, = -(a + /3 + 7), 
p%= ajS + ay + jSy, 

Add these three equations, after multiplying the first by a*, 
and the second by a. We find 

or a* +i?ia' + p%a +^s = 0, 

which is the given cubic with a in the place of x. 

The student can take as an exercise to prove the same result 
in the case of an equation of the fourth degree. In general the 
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suooessive equations of Art. 23 are to be multiplied by o*"*, o*"', 
a""^, &o., and added. , 

Although the equations (2) furnish, as we have seen, no aid 
in the general solution of the given equation, they are of use, 
when some (one or more) of the roots are known, in faoilitating 
the finding of the others ; they may also be of use in finding 
the roots when certain particular relations among them are 
known to exist. 

Examples. 

1 . Solve the equation 

the sum of two of its roots being equal to nothing. 
Let the roots be a, /3, 7- We have, then, 

a + 3 + 7 = '^f 
a/3 + a7+/37=-16, 

0^0-80. 

Taking 3 + 7 = 0, we have, from the first of these, a = 5, and from either the 
seconder third we obtain i87 = — 16. We find for /Sand 7 the values 4 and — 4. Thus 
the three roots are 5, 4, — 4. 

2. Solve the equation 

«s-3jrH4=0, 

two of its roots being equal. 

Let the roots be e^ a, i3. We have 

2a + 3 - 3, 

o» + 2a3 = 0, 

from which we find 0= 2, and /3 = - 1- The roots are 2, 2, - 1 . 

3. The equation 

«*+ 4ir'-2d?« - 12j:+ 9=0 

has two pairs of equal roots ; find them. * 

Let the roots be a, a, i3, i3 ; we have 

2a+2/3=-4, 

a' + /3H4a3 = -2, 

from which we obtain for a and /3 the values 1 and - 3. 

4. Solve the eq tuition 

a^ - 9.P' + 14.r + 24 = 0, 

two of whose roots are in the ratio of 3 to 2. 
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Let the roots be a, /3, 7, with the relation 2a = 3/3. By elimination of a we 

easily obtain 

6/8 + 27 = 18, 

3i8«+6i87«28, 
from which we have the following quadratic for /3 : — 

19/8«- 90/8 +66 = 0. 

14 
The roots of this are 4, and — ; the former gives for a and 7 the valuee 6 and 

- 1. The three roots are 6, 4, — 1. The student will here ask what is the signi- 

14 
ficance of the yalue — of /8 ; and the same difficulty may have presented itself in 

the previous examples. It will be observed that in all examples of this nature we 
never require aU the relations between the roots and coefficients in order to deter- 
mine the required unknown quantities. The reason of this is, that the given con- 
dition establishes one or more relations among the roots. Whenever the equations 
employed appear to furnish more than one system of values for the roots, the actual 
roots are easily determined by the condition that they must satisfy the equation (or 
equations) between the roots and coefficients which we have not employed in deter- 
mining them. Thus, in the present example, the value /8 = 4 gives a system satisfy- 
ing the omitted equation 

o37=-24; 

14 
while the value /8 = — gives a system not satisfying this equation, and h therefore 

to be rejected. 

6. The roots of the equation 

a?3-9a^ + 23a:-15 = 

are in arithmetical progression ; find them. 

Let the roots bea~$, a, a + 8;we have at once 

3a = 9, 

3a« - 8« = 23, 

from which we obtain the three roots 1, 3, 5. 

6. Therootoof 

a^ + 2a;«-21«« -22a; + 40 = 

are in arithmetical progression ; find them. 

Assume for the roots a ~ 38, a — 8, a + 8, a + 38. 

Ans. —5, —2, 1, 4. 

7. The roots of 

27x»+42a:«-28j:-8=0 

are m geometric progression ; find them. 
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Aflsume for the roots ap, a, -, From the third of the equations (2), Art. 23, we 

P 
8 2 

havfi a' » T=» or a = -. We get a quadratio for p, and either yalue giyes 

2 -2 
^^- ~ ^' 3' "9* 

8. Solve the equation 

3a;4 _ 40«3 + 130«' - 120* + 27 = 0, 

whose roots are in geometric progression. 

Assume for the roots -r, -, apt a^. Using the second and fourth of the equa- 

r P 

tions (2), Art 23, we easily find Ant, -, 1, 3, 9. 

3 

9. Solve the equation 

«* + IS** + 70«» + 120a; + 64 = 0, 

whose roots are in geometric progression. Ant. - 1, - 2, - 4, - 8. 

10. Solve the equation 

whose roots are in harmonic progression. 

Take the roots a, iS, 7. We have the relation 

1 1^_ 2 

a^ y-fi' 
hence 



Ant. 1, -, -. 



2 2 2 
^^' 9* 3' "3" 



37 + 7*+ 0^ = 370; 

1 1 . Solve the equation 

81«»-18j?2-36a; + 8 = 0, 
whose roots are in harmonic progression. 

12. If the roots of the equation 

«* -px^ •{■gz-r = 

3r 
be in harmonic progression, show that the mean root is — -. 

g 

13. The equation 

«*-24;8 + 4»«+6«-21 = 

has two roots equal in magnitude and opposite in sign ; determine all the roots. 
Take a + 0=0, and employ the first and third of equations (2), Art. 23. 

Ant, v^3, -v^3, l±\/^. 
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14. The equation 



». 6, 3, 1±a/-1- 



3«*-26^ + 60a^-50«+12 = 
has two roots whose product is 2 ; find all the roots. 

15. One of the roots of the cuhic 

is double another ; show that it may be found from a quadratic equation. 

16. Show that all the roots of the equation 

can be obtained when they are in arithmetical progression. 

Let the roots be a, a + 8, a+ 29, . . . . a + (m - 1) S. The first of equations (2) 

gires 

-j»i = fia+ {1 + 2+3+.. .. + (»»-l)}J 

= »to+-i-y-'8. (1) 

Again, since the sum of the squares of any number of quantities is equal to the 
square of their sum minus twice the sum of their products in pairs, we have the 

equation 

P\^-2P2 = a«+ (a + 8)«+ (a + 2«)« + . . . 

= .a» + i»(n.l)ag + "(^-^)f"^^) >a. (2) 

6 

Subtracting tiie square of (1) from n times the equation (2), we find 8' in terms 
of p\ and j^ We can then find a from equation (1). Thus all the roots can be 
expressed in tenns of the coeffidente pi and p%, 

17. Find the condition which must be satisfied by the coefficients of the equa- 
tion 

*• - J?** + j« ~ r = 

when two of its roots a, jS are connected by a relation a +i9 = 0. An». pq-r = 0. 

18. Find the condition that the cubic 

«* — j?«* + j-a? — r = 

should haye its roots in geometric progression. Ans. j^r > ^ = 0. 

19. Find the condition that the same cubic should haye its roots in' harmonic 
progression (see Ex. 12). Ana, 27r>-9|99r+ 2^=0. 

20. Find the condition that the equation 

iF* + jpaH* + ^ir* + ra: + « = 

should haTo two roots connected by the relation a + iS - ; and find in that case the 

two quadratics from which a, $ and 7, 8 are obtained. 

ps 
Ant. p^^p^s — r^^Of j?af*+r=0, «*+jm?+— = 0. 

21. Find the condition that the biquadratic of Ex. 20 should haye its roots con- 
nected by the reUtion i3 + 7 = a + 8. Ant, p^-'ipq-\-Sr = 0. 
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22. Find the condition that the roots a, iS, 7, 8 of 

z* + )»«• + qx^ + rj? + » = 

shoidd he connected hy the relation afi = 78. Ans, p^8—r^ = 0. 

23. Show that the condition ohtained in Ex. 22 is satiflfied when the loota of the 
hiquadiatic are in geometric progression. 

25. Depression of an Equation ivhen a relation 
exists between two of Its Roots. — ^The examples given 
under the preceding Artide illustrate the use of the equations 
connecting the roots and coefficients in determining the roots in 
particular cases when known relations exist among them. The 
object of the present Article is to show that, in general, if a 
relation of the form (i = fp{a) exist between two of the roots of an 
equation f{x) = 0, the equation niay be depressed two dimensions. 

Let 0(^) be substituted for x in the identity 

f{x) = Oo^ + aiaf*'^ + . . . + fl«, 

then f{ip{x)) = flo (0(3?) )•• + </i {i>{x) )*•-* + + fl,_, 0(ir) + «„. 

We represent, for convenience, the second member of this 
identity by F{x). Substitute a for x, then 

i^Ca) -/(«(«) )-/(/3)=0; 

hence a satisfies the equation F{x) « 0, and it also satisfies the 
equation /(a;) =- ; hence the polynomials /(a:) and F{x) have a' 
common measure x-a; thus a can be determined, and from it 
^(a) or /3, and the given equation can be depressed two dimen- 
sions. 

Examples. 

1. The equation 

has two roots whose difference = 3 : find them. 

Here 3-0=3, i3 = 3 + a; substitute x + 3 for x in the given polynomial /(ar) ; 
it becomes s^ + 4j^-7x-\0; the common measure of this and f[x) is z-2; from 
which a= 2, 3^6; the third root is - 2. 

2. The equation 

jr*-5x5+lljr»-13jc+6 = 

has two roots connected by the relation 2/9 f 3a = 7 : find all the roots. 

Ahs, 1, 2, liv^-2. 
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In connexion with this subject it maj be observed, that 
when two polynomials /(a?) and F{x) have one or more common 
factors, this factor or factors may be found by the ordinary 
process for obtaining their common measure. Thus, if we 
know that two given equations have common roots, we can 
obtain these roots by equating to zero the greatest common 
measure of the given polynomials. 

Examples. 

1. The equations 

2«s-|.5««- 6x- 9=0, 

3«3+7;c3_Ua:-16 = 0, 

liave two common roots, find them. Ans. — 1, — 3. 

2. The equations 

»' + ps^ + ^ir + r = 0, 

have two common roots ; find the quadratic which furnishes them, and also the 3rd ; 

root of each. j 

P-P P-P r-f' r-r 



26. The Cube Roots of IJiilty. — Equations of the 
forms 

are called MnomiaL The roots of the former are called the n 
w'* roots of unity, A general discussion of these forms will be 
given in a subsequent Chapter. We confine ourselves at pre- 
sent to the simple case of the binomial cubic, for which certain 
useful properties of the roots can be easily established. It has 
been already shown (see Ex. 5, Art. 16), that the roots of the 

cubic 

^-1=0 

If either of the imaginary roots be represented by w, the 
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» 

other is easily seen to be w', by actually squaring ; or we may 
see the same thing as follows : — 

If (II be a root of the cubio, oi' must also be a root ; for, since 
w^ = 1, we get, by squaring, w' = 1, which is (w')' = 1, thus show- 
ing that ct>* satisfies the cubic ^ - 1 >= 0. We have then the 

identity 

a^-1 =(a?-l)(ir-w)(ir-«ii'). 

Changing z into -ar, we get the following identity also : — 

iC' + l s (ir+l)(iC+(ii)(iF + w'), 

which furnishes the roots of 

ic» + 1 = 0. 

Whenever in any product of quantities involving the imagi- 
nary cube roots of unity any power higher than the second 
presents itself, it can be replaced by oi, or oi^, or by unity ; for 
example, 

(il* = Ci>'. W " 01, Ci>* = Ci>'. (U* = 01% 0>* = 0l'.0l'= 1, &C. 

The first or second of equations (2), Art. 23, gives the fol- 
lowing property of the imaginary cube roots : — 

1 + o> + w* = 0. 

By the aid of this equation any expression involving real 
quantities and the imaginary cube roots can be written in either 
of the forms P + oiQ, P+ o*'Q. 

Examples. 

1. Show that the product 

18 rational. Ans. m^ — mit + »'• 

2. Prove the following identities : — 

m' + n' 5 (m + n) (wn + ««n) (»'m + «»), 
m' — n' s (m — »i) (a»m *- o^m) (»^ m - am) . 

3. Show that the product 

(a + «i3 4 «*7)(o + »'i3 + wy) 

is rational. Ana. c^-^-fi^-^y^-finf — ya-afi, 

4. Prove the identity 
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5. ProT6 the identity 

(a+«i3 + ««7)'+(a + «*i3 + «ry)»a(2a-i3-7)(2i3-7-«)(27-a-i3). 
[Apply Ex. 2.] 

6. Prore the identity 

(a+ w$ + »«7)» - (a+ «»i3 +«»7)» = - 3v/^ {fi-y){y-»)i»-^)- 

[Apply Ex. 2, and substitute for » - »' its value v - 3.] 

7. Proye the identity 

a> + iB'' + 7''-3a'i3Y = (a» + i3» + 7»-3a37)', 
where 

a's«» + 2i8y, /r«i8«+27a, 7's7» + 2oi5. 

8. Find the equation whoee roots are 

m + fi, «ifi+«'ff, a»'m •(•«». 

9. Find the equation whoee roots are 

uiM. «»-3te»+3(/«-mii)«- (/>+•»> + »i"-3/i»») = 0. 

Remark. — Corresponding to the n n** roots of unity there 
will be n n'* roots of any quantity. The n roots of the equation 

are the n n*^ roots of a. 

The three cube roots, for example, of a are 

where va represents the real oube root aooording to the ordinary 
arithmetical interpretation. Each of these satisfies the cubic 

aj» - a = 0. 

It is to be observed that the three cube roots may be obtained 
by multiplying any one of the three above written by 1, ca, ca*. 

In addition, therefore, to the real cube root there are two 
imaginary cube roots obtained by multiplying the real ciibe 
root by the imaginary cube roots of imity. Thus, besides the 
ordinary cube root 3, the number 27 has the two imaginary 
cube roots 

as the student can easily verify. 
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10. Form a rational equation wfaicli shall have 

for a root ; where tfi - \. 

Compare Ex. 8. An», «3 + 3Pa?~2Q = 0. 

11 Form an equation with rational coefficients which shall haye 

for a root, where tfi^ = 1, and fc' = 1. 
Cubing the equation 

and subetituting x for its value on the light-hand side, we get 

Cubing again, we haye 

Since B\ and B% may each have any one of the values 1, «, »', the nine roots of 
this equation are 

«yp+««yQ; -'yp+ y^ «yp+ y^; 
d,«yp+ « y q; y? + «»y o; yp + « y a 

We see also that, since Oi and 03 have disappeared from the final equation, it is 

indifferent which of these nine roots is assumed equal to a; in the. first instance. The 

resulting eqiiation is that which would have been obtained by multiplying together 

the nine factors of the form x —yF — ^/Q obtained from the nine roots above , 

written. 

12. Form separately the three cubios whose roots are the groups in three 

(written in vertical columns in Ex. 11) of the roots of the equation of the preceding 

example. We can write them down from Ex. 8, taking first m and n equal to 

y?, yiQ; then equal to «»yp, « y Q ; and finally equal to w^^/Py ^^/Q. 

Ana. «»- 3 l/PQx-P^Q^O, 
«» - 3A>«yPQ:r-P- (2=0, 
x^ - Su^FQx~F-Q'=0. 
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27. Symmetric Functions of the Roots. — Symmetrio 
functions of the roots of an equation are those in which all 
the roots are alike involved, so that the function is unaltered 
in value when any two of the roots are interchanged. For 
example, those functions of the roots (the sum^ the sum of the 
products in pairs, &c.) with which we were concerned in Art. 23 
are functions of this nature ; for, as the student will readily 
perceive, if in any of these expressions the root oi, let us say, be 
written in every place where 02 occurs, and aa in every place 
where ai occurs, the value of the expression will be unchanged. 

The functions discussed in Art. 23 are the simplest sym- 
metric functions of the roots, each root entering in the first 
degree only in any term of any one of them. 

By means of the equations (2) of Art. 23 the values of an 
infinite variety of symmetric functions of the roots can, without 
knowing the roots themselves, be obtained in terms of the coef- 
ficients. It will in fact be shown when we come to the more 
general discussion of this subject, that any rational symmetric 
fonction of the roots can be so expressed. We content ourselves 
in the present Chapter with some simple examples, most of which 
will have reference to equations of the third and fourth degrees. 
It is usual to represent a symmetric function by the Ghreek letter 
S attached to one term of it from which the entire expression 
may be written down. Thus, if a, /3, 7 be the roots of a cubic, 
Sa*/3* represents the symmetric function 

where the products in pairs are taken, and each term squared. 
Again, 2a'/3 represents 

a'/3 + a^y +/3'7 + pTa + y^a + 7*/3, 

where all possible permutations of the roots two by two are 
taken, and the first root in each term then squared. 

For a biquadratic whose roots are a, /3, 7, 8, Sa'j3* repre- 
Bentfi 

and 80 on. 
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Examples. 

1. Find the'value of 2 a' /I of the roots of the cubic 

Multiplying together the equations 

a+i3 + 7=-i», 

we obtain 

hence ^a^fi^Zr-pq. 

2. Find for the same cubic the value of 

a^ + iS^ + T*. Am. Xa«=l?*-2^. 

3. Find for the same cubic the value of 

Multiplying the values of %a and 2«^, we obtain 

hence, by £z. 1, 

4. Find for the same cubic the value of 

We easily obtain 
from which 

6. Find for the same cubic the value of 

OB + 7)(7+ «)(« + «• 
This is equal to 

2afiy + Xa^$. Am, r-pq. 

6. Find the value of the symmetric function 

a'iSr + a*i35+ a*7« + i8»iry+ iB'oJ+iB^^J 

+ 7*ai5 + T'o^ + T^iBa + J^o^ + 5»a7 + S^iSy 
of the roots of the biquadratic 

«* + ^«s + ^a^ + r«+ » = 0. 
Multiplying together 

» + i5 + 7+8 = -i>, 

a/i7+o35 + «78 + /87' = -r, 
we obtain 

2a*i37 + 4o378=i>y; 
hence 

2a'i87=j?r-4». 
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7. Find for the tame biquadratic the Bymmetric function 
Squaring So, we easily obtain 

8. Find for the same biquadratic the Bymmetric iixnotion 

Squaring the equation 
we obtain 
hence 

9. Find for the aame biquadratic %«^fi. 

To form this symmetric function, we take the two permutations afi and fia of 
the letters a, fi ; these give two terms 9?fi and ffia of %, We have similarly 
two terms from eyery other pair of the letters a, iS, 7, 8 ; so that the symmetric 
function consists of 12 terms in all. 

Multiply together the two equations 

2a?2oilaXa>i3 + 2a*i97, 
as can be easily seen. 

It is conyenient to remark here, that results of the kind expressed by this last 

equation can be yerified by the consideration that the number of terms in both 

membeiB of the equation must be the same. Thus, in the present instance, since 

2^ contain| 4 terms, and 'Xa$ 6 terms, their product must contain 24 ; and these 

are in fact l^e 12 terms which form Xo^/I, together with the 12 which form 'Xv?^ 

(see Ex. 6). 

Using results of preyious examples, we haye 

Xrffl= Ji*j'-2j» --i>r+4#. 

10. Find for the same biquadratic the yalue of 

Squaring So?, and employing results already obtained, 

Xrt* = i^-4p»j' + 2^ + 4j?r-4#. 

11. Find in terms of the coefficients the sum of the squares of the roots of the 

equation 

aj»+pia?^* + i>2a5^*+. . .+i»»=0. 

Squaring lai, we easily find 

jn' = aai» + 2:|aiaa: 
hence 

2oi'«jpi*-2iij. 

K 
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12. Find the Biim of the reciprocals of the roots of the equation in the preceding 
example. 

From the second last, and last of the equations of Art. 23, we have 

0208.. ..On+aiOS.. ..an+ .... +0102 .... On-1 = (- l)''"*i'M-l» 

oiozoa Ofi = (- l)*Pn't 

dividing the former hy the latter, we have 

Ol OS 08 On jPfi 

or 

Oi pn 

In a similar manner the sum of the products in pairs, in threes, &c. of the 
reciprocals of the roots can he found by dividing the 3rd last, or 4th last, &c. coef- 
ficient by the last. 

13. Find for the cubic equation 

ao^+ 3ffi«' + 309^^ + 03 = 
the values, in tenns of the coefficients, of the following three functions of the roots 

(/8-7)'+(7-«)H(«-i3)», 
a(i3-7)« + i3 (7-«)H7(«-m 

It will be often found convenient to write, as in the present example^ an equa- 
tion with binomial cot^Mmti, that is, numerical coefficients corresponding to those in 
the expansion by the binomial theorem, in addition to the literal coefficients oq, oi, 
&c. 

We easily obtain 

floM«08-7)' + i3(7-«)'+7(«-i3)»}=9(flofl8-fli««), 
«oM«'0-7)» + /5'(7-«)» + 7'(«-i3)»}=18(o8»-aia8). 

14. Find in tenns of the coefficients of the cubic in the preceding example the 
quadratic 

where a, 0, y are the roots of the cubic. 

Am. (ao08 - «i*) «* + («o«3 - «i ««) « + («i fl8 - ««*) = 0. 
16. Find for the cubic of Example 13 the value of 

(2o-/B-7)(2i3-y-o)(27-o-i3). 

Since 2o-/J-7 = 3o-(« + /J + 7) = 3o + ?i\ 

the required value is easily obtained by substituting f or ^ in the identity 

0oa*+ 30i«'+ ^x -i- az^ ao{x - a) {x - $){x - y). 
Ana, 0o'(2o-i3-7)(2/8 -7 -o) (27-0 -i3)=- 27 (00*03- 3000102 + 2«i«). 
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16. Find, for the biquadiatic equation 

the Tslne of the BTmmetiio function of the roots 

08-7)«(«-»)* + (r-«)'(i3-8)» + (a-i3)2(7-»)». 

Here the equation is written with binomial coefficients ooneeponding to the 
expansion of the binomial to the 4th power. The symmetric function in question 
is easily seen to be identical with 

2 a o« j8« - 2 2 a»i8r + 12 a/i7«. 

Employing the results of examples 6 and 8, we find 

•<^{09-7)*(«-»)' + (7-a)»(iB-8)»+(a-i8)»(7-5)»}=24(«o«4-4aiii, + 3a»«). 

17. Taking the six products in pairs of the four roots of the equation of Ex. 16, 
and adding each product, 9,g, afi, to that which contains the remaining two roots, 
e.g. yS, we haye the three sums in pairs m,, 1/ 

/97 + a8, ya + fi9, afi + yZ; 

it is required to form the two following symmetric functions of the roots of the bi- 
quadratic: — 

(7«+i8«)(o3+7«) + {afi+y9)(fiy + a9) + (iSy+aJ) {ya+$Z), 
07 + oJ) (7a + i3«) (oi5 + 7 J) . 

The former of these is the sum of the products in pairs, and the latter the con- 
tinued product, of the three expressions above giyen. As these three functions of 
the roots are important in the theory of the biquadratic, we shall represent them 
uniformly by the letters A., /i, r. We have to find expressions in terms of the 
coefficients for /u^ + j>a + A/a and A/iy. 

The former is So'iSy, and ia easily found to be (see £x. 6) 

Of? 'Xfuf = 4 (4ai 03 — oo^i) • 
The latter is, when multiplied out, equal to 

a^75(«« + i8t + 7' + «*)+««i3»7*»»(i+^ + ~ + y, 

and gives after easy calculations the following : — 

Ho' X/ix = 8 (2 OoAs* - 3 oo 0a 04 + 2ai2 04) . 

18. Find, for the biquadratic of Ex. 16, the following symmetric function : — 

{(7-a)0-5)-(a-i3) (7-8)} {(a-i3)(7-8)-0B-7) («->)} 

{(iB-7)(«->)-(7-«)(i5-8)}. 

This is an important symmetric function in the theory of the biquadratic. To 
prevent any ambiguity in writing this, or corresponding fimctions in which the dif • 

e2 
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f erencee of the roots of the biquadratic enter, we explain the notation we unif onnly 
employ. 

Taking in circular order the three roots a, $^ 7, we have the three differences 
fi -7, 7-0, a-$; and Bubtracting i from each root in turn, we have the three 
other differences a -8, $-9, 7-8. We combine ihese in pairs as follows: — 

(i3- 7) («-«), 
(7-a)(i3-d), 
(a-i3)(7-8). 

The symmetxic function in question is the product of the differences of theee 
three. 

£mplo]ring the values of K, /i, r in the preceding example, we have 

-A* + »'«=OB-r)(«-J), -x + Xa(7-tt)(i3~5), -X + /i«(a-«(7-a).. 
We have, then, to find the value of 

(2A-A*-»')(2/i-i'-X)(2x-X-M), 
or (3X - 2 a3) (3/i - 2 afi) (3y - 2 afi), 

in terms of the coefficients of the biquadratic. 

Multiplying this out, substituting the value of SoiS, and attending to the results 
of £z. 17, we obtain 

«o'(2x - A»- x) (2/4- r-X) {2w-K-fi) =-432{aoS>a4+2aia,a8-«oa9'-«i'a4-«2'l • 

The functions of the coefficients arrived at in Examples 16, 16, and the present 
example, will be found to be of great importance in the theory of the cubic and bi- 
quadratic equations. 

19. Find, for the biquadratic of Ex. 16, the symmetric function 

(a-i3)« + (a-7)» + (a-J)» + (i3-7)« + 03-J)» + (7-5)'. 

This may be written 2 (a - 3)'. 

Ana. flo'2(a-i3)* = 48(«i«-«o««). 

20. Find, for the biquadratic of Example 6, the symmetric function :i{a-$)*. 

Ant, 2(a-ft< = 3j?*-16i>«j + 20^ + 4pr-16#. 

21. Show that, for the biquadratic of Example 16, the value of the same sym- 
metric function can be written in the form 

ad*S(a-il)* = 16<48(coaa-ai«)2-<io«(aoa4-4fliffs+3aa*)}. 

22. Prove the following relation between the roots and coefficients of the bi- 
quadratic of Ex. 16: — 

«o*03 + 7-«-«)(yf «-i3-8)(« + i3-y-8) = 32(aQ2flj-3«oai«t + 2«i»). 
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28. Remark. — We close this chapter with certain observations 
which will be found useful in verifying the results of the calcula- 
tion of symmetric functions. The first is, that the degree of any 
symmetric function in the roots is always equal to the sum of the 
suffixes in each term of its value in terms of the coefficients. The 
student will observe that this is true in the case of the results of 
Examples 13, 15, 16, 17, 18, 19, 21, 22 ; and that it must be 
80 in general appears from the equations (2) of Art. 23, for the 
suffix of each coefficient in those equations is equal to the degree 
in the roots of the corresponding function of the roots ; hence 
in any product of any powers of the coefficients the sum of the* 
suffixes must be equal to the degree of the corresponding func- 
tion of the roots. 

The second observation is, that for any symmetric function of 
the differences of the roots of an equation written with binomial 
coeffidentSy the value in terms of the coefficients must be such that 
the algebraic sum of the numerical factors in it is equal to cipher. 
This is true in general; for if in^the equation with binomial 
ooeffioients 

flo«* + nainf^^ + — ^ — jr- a^af*'^ + . . . + </n = 

JL . ^ 

we make 

it becomes 

i.e. all the roots become equal ; hence any function of the dif- 
ferences of the roots must in that case vanish, and therefore also 
the f auction of the coefficients which is equal to it ; but this 
consists of the algebraic sum of the numerical factors after 

putting 

flo = di = flj = . . . = 1, 

In examples 15, 16, 18, 19, 21, 22, of Art. 27, we have in- 
stances of this. 
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Miscellaneous Examples. 

1. Find the value of the flymmetric functioii 

iB'+T* 7*+€? o2+/3« 

Z 1-+ 1 + Z- 

$y ya afi 

of the roots of the cubic equation 



Ant. ^-3. 



2. Find for the same cubic the value of 

+ 7-a)3+(y + a-i3)» + (a + i3-7)». 

Am, 24r-i?'. 

3. Find the value of 1ti?f^ of the roots of the same equation. 

Here Xafi%9?fi^^%c?f?-VaBy%ti?fi; hence &c. 

Ans. ^-3i»gr+3r«. 

4. Find for the same cubic the symmetric function 

2c^ is easily obtained by squaring 2a' (see Ex. 3, Art. 27). 

Ana, 2i?«-12i7*j'+12i?»r + 18^5a-18j>jr-6^. 

6. Find for the same cubic the value of 

An,. ^£3Z*Ez2t. 
r-pq 

6. Find for the same cubic the value of 

fi + y 7+« «+i8 

7. Find for the same cubic the value of 

2i3y~a» ^ 27tt-i3» ^ 20^-7^ 
/8 + 7-0 7 + o-i3 a-Vfi-y' 



^_2i>a^+14i>r-8^» 



4py-i?'-8r 
8. Find the symmetric fimction 2 f ^ — - J for the same cubic 

-piqi - Ap^r + 8^- 2pqr-9t^ 



Ant, 7 Ti 

(r-pg)' 
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9. Find in tenns of the coefficients the value cf 2 -^ of the biqnadxatio equation 

r 

1 a a3 - 1 . -« 

Here :ia^X^=5- + 2-2; and SaX- = 4 + 2-. 

-4iw. s . 



10. Find the value of 5 ^ for the equation 

p 

11. Find for the biquadratic of Question 9 the value of 

(i37-a«) (7a-i3d) (a^-7«). 
Compare Ex. 22, Art. 24. ^«'- »* - 1^»- 

12. Find the value of a (ao« + »0' O^-?)' of t^e roots of the cubic 

18 

13. Find the symmetric function 3 *" of the roots of the equation 

The given function may be written in the form 

ai ( — + — +.... + — |-A 
( ai 08 «« ; 



+ « j — + --+.■.. + — j-1 
( ai 08 On ; 



+ a»( — + — +....+ --1, 
( oi 08 *• ; 

or So, :«--«; hence ^«'- "TT " 

oi -^ 

14. Clear of radicals the equation 

and express the coefficients of the resulting equation in t in terms of the coefficients 
of the cubic of Ex.1. ^^^ zfi-2{p^-2q)t-p*-^ii^g-Spf'=0, 
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15. If a, /9) 7, S be the roots of tlie biquadratic of Question 9, prove 

(a»+l)03* + l) (7»+l) (5» + l)={l-y+»)* + tP-r)». 

Substitute in turn each of the roots of the equation d^ + 1 = in the identity of 
Art. 16, and multiply. 

16. For the general equation prove 

(ai«+ 1) (o8»+ 1) . . . . (o,»+ 1) = (1 ~jps+li4-. . .)'+ (/'i-J»s+ • • •)'• 

17. If a, /9, 7, 8 be the roots of the equation 

aoi^ + 4ai«> + 6asd:2 + 40807 + 04=: ; 
prove 

«oM3 + 7) (7 + «) (« + 3) («+•) (3 + *) (7 + *) = 16 { ^«i«»«3-«o«8'-«i*<n}. 

The symmetric function in question is (/i + K)(K + X)(X+/i), or 2x2/uy— A/ur, 
where X» as k have the values of £z. 17, Art. 27. 

18. The distances on a right line of two pairs of points from a fixed origin are 
the roots (a, fi) and (d', ff) oi the two quadratic equations 

fl«» + 2&p+c = 0, afx^ + 2fx + <f = 0; 

prove that when one pair of the points are the harmonic conjugates of the other pair, 
the following relation exists : — 

19. The distances of three points A^ B, C on 9, right line from a fixed origin 
on the line are the roots of the equation 

iM^ + 3te* + 3«B + rf = ; 

find the condition that one of the points A, B, should bisect the distance between 
the other two. 

Compare Ex. 16, Art. 27. Ant. a^d-Sabe-^ 2^=0. 

20. Retaining the notation of the preceding question, find the condition that the 
four points 0, A, B^ C should form a harmonic division. 

Am, ad^-Zbed + 2<^=^0. 

This can be derived from the result of Ex. 19 by changing the roots into their 
reciprocals, or it can be easily calculated independently. 

21. If the roots (a, fi, 7, 8) of the equation 

«aj* + 4 A«» + 6 «p» + 4<iF+ e = 

are so related that a— S, ^3-8, 7-8arein harmonic progression ; prove the-relation 

among the ooefS.cient8 

oflj + 2 Acrf - «rf* - 4»« - tJ* = 0. 

Compare Ex. 18, Art. 27. 

22. Express 

{2fiy^ya-a0)(2ya-a0-fiy)(2afi-fiy-ya) 

as the sum of two cubes. 

Am. {fiy + oiytL + »* ai9)' + (^87 + •* 7a + mL$)\ 
Compare Ex. 6, Art. 26. 
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23. Form the equation whose roots are 

where w^^ 1, and a, 3, 7 are the roots of the cubic 

ax»+344J» + 3«; + rf=0. 

Am. (<«?-*>) ar» + (arf-*c)iP + (W-c») = 0. 
Compare Exs. 13 and 14, Art. 27. 

24. Clear of radicals the following equation, where «'= 1 : — 

r = '/a(l-») + *(l-«^) +v^a(l -•«) + * (!-•). 

^fw. 3r*-6(a + *)r»-3{a-A)« = 0. 
26. Express 

in terms of x^M- y* -f i^ and xyt, where w' s 1. 

An*. 3(«>-»-y> + «») + 18«y«. 

26. K 

(x3 ^.yS + ^„ 3ayjr) (^» + y'S + «'8.3y yV) s Z»+ r» + -^»- 3 ZrZ, 
find X,T,Z in. tenns of jt, y, 2 ; ^ , y', e'. 
Apply Example 4, Art. 26. 

Am. X = ajaf* + yy' + as', F= xy' + y«' + ac*, Z= »«' + y«' + zy\ 

27. Resolve 

(a+ 3 + 7)»o37- (/57+ 7a + «iB)» 

into three factors, each of the second degree in a, i3, 7. 

Am. (a»-/57)(iB»-7«)(7«-ai9). 
Compare Ex. 18, Art. 24. 

28. Resolve 

/» + m» + ••* - 2mn -2nl- 2lm 
into four factors. 

Am. (v^+v *»+v *»)(V^/--V »»-V^*»)(— \//+ ym-*y n)(-*y l-^/ m-\-Y n). 

29. Resolve 

(m-ii)» + {«-/)»+(/-m)» 
into ftictors. 

Am. 2(/+«m4«'«i)(/-l-«'mf «m). 

30. If 

a + iw + fteO, &+«m + «^M=0, tf+«'mi-«n«0, 

where •' = 1, prove 

(*_^)2(<,.a)Ma-*)* = -27(m»-#f»)«. 

31. Find the value of 

(^ + 2)0« + 2)(7> + 2)(«« + 2), 

where a, i3, 7, 8 are the roots of tbe equation 

x*-7«»+8*«-6a:+10 = 0. 
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Substitate in successioii for x the two roots of the equatioii s* + 2 = 0, and mul- 
tiply. (Compare Ex. 15.) 

AnM, 166. 

32. Besolye into simple factors each of the following ezpressionB : — 

(1). 0-7)M3 + 7-2«) + (7-«)M7 + «-2« + (a-i3)M« + i8-27). 
(2). (3-7)0+7~2a)»+{7-a)(7 + a-2iB)» + (a-iS)(a + iS-27)». 

Ant, (1). (2a-/B-7)(2/B-7-a)(27-a-«. 
(2). -908-7)(7-«)(«-i3). 

33. Find the condition that the cubic equation 

should have a pair of roots of the form a + ay/^ 1 ; and show how to detennine 
the roots in that case. 

If the real root is h, we easily find, by f onning the sum of the squares of the 
roots, ja^ — 2q = i^. The required condition is 

34. Solve the equation 

«»-7«"+20a?-24 = 

whose roots are of the form indicated in Ex. 33. 

Am. Roots 3, and 2 + 2 \/^. 

35. Find the conditions that the biquadratic equation 

«* - j^a:* + yx* — ra: + « = 

should have roots of the form a ± a v — If b±b s/ ~ 1. Here there must be two 

conditions among the coefficients, as there are only two independent quantities 

involYed in the roots. 

Am. i?'-2y = 0; r»~2^t = 0. 

36. Solve the biquadratic 

«*-4aJ» + 8«»-120« + 900 = 
whose roots are of the form in Ex. 35. 

An%, 3±3v^^ _6?5v^^. 

37. If a + iS V - 1 be a root of the equation 

x'+^ay + rsO, 
prove that 2a will be a root of the equation 

x' + yaf-rsO- 

38. Find the condition that the cubic equation 

af^ + j?a;* + ya; + r = 

should have two roots a, 3 connected by the relation 0^3 + 1 = 0. 

Am. l+^+^ + r» = 0. 

39. Find the condition that the biquadratic 

a;* +^a;' + ya?* + ra; + » = 

should have two roots connected by the relation ai9 + 1 = 0. 
The condition arranged according to powers of « is 

l+g+j»r + r» + (;>«+i?r-2^-l)t+(y-l)*2 + ^ = 0. 
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40. Solve the equation 

«»-ll«* + 82«» + 8a»-.144«+ 144 = 0, 
three roots of which are in Hannonic Progression, and two of the fonn + a. 

Ant. Roots ± 2, 2, 3, 6. 

41. Find the value of 2 (ai - as)> 0304 cu of the roots of the equation 

«"+i>i«*-»+j^:c"-* + . . . . +p»=0. 

This is readily reducihle to Ex. 13. 

Ans. (- 1)» { pipi^i - n^Pn). 

42. If the roots of the equation 

, ii(#i-l) , 
oot^+naia^^-^ \ ' atsl^^-v + «» = 

he in Arithmetical Progression, show that they can he ohtained from the ezpresston 



a\ r_ / 3(ai'-a 



-«o«2) 



hy giving to r all the values 1, 3, 5, ....»- 1, when n is even ; and all the values 
0, 2, 4, 6 M — 1, when n is odd. 

43. Representing the difPerenoee of three quantities a, fi,y hy ai, /9i, 71, as 

foQows : — 

ai^fi-y, 0i = y-aj yi^a-fi; 
prove the relations 

ai»+iSi* + 'yi» = 3aiiBi7i, 

ai* + iSi* + 71* = J { «i' + 3i' + 71* }S 

ai* + iSi» + 7i»= i { ai* + iBi» + 7i» } aiiBi7i. 

These can he derived hy taking ai, fiu 71 to he roots of the equation 

«^ + y« - r = 

(where the second term is absent since the sum of the roots = 0) , and calculating the 
symmetric functions 2ai', ^ai*, 2«j^ in terms of q and r. The process can he ex- 
tended to form 2ai^ Sai^, &c. They are all capable of being expressed in terms of 
the product «i fii 71 and the sum of squares ai^ + fii^ + 71' ; the former being equal 
tor, andthelatterto-2 09i7i + 7iai + ai/9i), or -2^. 

44. If a, i3, 7 he the roots of the cubic 

find the value of 2 0- 7)^ in terms of the coefficients. This is easily obtained by 
means of the second relation in Ex. 43. 

Ant, 09^2 {$- y)* ^ 162 («oas - 4ii>)^ 



CHAPTER IV. 

TRANSFORMATION OF EQUATIONS. 

29. Transformatton of Eqaattons. — ^We can, without 
knowing the roots of an equation, transform it into another 
whose roots shall have certain assigned relations to those of 
the proposed. The utility of this process consists in the fact 
that the discussion of the transformed equation will often be 
more simple than that of* the original. We proceed to explain 
the most important transformations of equations. 

30. Roots with Signs cbanged. — To transform an equa- 
tion into another whose roots are those of the given equation 
with contrary signs, let ai, ot, as^ • • • a«i be the roots of 

«* +^ia?*"* + j9,«""* + . . . . Pf^iX +pn = ; 
then 

of -hpiJ^^"^ +ptaf^'^ + . . . -^Pn^iX+pn 3 (a? - ai) (a? - 02) . . .(x-On); 
change x into - ^ ; we have, then, whether n be even or odd, 

The polynomial in ^ equated to zero is an equation whose 
roots are - ai, - aa, ... - on ; and to effect the required trans- 
formation we have only to change the signs of every alternate term 
of the given equation beginning with the second. 

£ZAXPLE8. 

1. Find the equataon whose roots are those of 

with their signs changed. Am, afi-lx^ + lx^+Bx^-^x-lmO. 

2. Change the signs of the roots of the equation 

[Supply the missing terms with zero coefficients.] 

Ant, A^-i-3a:» + jB'+«'' + 7«-2=0. 
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31. Aooto Mnlttplied by a CMven l^aanttty. — To trans- 
f onn an equation whose roots are oi, aa, . . . an into another whose 

roots are mai^ matf . . . tnon, we change w into ^ in the identity 

tn 

of the preceding artide. We have tiien, after multiplication 
by_m», 

^{y-mai) iy-moi) .... {p-mun). 

Hence, to multiply the roots of an equation by a jgiven quan- 
tity my toe have only to multiply the auccemve coefficientSy beginning 
with the secondy by my f»», m', . . . m". 

The present transformation is useful for getting rid of the 
coefficient of the first term of an equation when it is not unity ; 
and generally for removing fractional coefficients from an equa- 
tion. If there is a coefficient Oo of the first term, we form the 
equation whose roots are (haiy chOiy . . . aoOn; the transformed 
equation will be divisible by Oo, and after such division the coeffi- 
cient of of* will be unity. 

When there are fractional coefficients, we can get rid of them 
by multiplying the roots by a quantity m, which is the least 
common multiple of aU the denominators of the fractions. In 
many cases, multiplication by a quantity less than the least 
common multiple will be sufficient for this purpose, as will 
appear in the following examples : — 

EXAVPLES. 

1. Change the equation 

into another the coeffideiit of whose highest tenn will be unity. We multiply the 

roots by 3. 

* Ant. iC*-4a^+12«»-18« + 27 = 0. 

2. Bemoye the fractional coefficients from the equation 

1 "2 

2 3 
Multiply the roots by 6. 

Ana. «> - 3^ + 24ir - 216 » 0. 

3. Bemore the fractional coefficients from the equation 

2 18 108 
By noting the factors which occur in the denominators of these fractions, we 
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easily observe that a number much smaller than the least common multiple will 
suffice to remove the fractions. If the required multiplier is m, we write the 
transformed equation thus: — 

it is evident that the value 6 for in will make each coefficient integral ; hence we 

have only to multiply the roots by 6. 

An». «»- 16*» - 14* + 2 = 0. 

4. Remove the fractional coefficients from the equation 

10 ^26 ^1000 

The student must be careful in examples of this kind to supply the tnii|«mg 
terms with zero coefficients. The required multiplier is 10. 

-4»». a:* + 30 «« + 620 flP + 770 = 0. 

5. Bemove the fractional coeffldents from the equation 

6 12 900 

Ana. •*-26«>+376*»- 11700 «0. 

32. Aeclproeal Iftooto. — ^To transform an equation into 
one whose roots are the reoiprooals of the roots of the proposed 

equation, we change x into - in the identity of Art. 30. This 

gives, after certain easy reductions, 

or 

Pn Pn Pn Pn \ ai/\ Oz/ \ On, 

hence, if in the given equation we replace x by -, and multiply by 

y 

t/^y the resulting polynomial in y equated tb zero will have for 

.11 1 

roots — , — , . . . — . 

fll Oi an 

£ZAXPLE. 
Find the equation whose roots are the reciprocals of those of 

«*-3«»+7«« + 6a?--2 = 0. 

Ant. 2y*-6y'-7y2 + 3y-l = 0. 



ri'-l^'-^y-'i'-^' 
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33. Reciprocal B^iuitloiui. — There is a certain olasB of 

equaidonB which remam unaltered when x is changed into -. 

•I? 

These are called reciprocal equatiana. The conditions which must 
obtain among the coefficients of an equation in order that it 
should be one of this class are, from the preceding Article, 
plainly the following: — 

Fn rn Jfn Pn 

The last of these conditions gives p\=ly orpn = ±l. Be- 
ciprocal equations are divided into two classes, according as Pn 
ifl equal to + 1, or to - 1. 

(1). In the first case 

Pfk-\ =i>if Pn^ -Pif ... Pi =Ptk-i ; 

and we have the first class of reciprocal equations^ in which the 
coefficients of the corresponding terms taken from the beginning and 
end are equal in magnitude and have the same signs. 
(2). In the second case, when Pn^-l^ 

Pt^-i = ~Pi9 Pf^2 = -i?2, &c....pi = -pn-i ; 

and we have the second class of reciprocal equations^ in which cor- 
responding terms counting from the beginning and end are equal in 
magnitude but different in sign. It is to be observed that in this 
case whe n t he degree of the equation is even, say n «= 2m j one of 
the conditions becomes p« « -Pm» orpm~0 ; so that in reciiprocal 
equations of the second class, whose degree is even, the middle 
term is absent. 

If a be a root of a reciprocal equation, - must also be a root, 

for it is a root of the transformed equation, and the transformed 
equation is identical with the proposed ; hence the roots of a 

reciprocal equation occur in pairs, a, -; ^9 ^ ; &c. When 

the degree is odd there must be a root which is its own 
reciprocal ; and it is in fact obvious from the form of the equa- 
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tion that - 1, or -f 1 is then a root, aooording as the equation is 
of the first or second of the above classes. In either case we 
oan divide o£f by the known factor (a? + 1 or a? - 1), and we are 
left a reciprocal equation of even degree and of the first class. 
In equations of the second class of even degree o^ - 1 is a f actor, 
since the equation may be written in the form 

«» - 1 +i?ia;(aJ~-«- 1) + . . . =0. 

By dividing by a^ - 1, this also is reducible to a reciprocal 
equation of the first class of even degree. Hence all reciprocal 
equations ma^ be reduced to those of the first class whose degree is 
even^ and this consequently may be regarded as the standard form 
of reciprocal equations. 

Example. 

Beduce to a reciprocal equatum of eyen degree and of first clasB 

5 19 6 

Ans. a:*+-j5»----j?« + -ir+l = 0. 

6 3 6 

34. To Increase or IMmlnlsli the Roots by a CMtoh 
l^aantlty. — ^We change the variable in the polynomial /(a;) by 
the substitution x = p-k- h; the resulting equation in t/ will have 
roots each less or greater by h than the given equation in x, 
aooording as A is positive or negative. The resulting equation 
is (see Art. 6) 

/(A).+/Wy + T§ y* + rSy + ••..= 0. 

There is' a mode of formation of ihis equation which for 
practical purposes is much more convenient than the direct 
calculation of the derived functions, and the substitution in them 
of the given quantity h. This we proceed to explain. Let the 
proposed equation be 

flo«* + aiof*'^ + fla«""' + . . . + an^iX + a« = ; 



o 



To Increase or Diminish the Hoots. 65 

and suppose the transformed polynomial in ^ to be 

AotT + ^ly*"' + ^2y""* + . . . + A^xf/-\- An : 
mnoe y^x-h^ this is equivalent to . 

Af, (a? - A)* + ^ , (a? - hy-^ + . . . + An^x {x-h)+ Any 

which must be identical with the given polynomial : we conclude 
that if the given polynomial be divided hj x - hy the remainder 
^ is Anj and the quotient 

Ao [x - A)*"* -I- ^, (a? - A)""' + . . . + -4^8 (a; - A) + An-\ : 

if this again be divided by a; - A, the remainder is An^u and the 

quotient 

Ao{x - A)"-' +Ax{x'- A)^» + . . . + An^i. 

Proceeding in this way, we are able by a repetition of arith- 
metical processes^ of the kind explained in Art. 8, to calculate in 
snooession the several coefficients An^ Anr-if &o,j of the trans- 
formed equation ; the last, A09 being equal to ch. 

Examples. 

1. Find the equation whose roots are those of 

ar*-5x5+7a:»-17af+ll = 0, 
each djmimshed. hy 4. 

The operation is best exhibited as follows : — 
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Here the first division of the given polynomial by « - 4 gives the remainder 
9 (= A4), and the quotient afi-a^ + Sx-b (cf. Art. 8). Dividing this again by 

F 



66 
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x-if we get the remainder 56 (» ^3), and the quotient a^ + Zx-\-lb. Dividing this 
again, we get the remainder 43 (= ^2), and quotient x-\-7 ; and dividing this wo get 
Ai^ll, and Ao = l ; hence the required tranafonned equation is 

y* + lly3 + 43y«+65y-9 = 0. 
2. Find the equation whose roots are those of 

each diminished by 3. 
1 
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39 


114 


342 
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13 
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114 


368 
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393 
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607 
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27 
68 


174 
805 


1 




9 
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36 








12 


94 
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16 



The transformed equation is, therefore, 

y*+ 15y* + 94y» + 306yt+607y + 353 = 0. 

The student is recommended to attend carefidly to these examples ; as he will 
find, when we come to a discussion of the general solution of numerical equations, 
that the most convenient method of effecting such solution is only a repetition of the 
process here described. 

3. Find the equation whose roots are those of 

4ar*-2jr:3"»-7a:-3«= 0, 
each increased by 2. 

[The multiplier in this operation is, of course, - 2.] 

Ans, 4y* - 40y* + 168y«- 308y2+ 303y- 129 = 0. 

4. Increase by 7 the roots of the equation 

3a;* + 7a?»-16«' + r-2 = 0. 

Atu. 3y* - 77y3 + 720 y«-2876y + 4068 = 0. 

6. Diminish by 23 the roots of the equation 

6jc8-13x«-12« + 7 = 0. 

The operation may be conveniently performed by first diminishing the roots by 
20, and then diminishing the roots of the transfonned equation again by 3. The 
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procMB may be exhibited in two stages, as follows, the broken lines marking the 
conclusion of each stage: — 



- 13 


- 12 
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100 


1740 


34560 


87 


1728 , 


84667 


100 


3740 
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5468 


19122 


187 


58689 


100 


906 




887 


6374 
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951 




302 


7825 




15 






317 




15 







882 



Ant, 6y»+332y»+7325y + 53689 = 0. 



35. Aemoval of Terms. — One of the chief uses of the 
transf onnation of the preceding Article is to remove a certain 
specified term from an equation. Such a step often facilitates 
its solution. Writing the transformed equation in descending 
powers of y, we have 

Oo^ + (fiaoA+ flOy"-* -f I r 2 "^' + (n- l)aih + a,| y*^* + . . = 0. 

If A be such as to satisfy the equation naoh + ^i = 0, the trans- 
formed equation will want the second term. Ji h be either of 
the values which satisfy the equation 



n(n-l) 
1.2 



aoA'+ (n- l)flriA + a2=0, 



the transformed equation will want the third term ; the removal 
of the fourth term will require the solution of a cubic for h ; and 
so on. To remove the last term we must solve the equation 
f{h) = 0, which is the original equation itself. 



f2 
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Examples. ' 

1. Transform the equatioii 

a:» - 6«* + 4« - 7 = 

into one which shall want the second term. 

na^h 4- ai = gives A = 2. 
Diminish the roots by 2. Ant. y» - 8y - 16 = 0. 

2. Transform the equation 

aj^ + Sa^' + r-SaO 

into one which shall want the second term. 

Increase the roots by 2. Ant, y* - 24 y' + 66y - 66 = 0. 

3. Transform the equation 

j^_4:r»-18«*-3* + 2 = 

into one which shall want the third term. 
The quadratic for h is 

6A»-12A-18 = 0, giving A=3, A = -l. 

Thus tliere are two ways of effecting the transformation. 
;> Diminishing the roots by 3, we obtain 

* (1) y* + 8y»- Illy- 196 = 0. 

Increasing the roots by 1, we obtain 

(2) y*-8y»-. 17y- 8 = 0. 

36. Binomial CoelBclente. — In many algebraical pro- 
cesses it is found convenient to write the polynomial /(a;) in the 
following form : — 

a^ or + nUiOr * + — = — ^ — a^or + . . . H — = — ^ — ^h-z^p + fuif^xX + a„, 

in which each term is affected, in addition to the literal coef- 
ficient, with the numerical coefficient of the corresponding term 
in the expansion of {x -\-lY by the binomial theorem. The 
student will find examples of equations written in this way on 
referring to Article 27, Examples 13 and 16. The form is one 
to which any given polynomial can be at once reduced. 
We adopt the following notation : — 

Un = (h(x^ + nainf'^ + —\ — ^ aiiP*^' + . . . + n^in^ix + r7„, 

thus using U with the suffix n to represent the polynomial of 
the n'^ degree written with binomial coefficients. 
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We have, ohanging n into n- 1, &o., 



Ui = UqX + fli, 

One advantage of the binomial form is, that the derived 
functions can be immediately written down. The first derived 
function of Un is, plainly, 

or n Uf^i ; so that the first derived function of a polynomial re- 
presented in this way can be formed by applying to the suffix 
of U the rule given in Art. 6, with respect to the exponent of the 
variable. Thus, for example, the first derived of Ui is formed 
by multiplying the function by 4, and diminishing the suffix by 
unity ; it is, then, 4Z7'8, as the student can easily verify. 

We proceed now to prove that the substitution of y + A for 
X transforms the polynomial Un, or 



I 



1.2 
into 

n(w -1) 

TT2 

where 



Onjf* + naiof*^^ +'— ^^ — pj- 02^*"^ + . . . + na^^ix + flr„. 



^«y« + nAiy"^' + \ ^ -4,y«-» + . . . + nA^^ii/ + Jn, 



are the functions which result by substituting A for ;v in 

^o» ^if ^a> • • • ^«-i> ^n 5 

i. e. A^ » floj -4i = ao A + «!, -4a = Aq^' + 2ai A + Oj, &c. . . . 

Bepresenting the derived functions of /(A) by suffixes, as 
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explained in Art. 6, we may write the result of the transfor- 
mation, t.e.f{t/-\-h)y in the following form: — 

/(A) is the result of substituting h for a; in Uni it is, therefore, 
An : its first derived /i (A) is, by the above rule, «-4„^i ; 'the first 
derived of this again is n (n - 1) ^^.s ; and so on. Making these 
substitutions, we have the result above stated, which enables us 
to write down without any calculation the transformed equation. 



Examples. 

1. Find the result of substituting y + A for ^ in the polynomial 

ao3^ + 3ai x^ + 302^; + 03. 

An». ao^-}-3(aoA + ai)y^+3(aoA' + 2aiA + as)y+aoV+3aiAs + 3<i2A+at. 

The student will find it a useful exercise to Terify this result by the process of 
operation explained in Art. 34, which may often be employed with advantage in the 
case of algebraical as well as numerical examples. 

2. Kemove the second term from the equation 

ao«* + 3«i x^ + 3tfa j: + «8 = 0. 
We must diminish the roots by a quantity h obtained from the equation 

aoA-i-Ai = 0, i.e. h= — . 

Substituting this value of A in A%, and Ai, the resulting equation in y is 
, 3(ao«2 — «i*) tfo^as- 3ao<»i«4 + 2«i' 

3. Find the condition that the second and third terms of the equation Um = 
should be capable of being removed by the same substitution. 

Here Ai and A2 must vanish for the same value of h ; and eliminating h be- 
tween them we find the required condition. 

Ans. ooOz — ai^ ^ 

4. Solve the equation 

^1 + 6*3 + 12«-19 = 

by removing its second term. 

The third term is removed by the same substitution, which gives 

^3 . 27 = 0: 
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The required roots are obtained by subtracting 2 from each root of the latter 
equation. 

5. Find the condition that the second and fourth terms of the equation CTw = 
should be capable of being removed by the same transformation. Here the coef- 
ficients A\ and A^ must vanish for the same value of k ' eliminating h between 
the equations 

we obtain the required condition 

no'fla - 3ao«i «a + 2ai* = 0. 

Note. — ^When this condition holds among the coefficients of a biquadratic equa- 
tion its solution is reducible to that of a quadratic ; for when the second term is 
removed the resulting equation is a quadratic for y^ ; and from the values of y those 
of X e&D. be obtained. 

6. Solve the equation 

a:*+ 16j;3 + 72i» + 64* - 129 = 

by removing its second term. 
The equation in y is 

y* - 24y« -1=0. 

7. Solve in the same manner the equation 

X* + 20a;3 + U3a;« + 430:r + 462 = 0. 

Ana. The roots are - 7, - 3, - 6 + v^3. 

8. Find the condition that the same transformation should remove the second 
and fifth terms of the equation Un = 0. 

Ans. ao'«4 - 4<yo' «i«3 + 6tfo«i'«a - 3«i* = 0. 

37. Tlie Cable. — On account of their peculiar interest, we 
shall consider in this and the next following Articles the equa- 
tions of the third and fourth degrees, in conne^on with the 
transformation of the preceding Article. When y + A is sub- 
stituted for X in the equation 

aoit^ + Saiic^ + 3(hx + (h = 0, (1) 

we obtain 

Ooy^ + 3-4,y* + 3Aii/ + -^3 = 0, 

where Aiy A^^ Az have the values of Art. 36. 

If the transformed equation wants the second term, 

^1 = 0, or A = ; 
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Bubstituting this value for h in A% and ^3, we find, as in Ex. 2, 
Art. 36, 

hence the transformed oubic, wanting the seoond term, is 

3 1 

y* + — !(«o«a - «i') y + — 3 (flo'«s - 3ao«i<a^ + 2fli^) = 0. 

The funotions of the coefficients here involved are of such 
importance in the theory of algebraic equations, that it is cus- 
tomary to represent them by single letters. We accordingly 
adopt the notation 

at^2 - «i' = Sy (h^(h - 3floaifla + 2^1* = O ; 
and then write the transformed equation in the form 

y'+^y + -, = o. (2) 

(W Of? 

We here observe that if the roots of this equation be multi- 
plied by Qq it becomes 

2» + 3J?"2-f(?-0. (3) 

This is the form of the cubic we shall employ when we come 
to treat of its algebraical solution. The variable 

The original cubic is in fact identical with 

{a^ + aiY + 3H{a^ + «i) + (? = 0, 

after the factor a^^ is removed from this, as the student can 
easily verify. 

If the roots of the original equation be a, /3, 7, those of the 
transformed equation (2) will be 

(h '^ ao Ut, 

or, since 

a+/3 + 7 = -— , 

Wo 

they will be 

i(2a-/3-7), ^(2/a-7-„), },(2y-a-li). 
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We can write down immediately the values of the symmetric 
functions 

of the roots of the original cubic. The latter will be found to 
agree with the value already found in Ex. 16, Art. 27. 

Remarh. — We now make with regard to the general equation 
an important observation : that any symmetric function of the 
<Ufferenc€% of the roots o, /3, 7, 8, &c., can be expressed by the 
functions of the coefficients which occur in the transformed 
equation wanting the second term. This is obvious, since the 
difference of any two roots a^ ^ of the transformed equation is 
equal to the difference of the two corresponding roots a, /3 of ^ 
the original equation ; and the symmetric function of the diffe-^ 
rences a - (i\ &c., can -be expressed in terms of the coefficients 
of the transformed equation. For example, in the case of the 
cubic, all symmetric functions of the differenoas of the roots can 
be expressed as functions of ao, iT, and G. Illustrations of this 
principle will be found among the examples of Art. 27. 

38. Tbe BIqaadratlc. — The transformed equation, want- 
ing the second term, is 

r/o/ + GAif/ 4 4A3P + ^4 = 0, 

where A2 and A3 have the same values as in the preceding 
Article; and for A^ we have 

The transformed equation is then 

6 4 1 

i/ + —^Hy^ + —^Gy + — (oo'fl'i- 4e?oVi«3+ 6tfo«i'«2- 3ai*) = 0. 

We might represent the absolute term of this equation by a 
symbol like H and (?, and have thus three functions of the coef- 
ficients, in terms of which all symmetric functions of the diffe- 
rences of' the roots of the biquadratic could be expressed. It is 
more convenient, however, to regard this absolute term as com- 
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poBed of H and another function of the coefficients determined 
in the following manner : — 

Oo'fl*- 4flo'fli«3 +600^1' ^- 3ai* = a„' {ooai-^aiOz+^az) - ^{(hOn-aiY* 

This identity is obvious ; and enables us to introduce a 
function of the coefficients 

which is of great importance in the theory of the biquadratic. 
This function is represented by the letter /, and we have 

flo'fl* - 4flo'flifl3 + Qaf^aittp 3ai* s Oo'/- 3-fif \ 
The transformed equation may now be written 

We can multiply the roots of this equation, as in the case of 
the cubic of Art. 37, by Oo ; and obtain 

2* + 6J5rs» + 4(?2+ao'/--3ir* = 0. (2) 

This form will be found convenient in the treatment of the 
algebraical solution of the biquadratic. The variable is the 
same as in the case of the cubic, i.e. Oq^h- ai. The original bi- 
quadratic is in fact identical with 

after the factor a^ is removed from this latter equation. 

Any symmetric function of the differences of the roots of 
the original biquadratic can therefore be expressed by dfo, Ey (?, 
and /. 

If the roots of the original equation be o, /3, 7^ S, those of 
the transformed (1) will be, as is easily seen, 

i(3«-^-7-8), |(30-y-8-«), KS-y-g-a-ZJ), |(38-«-^-y). 

The simi of these = ; the sum of their products in pairs 
= - y ; the sum of their products in threes = ~ ; and for their 
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continued product we have 

ao*(3a-i3-7-8)(3/3-7-8-a)(37-S-a-0)(3S-a-/3-7) 

= 266(ao»/-3ir«). 
There is another function of the coefficients to which we 
wish now to call attention, as it will he found to be of great 
importance in the subsequent discussion of the biquadratic. It 
is the function which presents itself in Ex. 18, Art. 27, t. e. 

This is denoted by the letter J. The example in question 
shows that it is a function of the differences of the roots. We 
ought, therefore, to be able to express it in terms of ao, JJ, (?, 
and J. We have, in fact, the identity 

which the student can easily verify. 

Or this relation can be derived as follows : — Whenever a 
function of the coefficients ^o, ^i, a%^ &c. is the expression of a 
function of the differences of the roots, it must be unaltered by 
the transformation which removes the second term of the equa- 
tion ; hence its value is unaltered when we change a^ into zero, 
Oz into Aiy 0% into A^^ &c. Thus 

a^atai-k- 2ai OzCh - <h(^ - a^a*, -a%^ OqAzAi - aoA^^ - Az^ ; 

substituting for A29 ^3, A4 their values in terms of Jff", (?, J, we 
easily obtain the above identity, which will usually be written 
in the form 

39. Homograplilc Transforinatloii. — The transforma- 
tion considered in Art. 34 is a particular case of the following, 
in which x is connected with the new variable t/ by the equation 

\x -{■ fji 

A x+fi 
If X = l, /u = -A, X'=0, /u'=l,we have y^x-h^ as in Art. 34. 
Solving for x in terms of y, we have 

■ 



X = 



AV - A* 
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This value can be substituted for x in the given equation, 
and the resulting equation of the n'* degree in y obtained. 

Let a, /3, 7, S, &c., be the roots of the original equation, 
and a^ /3^ 7', S^, &o., the corresponding roots of the transformed 
equation. We easily obtain from the equations 

Aa + /i f^, Xfi-h JUL 



a = 






the relation 

•^ (A'a + M')(A'/3 + M')' 
with corresponding relations for the differences of any other 
pair of roots. If we take four roots, and the four corresponding 
roots, we get 

(a--30(7-y) ^ (a-/3)(7-g) 

(a'-y')(/3'-8') («-7)(0-8)' 

Thus, if the roots of the proposed equation represent the 
distances of a number of points on a right line from a fixed origin 
on the line, the roots of the transformed will represent the dis- 
tances of a corresponding system of points, so related to the former 
that the anharmonic ratio of any four of one system is the same 
as that of their four conjugates in the other system. It is in 
consequence of this property that the transformation is called 
homographic. 

It is important to observe that the transformation here con- 
sidered, in which the variables x and f/ sure connected by a relation 

of the form 

*Axy + jBa;+ Cy + i) = 0, 

is the most general transformation in which to one value of either 
variable corresponds one, and only one, value of the other. 

40. Transformatloii In deneral. — In the general prob- 
lem of transformation we have to form a new equation in y, 
whose roots are connected by a given relation {x, y) = with 
the roots of the proposed equation f{x) = 0. The transformed 
equation will then be obtained by substituting in the given 
equation the value of x in terms of 1/ obtained from the given 
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relation ^ (^» y) = ; or, in other words, by eliminating x be- 
tween the two equations f{x) = 0, and ^ (a?, y) = 0. For example, 
suppose it were required to form the equation whose roots are 
the sums of every two of the roots (a, /3, 7) of the cubic 

a^ -pa^ + ja? - r = ; 
here 

y-/3+7=a + /3 + 7-a=/>-o. 

The equation ^ (j;, y) = is here y = p-x\ for when x takes 
the value a, y takes one of the proposed values ; and when x takes 
the values /3 and 7, y takes the other proposed values. The 
transformed equation is then obtained by substituting p - y for 
X in the given equation. 

Examples. 

1. If a, ^, 7 be the roots of the cubic 

s^—px^-\-qx-r- 0, 
foim the equation whose roots are 

o j8 7 

here 

1 afiy 4-1 1 -f r 

a a a 

and the given rehition is ry = 1 + r ; the transformed equation is then obtained by 

1 + r 
substituting for x in/(«) = 0. 

Am, fy-y(l + r)y«+i)(l + r)»y-(l + r)8 = 0. 

2. Form, for the same cubic, the equation whose roots are 

03 + 07, 03 + ^7, /87 + ay. 

Substitute for x» An*, y* - Iqy^ + (pr + 9*) y + r* - pqr — . 

q-y 

3. Form, for the same cubic, the equation whose roots are 

g 3 7 

3 + 7- o* 7+0- jS' + 3-7' 

Substitute , ^^^ for x, 
1+ 2y 

Am, (i>»-4p^ + 8/)y» + CpS-4pg+12r)y«+ (6r-i?^)y + r = 0. 

41. Eqaatlon ofBIIDerences of a Cubic. — ^We shall now 
apply the transformation explained in the preceding Article to 
an important problem, 1. e. the formation of the equation whose 
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roots are the squares of the differenoes of those of a given oubic. 
We shall do this in the first instance for the cubic 

aj' + goj + r^O, (1) 

in which the second term is absent, and to which the general 
equation is easily reducible. Let the roots be a, /3, 7. We 
have to form the equation in y whose roots are 

(i3-7)%(r-a)N(a-0)'; 

o 

The equation ^ [x, y) of Art. 40 takes here the form 

2r 

X 

or 

^ + (y + 2$')a;-2r=0; 

subtracting from this the proposed equation, we get 

3r 

(y + a) a? - 3r = 0, or a? = ; 

y-^q 

hence the transformed equation in ^^ is 

f + &qy^ + 9^y + 4^ + 27r» = 0. (2) 

If it be proposed to form the equation whose roots are the 
squares of the differences of those (a, /3, 7) of the cubic 

floar* + 3^1 a:' + 302^? + a^ = 0, (3) 

we first remove the second term ; the resulting equation (see 
Art. 37) is 

and the required equation is the same as the equation of diffe- 
rences of this latter, since the difference of any two roots is 
unaltered by removing the second term. We can thus write 
down the required equation by putting 

3JBr G 



«o" fir/ 
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n the above. The result is 

< < < ^ ' 

which has for roots 

(/3-7)\ (y-«)', («-^)'. 

The equation (4) oan be written in a form free from fractions 
by multiplying the roots by a^. It becomes then 

ar» + 1%H2? + 9^lH^x + 27 (G* + 4ir») = 0, (5) 

whose roots are 

<0-7)' «o'(r-a)S «o'(«-^r. 

We can write down from this an important function of the 
roots of the cubic (3), i,e. the product of the squares of the diffe- 
renceSf in terms of the coefficients : — 

< (/3 - 7)' (7 - ay (a - /3)^ = - 27 {CP + 4J7»). (6) 

It is evident from the identity of Art. 38 that 6r* + 4jff * 
contains Oo' as a factor. We have in fact the equation 

The expression in brackets is called the discriminant of the 
cubic, and is represented by A ; giving the identities 

Examples. 

1. Fonn the equation whoee roots are the squares of the differences of those of 

« 

a;3 _ 7a? + 6 = 0. 

An*, y* - 42y» + 441y - 400 = 0. 

2. Form the equation of differences of 

a:' + 6«« + 7«42 = 0. 

First remove the second term. 

Am. y»-30y« + 226y-68 = 0. 

3. Form the equation of differences of 

Atu. y8-18y» + 81y = 0. 
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42. Criterion of the Matare of the Roots of a Cuhle* 

— ^We can from the form of the equation of differences 
obtained in Art. 41 derive criteria in terms of the coeffi- 
cients of the nature of the roots of the algebraical cubic. For, 
if the equation (5) of Art. 41 has a negative root, the cubic ((3) 
Art. 41) must have a pair of imaginary roots, in order that the 
square of their difference should be negative ; and if (5) has no 
negative root, the cubic (3) has all its roots real, since a pair of 
imaginary roots of (3) would give rise to a negative root of (5). 

The following four cases exist : — 

(1). When O^ + 4J5r' is negative^ f/ie roots of the cubic are all 
real, — For, to make this negative H must be negative (and 4J5r* 
> O^) ; the signs of the equation (5) are then alternately positive 
and negative, and, therefore (Art. 20), (5) has no negative root ; 
and consequently the given cubic has all its roots real. 

(2). Wfien O^ + 4jff' is positivCy the cubic has two imaginary 
roots, — For the equation (6) must then (Art. 13) have a negative 
root. 

(3). When G*+4jBr*= 0, the cubic has two equal roots. — For 
the equation (5) has then one root equal to cipher. This is called 
the condition for equal roots, 

(4). When 6 = 0, aiul J7= 0, the cubic has its three roots equal, 
— ^For the roots of (6) are then all equal to cipher. These are 
the conditions that the cubic should be a perfect cube. They may 
also be expressed, as can be easily seen, in the form 

«i «2 r/3' 

43. Transformatloii of Equatloiis hy Symmietrle 
Fanettons. — Suppose it is required to transform an equation 
into another whose roots shall be given rational functions of the 
roots of the proposed. Let the given function be (a, /3, y . . .), 
where may involve all the roots, or any number of them. 
We form all possible combinations ^(ajSy), 0(a/3S), &c., of the 
roots of this type, and write down the transformed equation as 
f oUows : — 

{y -0(0/37 • • •)} (y-*(ai3S- ••)!••• = 0. 
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When ibis is expanded, the sueoessiye ooefficients of y will be 
symmetrio functionB of the roots a, /3, y^ &0.9 of the given equa- 
tion ; and may therefore be expressed in terms of the coefficients 
of that equation. 

Examples. 

1. Thfi roots of 

are a, /3, 7 ; find the equation whose roots are a*, /S*, y . 
Suppose the transformed equation to be 

them 

and we have to form the symmetric functions 2a*, 3a'i9*, a^fi^y^f of the given equa- 
tion. We easily obtain 

and the transformed equation is 

2. Find for the same cubic the equation whose roots aro a', 0^^ 7". 

Ant. ^-^{f-^pq +3r)y«+(7»-3pjr + 3r«)y + r» = 0. 

3. If a, 3, 7, 8 be the roots of 

find the equation whose roots are a*, 3', 7', S'. 
Let the transformed equation be 

y*+iy+ (ly*+ J2y + « = 0, 

-P«la», = 2a»3», -Jl«aaV7«, 5«a*i9«7«««. 
We have then the required equation (of. Examples 8 and 17, Art. 27). 

Ant. y*-(jp»-2^)y» + (j»-2pr+2»)y2-(r»-29«)y+i» = 0. 

4. If a, /3, 7, S be the roots of 

oo^ + 4aii;' + Gotc' + 4a3« + 04 = ; 

find the equation whose roots are X, ^a, r ; viz., 

/97 + aa, 7a + 39, «3 + 7«. 

See Ex. 17, Art. 27. 

6«s 4 8 
-4fM. y» *• + — T(4tfia3-flo«4)|f =(2aofl5*-3«o«»«4 + 2ai«a4) aO. 

5. Show that the transformed equation, when the roots of the resulting cubic of 
Ex. 4 are multiplied by i oo, and the second term of the equation then removed, is 

z3- J« + 2/«0. 

G 
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44. Formattoii of the Eqnatloii whose Roots are any 
Powers of those of the Proj^osed. — The method of effect- 
ing this transformation by symmetric functions, as explained in 
Art. 43, is often laborious. A much simpler process, involving 
only multiplication, can be employed. It depends on a know- 
ledge of the solution of the binomial equation 

0^ - 1 = 0. 

This will be given in the following Chapter. The general 
process will be sufficiently obvious to the student from the 
application to the 2nd and 3rd degrees which will be found 
among the following examples: — 

Examples. 

1. To form the equation whose roots are the squares of the roots of 

To effect this transformationy we have the identity 

«*+Pi«^^ +!>««"■' + . . - +l>f.-i«4j»«s(a;-oi){«-a3) ... (a:-cu) ; 
change x into — x, and ohtain, as in Art. 30, 

multiplying these equations, we have 

{ic*+i;ja;"-»+P4«*"*+ . . .)'- (pia^i+i?8*»-» + .. .)» s («i-ai»)(««-oa«) . . . («*-o„*) ; 

it is evident that the first memher of this identity contains, when expanded, only 
even powers of x ; we may then replace af^hy y\ and get 

The first memher of this equated to zero is the required transformed equation. ' 

N.B. — This transformation will often enahle us to determine a limit to the num* 

ber of real roots of the proposed equation. For, the square of a real root must be 

positive ; and therefore the original equation cannot have more real roots than the 

transformed has positive roots. 

2. Find the equation whose roots are the squares of those of 

«* - a?« + Sir - 6 = 0. 

Ans, y^ + 16y« + 62y - 86 = 0. 

The latter equation, by Descartes' rule of signs, cannot have more <hi»i one 
positive root ; hence the former must have a pair of imaginary roots. 
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3. Find the equation whoee roots are the squares of the roots of the equation 

It follows from Descartes' rule of signs that the original equation must have 
four imaginary roots. 

4. Verify by the method of Ex. 1 the Examples 1 and 3 of Art. 43. 

5. To form the equation whose roots are the cubes of the roots of 

It will be observed that in Ex. 1 the process consists in multiplying together 
f{x)y the giyen polynomial, and/(- x) ; the yaiiables inyolved in these being those 
obtained by multiplying x by the two roots of the equation a?' — 1 = 0. In the 
present case we must multiply together /(a;), /(w), fifi^^x) ; the yariables involyed 
being obtained by multiplying x by the roots of the equation a;* — 1 ss 0. The tnuu- 
fonnation may be oonyeniently represented as follows : — 

Write the polynomial f{x) in the form 

(i?ii+/>»-3i'+ . . + a?(Pi»-i +jpi»-4«" + . . .) +«»(j»«-a + j?« J** + ...)» 
which we represent, for breyity, by 

P-\-xQ^^R^ 

in which P, Q, and iZ are all functions of sfi, 
We have then 

P+«Q + x»i2a{«-«i>(«-o2) (af-on). (1) 

Changing, in this identity, x into mx and t^x succeesiyely, we obtain 

JP+ mxQ + m^:^R s [ttx - ai) (wx - 02} . . . {mx - on) , (2) 

JP+ «^ar(2 + fl^-B s {tt^x - ai) (•«jp - a«) . . . (•«« - o.), (8) 

since P, Q, and By being functions of ^, are unaltered. 

Multiplying together the equations (1), (2), (3), and attending to the results of 
Alt. 26, we obtain 

The first member of this identity contains x in powers which are multiples of 3 
only. We can, therefore, substitute y for a^ and obtain the required transformed 
equation. 

6. Find the equation whose roots are the cubes of the roots of 

af*-«3^2««+3« + l = 0. 

Am. y* + 14y« + 60y« + 6y + l«0. 

7. Verify by the method of Ex. 5 the result of Ex. 2 of Art 43. 

8. Form the equation whose roots are the cubes of the roots of 

ax^ + Zbx^ + Sex-^d^O, 

g2 
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Miscellaneous Ezakfles. 

1. The roots of the equation 

^-6«»+lla:-6 = 
are a, 3, 7 ; form the equation whose roots are 

3' + 7*, 7» + a', a' + ^«. 

Ant, y» - 28y« + 246y - 650 = 0. 

2. The roots of the cubic 

a:» + 2j;* + 3» + 1 « 
are a, iS, 7 ; form the equation whose roots are 

Ant. y» + 1 2y» - 1 72y - 2072 = 0. 

3. The roots of the cubic 

a;» + ^a; + r = 

are CI, 3, 7 ; fonn the equation whose roots are 

3' ■»• /87 + 7*, 7« + 7a + o«, a* + ai9 + /3». 

-4««. (y+?)' = 0. 

4. The roots of the cubic 

a:»+px« + ^«+r = 

being a, 3, 7 ; form the equation whose roots are 

3i + yi-a«, 7«-»-a«-i9*, o« + i9« - 72. 

+ 8j»«j2-16i>^ + 8H = 0. 
6. If a, i3, 7 be the roots of the cubic 

«3 - 3 ( 1 + a + a*) « + 1 + 3fl + 3a« + 2<|8 = ; 

prove that ifi - 7) (7 - a) (a - i3) is a rational function of a. 

-4fw. ±9(l + a + a2). 

6. Find the relation between O and H of the cubic 

Oifi^ + 3ai:r* + Za^ -)- aj = 

when its roots are so related that (fi - 7)', (7 - a)', (o - /S)' are in arithmetical 
progression. 

7. If a, i3, 7, 8 be the roots of 

(^j^ - 2«*a:' + 2j; - 1 s 0, 
find the value of 

{p - 72)« (o« - r)« + (7« - a»)2(/5« - 8»)« + (a« - i8«)« (7' - V^)\ 

Ant, 0. 
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8. Proye that, if 

iBy + 7a + oiS + 08 + i98 + 78 = 0, 

108-7)«{a-8)»+(r-a)«(/3-8)H(a-i9)«(T-«)M' 

= 18 { (i3» - 72)« (a« -»«)»+ (7« - a«)» (iB» -»*)»+ (a« - iB»)M7' - »')M • 

9. Solve the equation 

»»-«* + 8«* - 9a; - 16 = 0, 

which has one root of the fonn 1 + av^- 1. 

Diminish the roots by 1 ; substitute a\/- 1 for « ; we find that a must satisfy 
,4 _ 3^ _ 4 - 0, and o* - 6o' + 8 = ; hence a = ± 2. Hence the factor a;» -2jr + 6. 
The other factors are (af -f 1) and (a;^ - 3), as is evident. 

10. The roots of the cubic 

oo^ + 3aij;' -I- Za2X + as b 
are a, /3, 7 ; form the equation whose roots are 

/3 + % 7 + «» a + /3. 

This question has been already solved in Art. 40. We give here another solu- 
tion which, although in this particular instance it is not the simplest, will be 
found convenient in many examples. Let the roots of the given equation be dimi- 
nished by A. The transformed equation is (Art. 36) 

floy* + 3-4iy» + ZA2y + -^s = 0, 

whose roots are a - A, /3 - A, 7 ~ A. We express the condition that this equation 
should have two roots equal with opposite signs. This condition is (see Ex. 17, 
Alt. 24) 

9^1 ^8 — ooAz = 0. 

This equation is a cubic in A whose roots are 

i(/9 + r). i(7+a). i(a+i8); 
for the above condition is 

()8 - A) + (7 - A) = 0, 
or 

2A = j3 + 7; 

where fi, 7 represent indifferenUy any two of the roots. 

1 1 . The roots of the biquadratic 

oox* + 4«i«' + 6(t%x^ + iazx + fl4 = 
are a, i9, 7, S ; form the sextic whose roots are 

3 + 7* 7+«» « + 3, + 5, i9+5, 7 + 8. 

Employing the method of Ex. 10, the required equation can be obtained from 
the condition of Ex. 20, Art. 24. 
The condition is in this case 

6^1^42 A3 - Ai'^M - ai>Az^ « 0. 

This is a sextic in A whose roots are i (iS + 7), &c., and the required equation 
can be obtained by forming the equation whose roots are double the roots of this 
equation. 
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12. Fonn for the cubic of Ex. 10, the equation whoee roots are 

$ + y-2a y + a-2fi' a -^ fi - 2y 

DiminiBh the roots by A, and express the condition that the resulting cubic 
should haye its roots in geometric progression (see Ex. 18, Art. 24). The con- 
dition is 

Ai^Ai - aoAt^ = 0. 

This will be found to reduce to a cubic in h ; whose roots are the values above 
written, since 

(. - A)» = (/8 - A) (y - A), oth = ^'^-^^. 

13. Form for the same cubic the equation whose roots are 

2i3y - ajS - <ry 2ya-i8y~^a 2a$ - yg - yjB 
iB + 7-2a ' 7+a-2^ ' a^fi-2y 

Diminish the roots by h, and express the condition that the tnmsf onned cubic 
should have its roots in harmonic progression (see Ex. 19, Art 24). We have 





2 1 1 
a-h^ $-h^ y-h* 


or 


. 2/87-03-07 
3 + 7-2a • 


The equation in A is 





aoJz^ - SAiAiJi + 2At^ = 0, 

which will be found to reduce to a cubic. 
14. The roots of the biquadratic 

flo«* + 4ai«* + 6«a«* + iazx + 04 = 

are a, 3, 7, 8 ; find the cubic whose roots are 

^7-08 ya-$i 0/3-78 



/9 + 7-0-8' 7+o-i8-8* o + /i-7-8* 

Dinumsh the roots by A, and employ the condition of Ex. 22, Art. 24. Tho 

condition is in this case. 

Ai^Ai-ao^i^^O, 

which reduces to a cubic in h whose roots are the values above written. 
15. Find the equation whose roots are the ratios of the roots of the cubic 

«• + ^jj + r = 0. 

The general problem can be solved by elimination. Let /(or) a be the given 

equation, and p e — ss the ratio of two roots ; then since f(fi) s 0, we have 

o 

f{pa) = 0, also/(a) « ; and the required equation in p is obtained by eliminating 
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a between theee two latter equations. For the cubic in the present example the 

result is 

r»(p» + p+l)> + ^f>*0>+l)»=O. 

16. If a, i9, 7 be the roots of 

«• -Vpsfl + j« + r = 0, 
form the equation whose roots are 

17. Fonn for the same cubic the equation whose roots are 

18. If a, ^, 7 be the roots of the cubic 

«■ + ^a: + r = 0, 
form the equation whose roots are 

la + mfiy, Ifi + mju, ly + me^. 

Am. ^-'mq^-\-{i^g-\-3imr)y-¥l^-Pm^-2lm^gr-m^r^^0. 

19. If a, ^, 7 be the roots of the cubic 

oo^ + daia^ ■¥ SofX + 0s « 0, 
find the equation whose roots are 

(«-/3)(«-7), 08-7) 0B-«), (7-«)(7-/3). 

^ 9 jr , 27((?» + 4ir») ^ 

Am, y* + — = y« ^^ — ; ^= 0. 

20. Fonn, for the cubic of Ex. 19, the equation whose roots are 

0-7)»(2«-iB-7)», (7-a)«(2^-7-«)», («-iS)»(27-«-^)'. 
The required equation can be obtained by forming the equation of the squares of 
the differences of the roots of the cubic (4) of Art. 41, since 

(-y - «)i - (a- ^)«= (3 - 7)(2«-. iS-7). 

21. Form, for the cubic, Ex. 16, the equation whose roots are 

«(i8-7)'. fii7-a)\ 7(«-i8)». 
Let the transformed equation be x' + l'^ + Qr + i? « 0. ^ 

Am. F^pq-- 9r, Q = ^ - 9pfr + 27r» + j»V, 
JB = - r(4j> + 27r» + 4pSr -j^f^ - ISpqr), 

22. Form, for the cubic, Ex. 16, the equation whose roots are 

a* + 2)87, /8« + 27a, 7» + 2oi8. 

Am. P=-i»«, Q = ?(2i^-3^), 
--fie ip^r - 18i^r + 2^^^ + 27 r*. 



CHAPTER V. 

SOLUTION OF RECIPROCAL AND BINOMIAL EQUATIONS. 

45. Reciprocal Eqiiatloiis. — It has been shown in Art. 33 
that all reoiprooal equations can be reduced to a standard form, 
in which the degree is even, and the coefficients counting from 
the beginning and end equal with the same sign. We now 
proceed to prove that a reciprocal equation of the standard form 
can always be depressed to another of half the dimensions. 
Consider the equation 

flfoiP*"* + ainf^'^ + . . . + flm«*" + . . . + flfia? + flfo = 0. 

Dividing by d^, and uniting terms equallj distant from the 
extremes, we have 

Assume ar + - = », and let ^ + -j- be denoted for brevity by 

Vp, We have plainly the relation 

Vp^\ ~ V pZ — Vp-u 
Giving^ in succession the values 1, 2, 3, &c., we have 

r, = ViZ - Fi = s» - 3a, 
F4= Fsa- Fa = a* -42' + 2, 
Fxj = Fia - Fs = a' - 5a' + 5a ; 

and so on. Substituting these values in the above equation, we 
get an equation of the m^^ degree in a; and from the values of 
a those of x can be obtained. 
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Examples. 

1. Find the roots of the equation 

«« + x* + «' + a^ + «+l =0. 
Dividing by j; + 1 (see Art. 33), we have 

This equation may be depressed to the form 

«• - 1 = 0, giving « = ± 1 ; 

▼henoe « + -=!, :p + - = -1, 

X X 

and the roots of these equations are 

2 ' 2 • 

2. Find the roots of the equatiob 

«»0-3«8 + 6a:«-6a?*+ 33^-1=0. 

Dividing by a;> - 1, which may be done briefly as follows (see Art. 8), 

1-3 6-6 3-1 

1-2 3-2 1 

^2 3 ^ i 

▼e have the reciprocal equation 

«8-2«« + 3««-2«« + l = 0, (1) 

(^ + ^).2(^» + i)+3 = 0. 

Substituting f or Fi, c* - 4«* + 2 ; and for V%, s* - 2, we have the equation 

«4_6j2+9«0, or(a»-3)» = 0, 
whence s' = 3, and s = + 'v/ 3, 

giving jp + - = V^8, x-\-- = -y/z, 

X X 

and the roots of these equations are 

V^8± y/IH; - \/3 ± s/~\ 
2 ' 2 • 

These roots are double roots of the equation (1). 

3. Solve the equation 

ir» - 1 = 0. 
Dividing by of - 1 we have 

x^+j^' + tf' + af+l =0; 
from which we obtain 

«« + « - I =r 0. 
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Solving this equation, we have the quadratics 

a:« + J(l-v/6)«+ 1=0, 
from which we obtain 

« = i {- 1 + « y 6 ± (10 + 2« y/6)i -/ri } , 
where d' = 1. 

This expression gives the four values of x. 

4. Find the quadratic factors of 

a« + 1=0. 

Transforming this, we have 

«;» - 32 - 0, 

whence s » 0, and »s= ± y/s. 

The quadratic factors of the given equation are, therefore, 

«» + l = 0, ai^±y/^x+l = 0, 

5. Solve the equations 

(1). (l + «)* = a(l+«*), (2). (l+af)» = a(l+a;«). 

6. Reduce to an equation of the fourth degree in s 

(1 + x)^ (1 - «)* „ 
5 i_ J. ^ L_ = 2a. 

l+«* l-«* 

^iM. (1 - a)s* + (7 + 3a)«» - (4 + a) = 0. 

46. Binomial Eqiiatloiiji. Cfeneral Properties* — 

In this and the following Articles will be proved the leading 
general properties of Binomial Equations. 

Prop. I. — If a be an imaginary root o/* a?" - 1 = 0, then a"* 
also will be a root, m being any integer. 

Since a is a root, 

o" = 1, and therefore (a")~ = 1, or (a~)*» = 1 ; 

that is, a"* is a root of a?" - 1 « 0. 

The same is true of the equation ^r" + 1 « 0, except that in 
this case m must be an odd integer. 

47. Prop. II. — If m and n be prime to each other, the 
equations a?"»-l = 0, af^ - 1 = have no common root except 
unity. 
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To prove this we make use of the following property of 
nombers : — 

If m and n be integet^s prime to each other^ integers a and b 

m 
can be found such that mb - wa = ± 1. For, in fact, when — is 

n 

tamed into a oontinned fraction, ^ is the approximation pre- 

tn 
ceding the final restoration of -. 

n 

Now, if possible, let a be any common root of the given 
equations; then 

a~ = 1, and o* = 1 ; 

also a*^ = 1, and a~» = 1 ; 

whence a (*^-»«) =1, or o** = 1, or a =» 1 ; 

that is, 1 is the only root common to the given equations. 

48. Prop. HE. — Ifk be the greatest common measure of tuo 

integers m and n, the roots comnum to the equathtis af^ - 1 = 0, 

and a:* - 1 = 0, are roots of the equation a?* - 1 « 0. 

To prove this, let 

m = km\ n = kn\ 

Now, since m' and n' are prime to each other, integers b and 
a may be found such that m'b - n'a « ± 1 ; hence 

mft - na " ± A. 

If, therefore, a be a common root of a;* - 1 = 0, and af^-l^O, 

a(«>-««) = l, or a* = l; 

which proves that a is a root of the equation a^ - 1 = 0. 

49. Prop. IV. — JFhen n is a prime number^ and a any 
imaginary root of a^ - 1 == Oy all the roots are included in the series 

For, by Prop. (I.), these quantities are all roots of the equa- 
tion ; and they are all different; for, if possible, let any two be 

equal: 

a^ = a^ whence a^^^ = 1 ; 

but, by Prop. II., this equation is impossible, since n is neces- 
sarily prime to {p - g)i which is a number less than n. 
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60. Prop. V. — When n is a composite number formed of the 
factors f p, g, r, Sfc.y the roots of the equations a?P-l = 0, a^-l = 0, 
ic^- I = 0, &o., all satisfy the equation af - 1 = 0. 

For, consider a root a of the equation of - 1 = ; then a** = 1 ; 
from which we derive 

(aP)«^-- = l; or a~-l = 0; 

which proves the proposition. 

61. Prop. VI. — When n is a composite number formed of the 
prime factors p^ q^ r, Sfc,^ the roots of the equation af^-l = are 
the n terms of the product 

(1 + a + a« + . . . + a^O(l + /3 + . . . +/3^0(1 + 7+ • • • +7''"'0 • • -, 

where ais a root ofx^ -1 = 0, /3 of^xfl -1 = 0, 7 q/of - 1 = 0, &c. 
We prove this for the case of three factors^, y, r. A similar 
proof applies in general. Any term, e,g, a'^jS^y^, of the product 
is evidently a root of the equation a^ - 1 = 0, since a*"* = 1, /3*" = 1, 
Y^ = 1, and, therefore, (a^/B^y**)" = 1. And no two terms of the 
product can be equal; for, if possible let a"/3*7* be equal to 
another term a*»'j3^7^ ; then a«'-'»= /3*-*'7^-'''. The first mem- 
ber of this equation is a root of a?'* - 1 = 0, and the second 
member is a root of a?^ ~ 1 = 0. Now these two equations cannot 
have a common root since* je? and qr are prime to each other 
(Prop. II.) ; hence a''/3*7'' cannot be equal to a*»'/3*'7*''. 

62. Prop. VII. — The roots of the equation a^ - 1 = 0, where 
n=p^^r^y and^, q, r are the prime factors of n^ aretJie n products 
of the form 0)87, ichere a is a root of a^^ = ly (i oi a^ =1, and 
7 of ic^*" = 1. This is an extension of Prop. VI. to the case where 
tho prime factors occur more than once in w. The proof is 
exactly similar. Any such product afty must be a root, since 
a** = 1, 3* = 1, 7!* = 1 ; n being a multiple of p^y ^, r^ ; and a 
proof similar to that of Art. 51 shows that no two such products 
can be equal, since jt?", ^, f^ are prime to one another. We 
have, for convenience, stated this proposition for three factors 
only of n. A similar proof can be applied to the general case. 

From this and the preceding propositions we are now able 
to derive the following general conclusion: — 
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The determination of the «'* roots ofunity is reduced to the case 
ichere n is apnme number j or a power of a prime number. 

53. Tbe Special Roots of <he Eqiiatloii ^ - 1 » 0. — 

Every equation ic" - 1 = has certain roots which do not belong 
to anj equation of similar form and lower degree. Such roots 
we call special roots* of that equation, or special n'* roots ofunity. 
If n be a prime number, all the imaginary roots are roots of this 
kind. If « = p^f where ^ is a prime number, any n'* root of a 
lower degree than n must belong to the equation af^'^ -1 = 0, 
since every divisor of p** is a divisor of p'^^ (except n itself) ; 

hence there are p^ 1 1 — j roots which belong to no lower degree. 

If, again, n=^jfq^y where ^ and q are prime to each other, there 

are p^ ( 1 — J, and ^ f 1 — j special roots of ojp* - 1 = 0, and 

if* - 1 = 0, respectively. Now, if a and /3 be any two special 
roots of these equations, a/3 is a special root of af* - 1 = ; for if 
not, suppose {a(i)^ » 1, where m is less than n ; we have then 
a*" = 0-* ; but a" is a root of a>P*- 1 = 0, and /3"** is a root of 
afl - 1 = 0, and these equations cannot have a conmion root 
other than 1, as their degrees are prime to each other ; conse- 
quently m cannot be less than ti, and a/3 is a special root of 
JT* - 1 = 0. Also as there are 

,.(>-l).(-i),o,„(.-i)(.-l) 

such products, there are the same number of special n*^ roots. 
This proof may be extended without difficulty to any form of «. 
All the roots of af^ -1 = are given by the series 1, a, o*, . . a""* ; 
where a is any special n*^ root. For it is plain that o, a^, &c., are 
all roots ; and no two are equal ; for, if o** = a*, a (''"*) = 1 ; and 
therefore a is not a special n*^ root, since p-qis less than n. 

When one special »'* root a is given y we may obtain all the other 
-special n*^ roots ofunity. 

* The term '* special root" is here used in preference to the usual term "pri- 
mitive root," since the latter has a diJfferent signification in the theory of numbers* 
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Since a is a special root, all the roots 1, o, a^, ... a^^ are 
different n^^ roots, as we have just proved ; and if we select a 
root oP of this series, where p is prime to «, the roots 

o^, a*^ ... a("-*)^o"''(=l) 

are all different, sinoethe exponents of a when divided by n give 
different remainders in eveiy case ; that is, the series of numbers 
0, 1, 2, 3, ... n - 1 in some order ; whence this series of roots is 
the same as the former except that the terms occur in a different 
order. To each number j9, prime to n and less than it (1 in- 
cluded), corresponds a special n'* root of unity ; for a"**^ cannot 
be equal to 1 when m is less than n, for if it were we should 
have two roots in the series equal to 1, and the series could not 
give all the roots in that case ; therefore a^ is not a root of any 
binomial equation of a degree inferior to n : that is, a^ is a special 
«'* root of unity. What is here proved agrees with the result 
above established, since the number of integers less than n and 

prime to it is, by a known property of numbers, nil — Yl — j 

when n- p^^y which is also, as above proved, the number of 
special roots of a?* - 1 = 0. 

EXAHPLBS. 

1. To detennine the special roots oix^- 1 = 0. 

Here, 6 = 2 x 3. Consequently the roots of the equations jr' - 1 = 0, and 
«' — 1 = are roots of a?* - 1 = 0. Now, dividing afi - 1 by a^ — 1 we have «* 4- 1 ; 

and dividing a^-^lhj r-, or a; + 1, we have jfl^x+l^O, which determines the 

x—l 

special roots of ic* - 1 = 0. 

Solving this quadratic, the roots are 

1 + V^^ 



a = — 



oi = 



2 

1 -v^Za 



2 
also since aai = 1 = a% 



ai = o* 



which may be easily verified. 
The special roots are, therefore, 



o, «* ; or ai', ai ; or o, -. 

a 
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2. On the special roots of a:" - 1 = 0. 

12 12 

Since 2 and 3 are the prime factors of 12, and -^ = 6, --- = 4, the roots of 

2 o 

x* — 1 = 0, and «* — 1 = 0, are roots of ar^* - 1 = ; now, diyiding ar^* - 1 by a;* - 1, 
and x* - 1, and equating the quotients to zero, we haTe the two equations 
x^ -h x* + 1 = 0, and a^ + 1 = 0, both of which must be satisfied by the special roots 
of x^' — 1 = O'; therefore, taking the greatest common measure of «^ + a:* + 1, and 
«* 4- 1, and equating it to sero, the special roots are the roots of the equation 
ar* - a* + 1 = 0. 

The same result would plainly have been arrived at by dividing x^^ — 1 by the 
least common multiple of a:^ - 1 and a^ - 1. Now, solving the i^eciprocal equation 

ar* - X* + 1 = 0, we have a? 4 - = ± y/z ; whence, if a and ai be two special roots, 

X 
y/S ± s/'-i I 1 \ - V^3 ± -v/^ 



(. I) = ^^11^, (.„ 1) . 



are the four special roots of x^^ - 1 = 0. 

We proceed now to express the four special roots in terms of any one of them a. 

Since o + - + oi + — = 0, or (o + ai) ( 1 + — ) « 0, 

a ai \ ««i/ 

we take oai = - 1 (as consistent with the values we have assigned to a and ai) ; and 

since a and a\ are roots of a;* + 1 = 0, o^ = - 1, and a* = — = ai. The roots 

a 

a, ai, -, - may therefore be expressed by the series a, o*, a', o", since a" = 1. 

Q\ CI 

Further, replacing a by a', a^, a^^, we have, including the series just determined, 
the four following series, by omitting multiples of 12 in the exponents of a : 

«% a", a, a», 
o", a', a», a; 

where the same roots are reproduced in every row and column, their order only 
being changed. We have therefore proved that this property is not peculiar to any 
one root of the four special roots ; and it will be noticed, in accordance with what 
ia above proved in general, that 1, 5, 7, and 11 are all the numbers prime to 12, 
and less than it. We may obtain all the roots of a;i> — 1 = by the powers of any 
one of the four special roots a, a', a'', a^S as follows : — 

a, a^ o^, ««, o*, a«, a', a% «?, a^o, a", 1, 

«•, a^ o', a8, o, a«, a", a*, a\ a«, a^ 1, 

a\ a«, a», o*, a", a», a, a\ a\ a^\ a«, 1, 

«», a»«, «», a', a', o^ a», «*, a', a», a, 1. 
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3. PiOTe that the special roots of j;^ - 1 » are roots of the equation 

4. Show that the eight roots of the equation in the preceding example may be 
obtained by multiplying the two roots ofj:* + «+lsObythe four roots of 

«* + *' + «» + «+ls=0. 

54. (tolatlon of Bimoniial Eqaailoiis by Circular 
Fmictioiis. — We take the most general binomial equation 

af = a + ft \/-~l> 
where a and b are oonstants. 

Let a = BooBOf A = i2Bina; 

then aj" = jB(ooBa + \/^ sina) ; 

now, if r (oos + \/^ sin d) 

be a root of this equation, we have, bj De Moivre's Theorem, 

r"(oosn8 + \/- 1 sin nO) =: 22 (oosa + v/- 1 sin a) ; 

and, therefore, 

r^oosnO « 22 oosa, 

r* sin nO » 22 sin a : 

squaring these two equalities, and adding, 

r*" = 22', giving r* = ^ ; 

where we take 22 and r both positive, since in expressions of the 
kind here considered the factor containing the angle may always 
be taken to involve the sign. 
We have then 

cos nO = cos a, sin nO a sin a ; 

and consequently 

nO = a -¥ 2Air, 

k being any integer ; whence the assumed n^ root is of the 
general type 

n/^f a + 2A7r /— =- . a+2A:7r\ 
V 22 cos + v- 1 sm . 

\ n n J 

Giving to X; in this expression any n consecutive values in the 
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series of numbers between - oo and + oo , we get all the n*^ roots ; 
and no more than n, since the n values recur in periods. 

We may write the expression for the n*^ root under the 
form 

jv^f cos- + -v/- 1 sin -j| f cos + \/^ sin J ; 

making JB == 1^ and a » 0, the equation o^ = a + 6 y/- 1 becomes 

aj» = 1 + ^y^^ ; the general type, therefore, of an n** root of 

1+0 \/- 1, or 1, is 

2Air / — r . 2iir 

COS + a/- 1 sin . 

n n 

If we give k any definite value, for instance zero, 

v^-fif cos- +^/^ sin- 1 

is one n** root of a + 6 \/- 1- 

The preceding formula shows, therefore, that all t/ie n^ roots 
of any imaginary quantity may he obtained by multiplying any one 
of them by the «** roots of unity. 

Taking in conjunction the binomial equations 

ar* = fl + 5\/- 1, and af^ =^ a - b\/- 1, 
we see that the factors of the trinomial 

ar^-2iJcosa.aj" + iJ' 
are 

/R (COS ±a/-1 sm >, 

( n ^ n ) 

-where k has the values 0, 1, 2, 3 ... n - 1. 



H 
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MiSCBLLAiniOUS EXAHPLBS. 

1 . Solve the equation ad^ —1=0. 

Diyiding by x - 1, this is reduced to the standard form of reciprocal equation. 

Asffuming s s :r + -, we obtain the cubic 

«8 + «»-2«-l=0, 

from whoee solution that of the required equation is obtained. 

2. ResolYe {x ^-Vf — x* —I into factors. 

Ana, 7« («+!)(«• + «+ 1)». 

3. Find the quintic on whoee solution that of the binomial equation x^^ - 1 = 

depends. 

An8. «* + «*-4«3-32* + 3f+l =0. 

4. When a binomial equation is reduced to the standard form of reciprocal 
equation (by division by jt — 1, ^ + 1, or jt' - 1), show that the reduced equation 
has all its roots imaginary. (Cf. Examples 16, 16, p. 33.) 

5. When this reduced reciprocal equation is transformed by the substitution 

. = :r + i; .how that the equrtion in « has all its roote red, .nd rituated between 

- 2 and 2. 

For the roots of the equation in jt are of the form oosa + \/- 1 sina (see 

Art. 54) ; hence x + - is of the form 2 cos a, and the yalue of this is real and be- 

X 

tween - 2 and 2. 

6. Show that the following equation is reciprocal, and solye it : — 

4(a:«-a:+l)«-27«?(a?-l)*=0. 

Ant, Koots : 2, 2, |, ^, - 1, - 1. 

7. Exhibit all the roots of the equation ^ — 1 =0. 

The solution of this is reduced to the solution of the three cubics 

where «, «' are the imaginary cube roots of unity. The nine roots may be repre- 
sented as follows : — 

1, m^f Off, C0, «}, ctfS, fl0*, fl0^, o»t. 

Excluding 1, », as' ; the other six roots are special roots of the given equation ; 
and are the roots of the sextic 

fl:«+«'+ 1 = 0. 

8. Beducing the equation of the 8<A degree in Ex. 3, Art. 63, by the substitution 
« = «+-, we obtain 

X 
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prove thai the roots of this equation are 

2C0S-, 2co8jg, 2oos~, 2ooe--. 

9. Beduce the equation 

4jr< - S&rs + 357s* - 340s + 64 « 
to a reciprocal equation, and boIto it. 

X 2 
Assume i = - + -. An$, Boots : i, 1, 4, 16. 

10. Mre the equation 

«* + mpg^ + m^q^ + w^px + m* = 0. 

Dividing the roots by m, this reduces to a reciprocal equation. 

11. If a be an imaginary root of the equation d^ - 1 = 0, where » is a prime 
number ; prove the relation 

(1 - a)(l - ««)(! -««)... (1 - o*-») =#•. 

12. Show that a cubic equation can be reduced immediately to the reciprocal 
form when the relation of Ex. 18, Art. 24, exists amongst its coefficients. 

13. Show that a biquadratic can be reduced immediately to the leciprooal form 
when the relation of Ex. 22, Art. 24, exists a-ynfm^d. fte coefficients. 

14. Form the cubic whose roots am 

ft + «•, o' + a*, o* + o», 

where a is an imaginary root of d^ - 1 = 0. 

Ant. «* + «*- 2i: - 1 = 0. 

15. Form the cubic whose roots are 

where a is an imaginary root of d;'' - 1 » 0. 

Ana. «* + «•- 4a:+ 1 = 0. 

16. If ai, OS, 03 . . . a« be the roots of the equation 

show how to form the equation whose roots are 

1 1 1 

ai H , an^ , . . . On + — . 

We have here the identity 

«* +l»i«*-* +pa«*"' + . . • -^Pn^xx-^^pn s (x - oi)(« - 02) . . . (a: - a») ; 

and changing x into - (see Art. 32), 

X 

i»« «"+ji,,.i *»■' + ... +!>»** 4 pi«+ X"j»» \* — 1 f* — )•••{* — )• 

h2 
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Multiplying together these identities, and dividing by «**, the factors on the 

right-hand side take the form « + — (« + ")> ^^ aasnming jt + - = s, the left- 

X \ a/ X 

hand side can be expressed as a polynomial of the n'* degree in s by means of the 
relations of Art 46. 

17. Find the yalue of the symmetric function 'Xe?f^(y " 8)' of the roots of the 

equation 

flo«* + ifli** + 6atx* + 4a3X + 04 = 0. 

This can be derived from the result of Ex. 19, p. 62, by«changing the roots into 

(1 1\' 
— A I ^ tiie transformed equation, and multiplying 

oy i^iS'T* 8*, which is equal to -r. 

Ant. ao'2a3iSM7-8)*s48(as*-asa4). 

From the values of the symmetric functions given in Chapter III. several others 
can be obtained by the process here indicated. 

18. Find the value of the symmetric function 2(ai - 02)' as' 04' . . . a«' of the 
roots of the equation 

ao«* + fwi*^* + ~ — r-^ ai***"* + . . . + l»«n-l« + «« = 0. 

We easily obtain oo^ 2(ai — 02)* » n'(fi - 1} (ai' —ooat); and changing the rodts 
into their reciprocals we have 

ao*2(ai - a8)*03'a4' . . . a«' = n^[n - 1) (<i».i» - a»-t a«). 

19. Show that the five roots of the equation 

e^yi+ay^ ^yi+««y&; 

where ^ab = —p, a-^ b = — q, and is an imaginary fifth root of unity. 

Jfot0^ — A qutntic reducible to this form can consequently be immediately solved. 



, <' 



CHAPTER VI. 

ALGEBRAIC SOLUTION OF THE CUBIC AND BIQUADRATIC. 

56. #M the Algebraic SotatloM of fiqvattons. — ^Before 
prooeeding with the solution of onbio and biquadratic equations 
we make some introduotoiy remarks, with a view of putting 
dearly before the student the general principles on which the 
algebraic solution of these equations depends. With this object 
we give in the present Article three methods of solution of the 
quadratic, and state as we prdceeid how these methods may be 
^^^tended to cubic and biquadratic equations, leaving to subse- 
quent Articles the complete development of the principles 
involved. 

(1). JFiraf method of solution : by resolving into factors. Let 
it be required to resolve the quadratic^ + Pa? + Q into its simple 
fSeustors. For this purpose we put it under the form 

ic^ + Paj+Q + e-e, 

and determine 9 so that 

«* + Pic + Q + e 

may be a perfect square, i.e. we make 
wljenoe, putting for d its value, we have 



{-4H 



ar' + PiC+Q" hi? + -7r-| - 0;r + 



2 



Thus we have reduced the quadratic to the form u^-v*; and 
its simple factors are f« + r , and u - v. 
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Subsequently we shall reduce the cubic to the form 

{Ix + my - {Vx+ m')', or t*' - <?*, 
and obtain its solution from the simple equations 

It will be shown also that the biquadratic may be reduced to 
either of the forms 

(&• + ««?+ n)*- (/V + w'a? + n')*, 

{pf + joo: + q) (aj* +p'x + j'), 

by solving a cubic equation ; and, consequently, the solution of 
the biquadratic completed by solving two quadratics, viz., in the 
first case, &^ + 1710; + n»+(/V + m''^ + n'); and in the second case, 
ip'+^ + g«0, and af-^ p'x-\-q' ^ 0. 

(2) . Second method of solution : hy awumingfor a root a general 
form involving radicals. 

As8uminga?=^+ V^ to bearoot of the equation aj'+Pa?+Q=0, 

and rationalizing the equation rr = p + v^, we have 

a^ - 2px +p*- q == 0. 
Now, if this equation be identical with ;2^ + Pa;+ Q"= 0, we have 

2p = -P, p'-q^Q, 

y- -p±yF^nfQ 

givmg x=p-\-^q-^ ^ , 

which is the solution of the quadratic equation. 

In the case of the cubic equation we shall find that 

3/- A 

V p 

is the proper form to represent a root ; this formula giving 
precisely three values for rr, in consequence of the manner in 
which the cube root enters into it. 

In the case of the biquadratic equation we shall find that 

yp + ^/q + — = — -- 9 \/q \/r + \/r ^/p + \/p y/q 
are forms which represent a root ; these formulas each giving 

/ 
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four, and onlj four, values of x when the square roots reoeive 
their double signs. 

(3). Third method of solution : by symmetric functions of the 
roots. 

Consider the quadratic equation ^' + P^ + Q - 0, of which the 
roots are a, /3. 

Then a + /3 - - P, 

ai3= Q. 

If we attempt to determine a and /3 by these equations, we 
fall back on the original equation (see Art. 24) ; but if we 
oould obtain a second equation between the roots and coefficients, 
of the form la + i»j3 =/(P, Q), we oould easily find a and /3 by 
means of this equation and the equation a + /3 = - P. 

Now in the case of the quadratic there is no difficulty in 
finding the required equation ; for, obviously, 



(a-/3)' = P»-4Q; and,therefore, a-i3 = -/P'-^4Q. 

In the case of the cubic equation a?* + Pa^ + Qa? + JB = 0, we 
require tuH> simple equations of the form 

&i + mj3 + ny=/(P, Q, JB), 

in addition to the equation a+j3 + 7 = ~P, to determine the 
roots a, j3, y. It will subsequently be proved that the functions 

(a + aij3 + io^yYf (o + a>'/3 + 017)' 

may be expressed in terms of the coefficients by solving a quad- 
ratic equation ; and when their values are known the roots of 
the cubic may be easily foimd. 

In the case of the biquadratic equation 

we require three simple equations of the form 

ia + mfi + ny + rS =/(P, Q, iJ, S), 
in addition to the equation 

a + )3 + 7 + S = -P, 
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to detennine the roots a, /3, 7, S. It will be proved in Art. 66, 
that the three funotions 

may be ezpressed in terms of the ooeffioients by solving a cubic 
equation ; and when their values are known the roots of the bi- 
quadratic equation may be immediately obtained. 

In applying the principles here explained to the solution 
of the cubic and biquadratic the order of the present Article is 
not followed. The student will have no difficulty in perceiving 
under which of the methods here described any such solution 
should be included. 

56. Tbe Algebraic Sotatton of the Cable fiqva- 
tloii. — ^Let the general cubic equation 

cw?' + 3 Ja?* + 3fti?+ rf = 
be put under the form 

where z^ax-\-by H^ac-Vj (ysa*rf-3flfc + 26' (see Art. 37). 
To solve this equation, assume* 

hence, cubing, 
therefore 

Now, comparing coefficients, we have 
from which equations we obtain 



p^ii-G-^^CP-^iH^ q = i{-G-^GP + ^H^); 



* This solution u usually called Cardan's tolutian of the cubic. See Note A at 
the end of the volume. 






Application to Numerical Equation. 105 

and, sabstitatiQg lot v^ its value p^ , we have 

vp 

« = V> + 77= 

Vp 
as the algebraic solution of the equation 

«» + 3 J5& + G = 0. 

It should be notioed that if jt? be replaced by q this value of 
z is uQohanged, as the terms are then simply interchanged ; also, 
siQoe X/p has the three values ^/p^ ^^/pj ^^l/p obtained by 
multiplying any (me of its values by the three cube roots of 
uniiy, we obtain three, and only three, values for 2, namely, 

vp Vp Vp 

the order of these values only changing according to the cube 
root of I? selected. 

Now, if 2 be replaced by its value 02?+ h we have, finally, 

Vp 

(where p has the value previously determined in terms of the 
coefficients) as the complete algebraic solution of the cubic equation 

oa:" + 3 Jaj* + 3<ja? + rf = 0, 

the square root and cube root involved being taken in their entire 
generality. 

57. Appllcatloii to Mamerical Eqvatf ons. — The solu- 
tion of the cubic which has been obtained, unlike the solution of 
the quadratic, is of littie practical value when the coe£Scients of 
the equation are given numbers ; although as an algebraic solu- 
tion it is complete. • 

For, when the roots of the cubic are all real, (? * + 4J5P = - JT*, 
an essentially negative number (see Art. 42) ; and, substituting 
for j7 and q their values 
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in the formula \/p + y/q^ we have the following expression for 
a root of the cubic : — 

Now there is no general arithmetical process for extracting 
the cube root of such complex numbers, and consequently this 
formula is useless for purposes of arithmetioal calculation. 

But when the cubic has a pair of imaginary roots, an ap- 
proximate numerical value may be obtained from the formula 

\ 2- JH 2 > 

since O* + 4jB^ is positiye in this case. As a practical method, 
however, of obtaining the real root of a nimierical cubic, this 
process is of little value. 

In the first case ; namely, where the roots are all real, we 
can make use of Trigonometry to obtain the numerical values of 
the roots in the following manner : — 

Assuming 2R cos =» - G, and 2 JB sin == j^, 
we have p--Be*'~\ q=Re*''^\ 

also tan0 = --5-, and JB = 'i ((?' + J5P)*= (- JST)*; 



G 



27r /-^ . 2ir ±?![vri 



and finally, since « = cos -k- ± v/-l sin -q" =^" • 

o o ' 

the three roots of the cubic equation 

2' + 3J5rs + G=0, 

become . 

from which formulas we obtain the numerical values of the roots 
of the cubic by aid of a table of sines and cosines. This process 
is not convenient in practice ; and in general, for purposes of 
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azithmetioal oaloalation of leal roots, the methods of solation of 
numerical equations to be hereafter explained (Ohap. X.) should 
be employed. 

58. fixpresaioii of the C«Mc as the Dlflterenee of two 
Cvhes. — ^Let the given cubic 

be put under the form 

a' + 3Hz + O, 
where zmaaf-¥ b. v •' ' 

Now assume 

s' + SHz+O*-^ {/[i(s-hv)'-v(« + fiV), <1) 

where jul and v are quantities to be determined ; the second side 
of this identity becomes, when reduced, 

a' - Sfivz - fiv{fi + v). 

Comparing coefficients, 

fiv^^-H^ fiv (ji-^v) =- G; 
therefore 

G a^K 

where a'A ^ ff * + 4J5r% as in Art. 41 ; 

Q 

also (a + /u) (2 + v) =z*+^a-J5r. (2) 

JtL 

Whenoe, putting for 2 its value, otr 4 6, we have from (1) 

which is the required expression of ^ [x) as the difference of two 
cubes. 

The function (2), when transformed and reduced, becomes 



a* 



= { [an - M ir* + [ad -bc)x-\- [bd- (?*) j , 

Jai 

which contains the two factors e{^ + 6 + /u, ax + b-\-v. 

The expression of the roots of this quadratic in terms of the 
roots of the given cubic may be seen on referring to Ex. 23, p. 57. 
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Thus the oubio may be resolyed (as observed in Art. 56) 
into three faotors. We add as examples some other instanoes 
of resolution into faotors. 



EZAMPLBS. 

1. Besolye into simple faeton tlie expraedon 

0-7)'(«-«)»+(7-«)*(«-«»+(a-ffi«(«-7)'. 
Let ir=08-7)(*-«)» r=(7-a)(«-«, r=(a-«(«-7). 

Am. f (^+«r+««»^)(Z7+«i»r+«ir). 

2. Prave that the sererel equatioiu of the system 

08-7)'(*-a)»=(7-«)'(*-«» = (a-«»(«-7)' 

have two factors common. 

Making use of the notation in the last Example, we hay e 

J78- p3- ^j 

whence 

since 

therefore 

0-7)»(*-a)» + (7-«)»(«-«* + (a-«»(i:-7)» 

is the common quadratic factor required. 

3. Besolve into simple ^tors the expression 

08-7)'(«-«)' + (7-a)»(ar-i8)» + (a-i8)>(«-7)«. 

^ ^ Ans. 3 03-7)(7-a)(a-«(«-a)(«-i8)(«-7). 

4. Besolye 

(«-«)(*-i8)(«-7) 
into the difference of two cubes. 
Assume 

whence 

•iri-»«ri = /i(j:-3), 

•'CTi -• Fi = •'(» — 7) : 
adding these we have 

X + Zi + fsO, Aa + /ii8 + iry = 0; 
and, therefore, 

X = /)(3-7)» /* = p(7-«)f v = ^(a-i3); 
but \fuf s 1 ; whence 

^^ = (i8-7)(7~«)(«-«. 
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Substitatizig these yalues of \, /a, v ; and ufling the notation of Ex. 1, 
whence 

-3ri = f»(i7+« r^-t^w)^ 

and Ui and Vi are completely deteimined. 

59. SotvtIoM of the €«Mc by Symmetrie Fvnettoiis 
orthe lioote. — Sinoe the three yalues of the expression 

where has the yalues 1, ai, m'^ or O' » 1, are a, jS, y ; it is 
plain that if the functions 

e (a + 010 + ai»7), (>• (a + a>'j3 + wy) 

were expressed in terms of the coefficients of the cubic, we could, 
by substituting their yalues in the f onnula giyen aboye, airiye 
at an algebraic solution of the cubic equation. Now this cannot 
be done directiy by solying a quadratic equation ; for, although 
the product of the two functions aboye written is a rational 
symmetric function of a, /3, 7, their sum is not so. It will be 
found, howeyer, that the sum of the cubes of the two^ functions 
in question is a symmetric function of the roots, and can, there- 
fore, be expressed by the coefficients, as we proceed to show. 

For oonyenienoe we adopt the notation 

« 

i - a + w/3 + a>'7, Jf = a + a»*/3 + «7. 

We haye then 

where 

^=a»+j3» + 7»+6a/37, 5-3(a»/3+/a'7 + 7'a), C = 3(a/3»+/37»+7o*); 

from which we obtain 

(Of. Ex. 5, p. 45 ; Ex. 15, p. 50.) 
Aisain* 

(ei)(e»if) = iJlf=a* + ^» + 7»-/37-7a-a/3 = -9:^; 



a' 
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whence (a+w/S + w*^)', (a + w'/S + wY)' 

are the roots of the quadratic equation 

(T or 

These roots we denote by ti and U ; their values are 



and therefore the original formula expressed in terms of the 
coefficients of the cubic gives for the three roots the expresdons 

« 

These values of a, j3, 7 are the same as were obtained in 
Art. 56, by the former method of solution, if only 



3 •— 



o ^/ti be replaced by — . 

It is important to observe that the functions 

(a + ai/3 + 01*7)', (a + ai'/3 + 017)' 

are remarkable as being the simplest functions of ^Ar^« variables 
which have but two values when the variables are interchanged 
in every way. And it is owing to this property of these func- 
tions that the solution of a cubic equation can be reduced to that 
of a quadratic equation. 

In the following Examples will be found other properties 
and applications of the functions L and M. 
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EXAMFLSS. 

1 . The functioDB L and M are functioiu of the differences of the roots. 

For, X=a+«»iB + «^7=a-A + »03-A) + «'(7-A) 

for all Tallies of A, since 1 + « + «^ = ; and giTing to A the yalues a, 3, 7, in suc- 
cession, we obtain three foimB lor X in terms of the differences fi-y, y^a^ a-fi. 
Similarly for if. 

2. To express the product of the squares of the differences of the roots in tezms 
of the coefficients. 

We have 

X + Jf=2a-3-7, i+«^lf-(2^--7-a)«», i + «3f-{^-a-j8)«»; 
and, again, 

X-Jf=0-7)(«-«2), •?X-»lf=(7-a)(»-«»«), •X-«^lf»(o-i8)(«»-d^); 

from which we obtain, as in Art. 26, 

X3 + in = (2a-3-7)(2i8-7-o)(27-a-^), 

X»-lf> = -3yilO-7)(7-a)(a-3); 
and since 

(x>- If »)» = (x» + Jf »)« - iL^jm, 

we haye, subttitating the previous results, 

«'0 -7)M7-«)'(«-3)* = - 27 ((?« + 45-'). 
(See Art. 41.) 

3. Prove the following identities : — 

X»+if» = J{(2a-3-7)H(2i8-7-«)*+ (27- «-«'). 
X»-Jf« = v^r3{08-7)»+(7-«)«+(«-)3)»}. 
These are easQ j obtained by cubing and adding the values of / 

L-\-Mf &c. ; X - if, &c. 

in the preceding example. 

4. There are six functions of the type of X or if, viz., 

a+«»/3 +«'7, 0Mi + «*iB + 7, ftj'a+ /5 +0*7, 
a + «^^ + »7, «a+ 3 +«*7> «'o + «/5 + 7, 

to form the equation whose roots are these six quantities. 
These functions may be expressed as follows : — 

X, wX, «*X, 
M, (»if, «>if ; 



n 
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henoe they are the roots of the equation 

(^~z)(^-»x)(^-»*x)(^-if)(^-«ir)(^-»*if)-o, 

or * ^•-(Z» + lf»)^> + i;»lf»-0. 

8ub8titatiiig for X and M from the equations 

LM^ y, X» + JP = -273, 

we have this equation expressed in tenns of the coefficients as follows : — 

6. To obtain expressions for X*, JO, fto., in tenns of a, 3, 7. 
The following forms for X* and JP are obtained b j subtracting 

(a»+i8* + 7«)(l + «» + »')B0 from (o+«i8 + «»7)«, and (a + »'3+»7)*: 

-X« =08-7)' + «#'(7-a)»+ -(a-ffi*, 
-in = 0-7)«+» (7-a)«+««(a-iB)«. 
In a similar manner, we find from these formulas 

-X*=0-7)»(2a-3-7)»+«#(7-a)»(23-7-a)» + »»(a-/l)«(27-a-/l)», 
-Jf* = 09-7)»(2a-i8-7)» + «»(7-a)M2/5-r-"a)»+«(a-i8)«(27-a-«*- 
Also, without difficulty, we have the following forms for LM, and X* If : — 
2XJf = 0-7)*+(7-a)»+(a-««, 
X«iP-(a-i8)2(a-7)'+(^-7)»08-«)*+(7-«)»(7-«». 

6. To form the equation of the squares of the differences of the roots of the 
general cubic equation in terms of X and JT. 
Let 

hence, by former results, 

\/-3^ = wX - •*Jf. 
Bationalixing this, we obtain 

^(^-Xlf)»+^^^^ = 0, 

which is the required equation. 

In a similar manner, by the aid of the results of Ex. 6, the equation of the 

squares of the diffisrenoes of the roots of this equation, or the equation whose roots 

are 

(i8-7)»(2a-3-7)», (7-«)»(23-7-«)', (a - 3)M27 - a - ««, 

is obtained by substituting - X* and — Jf ' for M and X, respectiyely, in the last 
equation ; and this process may bo repeated any number of times. Finally, all 
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these eqnatunu maj be easQy ezpreased in tenus of the coefficients of the cubic by 
means of the lelations 

Zif=9^, and X»+if»«-27^. 
For instance, the first equation is 

(Cf. Art. 41.) 

7. If a, 3, 7 and a , /3', 7' be the roots of the cubic equations 

a«s + Ux^ + 3«p f if B 0, 

to form the equation which has lor roots the six values of the function 

^Hart'+i93' + 77'- 

The easiest mode of procedure is first to form the corresponding equation for the 

cubics 

s» + 3 J« + flf = 0, «> + Sir's + ©' » 0, 

and thence deduce the equation in the general case ; for in this case the correspond- 
ing function 

^ s (aa + b) {a'a' + ^O + (ajB + b)(cffi^ + J^) + (07 + *)(tf'y + b') 

Also, substituting for the roots of these hitter their yalues expressed b j radicab, 
we have . 

♦.= ( w+ yi) (y*- + y?) + (u^p^ -»^)(.yy + -»yF') 

wbich leduoee to 

Cubing this, we find 

^«- 27 V^FyJV 00-27 (i?^+l>V)*0. 
Now, substituting for j? and ^, />' and ^, their values given bj the equations 

we have the six values of ^ given by the two cubic equations 

07 

^3«27fiB^'^-~(G?(?'±afl'v^AA')=0, , 

where 

a»A=*Go+4jff3, and a'«A' = ©'»+ 4Jff's. 

Finally, substituting for ^o its value aa'^ - dbb\ and multiplying these cubics 
together, we have the required equation. It may be noticed that if one of the cubics 
bes*-laO, ^•a+«^ + «^7, See., which case has been already considered in 
£x. 4. Mr. M. Boberts, Dublin Exam, Fapers, 1855. 

I 
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8. Foim the equation whose roots aie the several yalues of p, where 

a-fi 

Since 

Bubetitutang for a, fi, y, their yalues in tenns atp, q; and patting 

A = l-(l+p)«» + p«S M^l -(1 + />)•• + P», 
we have 

Cubing, and substituting for p, q their values, ^ , 

O^Cx* + #i») + a v^ (A* - ft*) = 0. 
Squaring, 

a^AXV = ^ (A* + /»')» 
and by previous results 

AM=3(l + ^ + p*), x»+M« = «27/)(l + p); 
substituting these values, we have the required equation 

a»A(l +^+p')' - 27J«0> + ^«)!= 0. 

9. Find the relation between the coefficients of the cubics 

M* + Zb^ + Sear +4=0, 
«'*'»+ 34'aJ^+ 8^*'+ rf'= 0, 
when the roots are connected b j the equation 

a(i3'-.y) + 3(y-</) + 7(0^-3') = 0. 
Multiplying by w - ««', this equation becomes 

Cubing and introducing the coefficients, we find 

the required relation. 

10. Determine the condition in terms of the roots and coefficients that the 
cubics of Ex. 9 should become identical by the linear transformation 

x' ^px-\-q. 
In this case 

o'=i>« + y, /8'=/?3 + y, y'^py¥q. 

Eliminating p and q^ we have 

H-f^l + 7a- 7 a+ 0/8' - o'3 = 0, 

which is the function of the roots considered in the last example. This relation, 
moreover, is unchanged if for a, 3, 7 ; a', /S', y, we substitute^ 

fa + m, /^ + m, ^ + m, 
ra'+m', rjS' + m', ^7' + m', 

whence we may consider the cubics in the last example under the simple forms 

«»+3fis+6' = 0, «'>+3Jry + <?' = 0, 

obtained by the linear fzansfonnations %^tu6^hy s' » aV •(- d' ; for if the condition 
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holds lor the roots of the farmer equatioiis, it must hold for the roots of the latter. 
Now putting z' =s kzy these equations become identical if 

whence, eliminating k, 

is the required condition, the same as that obtained in Ex. 9. It maj be observed 
that the reducing quadratlcB of the cubics necessarily become identical b j the same 
transformation, viz., 

60. Homograpliic Relation between two Hoots of a 
CuMe. — Before proceeding to the difioussion of the biquadratic 
we prove the following important proposition relative to the 
oabio : — 

The roots of the cubic are connected in pairs hy a homographic 
relation in terms of the coefficients. 

Beferring to Example 13, Art. 27, we have the relations 

«oM 0-7)*+ (7-°)'+ (a-^n-18(a,»-aofl2), 
«o'{«(/3-7)'+/3(7-af + 7(a-^)')= 9{a^a,-^a,a,), 

«oMa'0-7)* + ii\y - «)' + /(«- /3)») « 18(0.* - a,a,). 
We adopt the notation 

Now, multiplying the above equations by a/3, - (a + /3), 1, 
respectively, and adding, since 

a»-a(a + j3) + a/3=0, /3'- j3(a + /3) +a0 ^ 0, 
we have 

ao'(/3-7)(7-a)(«-/3r = 18(J5ra3 + J5ri(a + 0) + J5ra); 
bat 

<'o*(/3-7)'(7-a)»(a-j3r = -27A-108(J5rHa-J5r,') 

(see Art. 41) ; whence 

and, therefore, 

vhudi is the lequiied homogr^thio relation (see Art. 39). 

i2 
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61. First Solotton by Radicals of the Biquadratle. 
Euler'B Aflsmiiptloii : — ^Let the biquadratio equation 

flKc* + dfer* + 6cjr* + 4eto + « = 
be put under the form 

where 2 a oa? + J, 

H^aC'V, Imae- ibd+ Sc*, O^a'd- Sabc + 2b\ 

(See Art. 38.) 

To Bolye this equation (a biquadratio wanting the seoond 
term) Euler assumes as the general ezpiression for a root 

Squaring, ^ 

Squaring again, and reducing, we obtain the equation 

Comparing this equation with the former equation in 2, we 
have 

;? + ^ + r = -3JT, <?r + f7?+i?g = 3JT"-— , V^. V^. v^r^-g; 
and oonsequently py q,r ore the roots of the equation 

^ + 3ir? + ^3fl'*-yW^ = 0; 

or, sinoe 

-^GP^iH'-a'SI'^a'J (see Art. 38), 

where 

Jsace + 2b€d-ad^"eV-'<^y 

we may write this equation under the f onn 

4(^ + jr)'-a'/(^+JT) + flV=0; 

and finally, putting t + JJs a^g^ we obtain the equation 

which we call the reducing cubic of the biquadratic equation. 
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AlfiOy smoe ^ s 6' - ac + a'0 ; if 0i, 0,, 03 be the roots of the 
reduomg oahic, we have 

^ 3 6* - flc + a'0i, ga 6*- ac + fl*02, r s 6« - ac + a'03 ; 
and, therefore, 



z = y^6' - oc + a' 01 + A/h^-ac + a' 02 + ^h^-ac + a^Bi. 

The radicals in this formula have not complete generality ; 
for if they had, eight values of z in place of four would be given 
by the formula. This limitation is imposed by the relation 

which (lost sight of in squaring to obtain the value of pqr) 
requires such signs to be attached to each of the quantities 
^/p^ V^, a/vj that their product may maintain the sign deter- 
mined by the above equation ; thus, 

. '/P v^ ^/»• = V^(- y ?) (- ^/»•) = (- v^) V^ (- \/^) 

are all the possible combinations of ^/p^ y^, ^/r fulfilling 
this condition, provided ^p^ ^q^ ^/r retain the same signs 
throughout, whatever those signs may be. But we may avoid 
all ambiguity as regards sign, and express in a single algebraic 
formula the four values of s, by eliminating one of the quantities 

\/p> a/^> v^** fro^ ^6 formula 

by means of the relation given above, and leaving the other two 
quantities unrestricted in sign. We have then 

a formula free from aU ambiguity, since it gives four, and only 
four, values of z when *s/p and ^q receive their double signs : 
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the sign given to each of these in the first two terms determining 
that which must be attached to it in the denominator of the 
third term. And finally^ restoring p^ q^ and z their values 
given bef ore, we have 



O 



as the complete algebraic solution of the biquadratic equation; 
01 and 0s being roots of the equation 

« 

To assist the student in justifying Euler's apparently arbi- 
trary assumption as to the form of solution of the biquadratic, 
we remark, that since the second term of the equation in z 
is absent, the sum of the four roots is zero, or Si + 29 + Ss + ^4 ~ ; 
and consequently the fimctions (si + 22)', &o., of which there are 
in general six (the combinations of four quantities two and two), 
are in this case reduced to three only ; so that we may assume 

(22 + 2s)' = (21 + 24)' = 4p, 
(2, + 2i)* = (2a + 24)* = 4g, 

(2i + 2b)* = (2j + 24)* = 4r ; 
from which we have 21, 2^, 23, 24, included in the formula 

\/p + x/q + v^r. 

Examples. 

1. Show that the two biquadratic equationa 

Aqx^ + ^A2X^ ± 4tAzx + -^4 = 

have the same reducing cubic. 

2. Find the reducing cubic of the two biquadratic equations 

«* - 6te« + 8 v/(/H w3 + «' - 3/fwi) . a: + 3 (4«nn - /») « 0. 

Ans. 0^ - Zfnn9 - («* + «») = 0. 
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3. Prove that the eight roots of the equation 

{«* - 6to» + 3 (4«i»i - /«) }» = 64 (^ + Hi' + fi» - 3/iiwi) x» 
are giveii by the f oimiila 

(Compare Ex. 20, p. 34.) 

4. If the ezpreBsion 

•v//-l- m + M + v^/t «m+«^ + \//+ »^ + »» 

be a root of the equation 

I* + 6-H«» + 4(?« + a»/- 3iP = 0, 

determine IT, J, / in terms of /, m, ». 

^n*. -ff = - ^ /= 12«m, /a - 4 («> + «'). 

5. PtOYe that / yaniahes for the biquadntic 

fii(a? - #•)* - n (« — «•)*. 

6. Write down the f onnulas expzessing the root of a biquadratic in the particular 
cases when / b 0, and / = 0. 

7. What is the quantity under the ^inal square root in the formula expreesing a 
root? 

8. Prove that the coefficients of the equation of the squares of the differences of 
the roots of the biquadratic equation 

a^ + 401 j;* + ^a%9^ + 4030; + 04 = 

may be expressed in terms a^ S, J, and /. 

Removing the second term from the equation, we obtain 

, 6Jr , 4(? ao^I-ZBy ^ 
y* + -jy* + -3y+ 7 = 0; 



and changing the signs of the roots, we have 

65^ ,4^ oo'/ - 3Jr» 



y*-^^y'-^y + ^=^^:zr^=o- 



These tzansformations leave the functions (a - jB)*, &c., unaltered ; but G 
becomes - G^ the other coefficients of the latter equation remaining unchanged ; 
therefore O can enter the coefficients of the equation of the squares of the difforences 
in even powers only. And since 

- 6?3 E 42r» - So' Jsr/ + ooV, 

G^ may be eliminated, introducing oq, J7, /, /. In a similar manner we may 
prove that every even function of the differences of the roots a, jB, 7, 8 may be ex 
pressed in terms of oo, Sf /, /, the function G of odd degree not entering. 
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62. Seeond Solutton by Radleals of the Blqua* 
dratlc. — ^Let the biquadratio equation 

aa?* + d&u* + 6«p* + 4(fe + c = 

be puty as before, under the form 

2*+6JT2» + 4(?a + a'/-3JT' = 0, 

where z^ax+b. 

We now assume as the general expression for a root of this 
equation 

2 = x/q . y/r + y/r . ^/p + ^/p . y^, 

a formula involving three radicals. 

Squaring twice, and reducing, we have 

(«■ - yr - rp-pqy = 4pqr (2« +p-^q + r), 
or 

2i^-2{qr+rp-^pq)s^-8pqrZ'\'{qr + rp+pqy-i{p-\-q-^r)pqr=0. 

Comparing this equation with the former equation in s, we 
easily find 

qr^rp^pq^-^S, pqr^--^, p + q + r^ — ; 

whence p^ q, r are the roots of the equation 

2 6?^» + (12jgr" - fl*/) ^ - 6JT6?^ + 0* = 0. 
Now, making the substitution 



t^ -. 



2|j> 



and putting for O^ its value in terms of J?, /, and J, we may 
reduce this equation to the standard form of the reducing 
cubic, viz.. 

It is important that the student should clearly understand 
that the expression 

y/qy/r+x/r^p+ypy/q 
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has only four yalues due to the double signB of \/py v^y \/^9 
whilst v^ + \/^ + \/^ ^^ eight values. This will appear 
from the following identical equation, viz., 

(^/j9 + v^g + ^/r)»«J» + g+ r + 2 (v^ v^+ V^ v^ + V^ 

which shows that v^g v^+ v'^v^+'v/p-v/? has just as many 
distinct values as {\/p + \^q + v^)'> namely four. 

We now proceed to express p^q^r in terms of the roots 
fly fij Jf S of the biquadratic. Since 

we have, giving to x the four values a, /3, y, S, 

2, »fl/3+ 6 = - v^v^-*- \/r y/p- y/py/gj 
Zt^ay + b^" ^/qVr-Vryp-^-'s/p^yq^ 

Zi^aS-^b^ y/^\/^ +\/ry/p -^y/p\/q; 
, whence, from the values of «i + », - a, - s*, and StSs - «i «4, we obtain 

from these and similar equations we have, emplojdng the rela- 
tion O = - 2pqrj the following modes of expressing p, y, r in 
terms of the roots a, /3, 7, 8 : — 



/3 + ^-«^g-- a^f^ji^y^a-Sy' 
^ ya-liS . 8ff 



7 + a-/3-8 a»(7+a-/3-S)»* 



r = fl — ^ — i — - + 6 = 



C1 + /3-7-8 a2(a+^-^-8)»- 
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We have also from the above expressions for Si, £», Sg, z^^ 

Wiieiioe 

«'(/3-7)(«-8) = 4p(!?-r)-4(iJ-Q), • 

«'(r - «)0 - «) = 4? (r -i») = 4 (P - ii), 

a'(«-^)(7-8)-4r(/,-j)-4(Q-i'), 

where P^Q^y Q^rp, R^pq, 



Examples. 



1. Pzx)ye that 



by means of the equatunu 

4 
and e» + 4JT3sa2(J5r/-a/). 

2. Ezpiefls the values in £x. 1 of 

— . an<1 — . 

in tenus of 

(jS-7)(«-«), (7-a)(jS-«), («-./S)(7-«); 
and proye 

«*(i3-7)'(7-«)M«-/3)2(a-«)»(jS-«)»(7-«)»«266(i»-27y*). 

3. Pioye that j7, ^, r are in harmonic pzogreasion when a, iS, 7, 8 are in harmonic 
progression, and conversely. 

63. The Resolatloii of the H^uartie into ito Dtua- 
dratle Factors. — ^Let the given quartio be* 

or* + 4Jar* + Bca?" + Adx + e, 
Multipljing this by a, and comparing it then with 

{a^-^2bx-\-c + 2aey - {2Mx + Ny, 
we have 

JSP^b'-ac+a% MN^bc-ad + 2abB, N''^ (c + 2aey -ae. 



* F$rrar% was the first to solve the biquadratic, by expressing it as the difference 
of two squares. Some writers call this Simpwn'a Solution. The method of Art. 64 
is due to Descartei. See note A. 



Resolution of the Quartic into its Quadratic Factors. 123 
Eliminating M and N from these equations, we find 

whioh is the reducing cubic before obtained. 

From this equation we have three values of (di, 02, 03), 
with three corresponding values of IP, MN^ IP ; and thus all 
the coeflEicients of the assumed form for the quartic are deter- 
mined in three distinct ways ; moreover, it should be noticed 
that to each value of M corresponds a single value of N, since 

MN^bc-ad + 2abe. 
The quartic 

(ar» + 26af + c + 2a0)' - {2Mx + NY 
may plainly be resolved into the two quadratic factors 

ar» + 2(6+-af)a? + (j + 2a0+i\r; 

when receives the three values 0,, 02, 0s, we have the three 
pairs of quadratic factors of the original quartic, and the problem 
is completely solved. If now, corresponding to thesejpairs of 
factors in order ^ the roots of the quartic be taken as 

/3, 7 and a, S ; 7, a and /3, S; a, /3 and y, 8 ; (1) 
we have ^ 

+ r = -?(*-Jfi), 7^a--^(6-Jf2), a + /3 = -^(6-Jf.), 

dud 

o + 8 = --(6 + Jf.), /3 + 8 = --(J + Jf.), y+8 = --(6 + Jf,), 
where 



Subtracting the last equationB in pairs, we have 



and since . 

a + + 7 + 8 = - 4-, 

a 
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we find also aa + b «-lfi + -Jfa + Ifi* 

<i/3 + J = Jfi - if, + Jf„ 
fly + 6 - Jfi + Jf, - -Jf,, ^ ^ 

flS + 6 =-Jf, - Jf.-lfs. 

The sigpas of the radioaLs involved in ifi, iifa, M^ were taoitlj 
restricted when we arranged the order (1) of the pairs of qua- 
dratic factors. The restriction imposed in this way is expressed 
by the equation 

fl 

or MiMtMz = -^ 

(see Ex. 22, Art. 27). 

Moreover, eliminating Jf, from equations (2), we find all the 
roots of the biquadratic given by the single formula 

oa? + 6 = if 1 + -Mi - 



2M,M2 



when Ml ^ v^ft'-oc + a'fli, and M^ = \/6* - oc + fl*Ot take their 
double signs, thus bringing this solution into harmony with 
the solution of the biquadratic before given. 

EXAICPLBS. 

1. Form the equation whose roots are X, /i, r, or 

0y + o«, 7a + iS«, a$ + y9. 
Adding the last coefficients of the quadratic factors of the quartic, we have 

fiy ¥ad = iei ^ 2-, 

a 

0/3 + 78=499 + 2-, 

a 

where Bi, $%, $z are the roots of the reducing cubic ; therefore the required equation 

is 

Am. {ax - 2<j)' - 4/(«a: - 2«) + 16/ = 0. 
(Compare Examples 4, 5, Art. 43.) 
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2. Express the roots of the reduciiig cubic in tenns of the roots of the biqua- 
dratic. 

SubstitutiiLg for — its yalue in terms of a, /3, 7, 8, in the equations of the last 

Example, we find 

\2Bi = (7 - a) (jS - d) - (a - /3) (7 - a) a 2A - M - r, 
12 e, = (a - /3) (7 - «) - O - 7) (a - d) E 2^ - r - A, 

12a,= (/3-7)(a-d)-(7-a)(jS-«)3 2r-A-A*. 

3. If two roots of the reducing cubic are imaginary, two roots of the biquadratiD 
aie real and two imaginary. 

Let 9i, 02 have the imaginary values p±q ^ — 1 ; substituting these yalues in 
thefonnulas 



ire find 



lfi=yp+Q-/-l, if, = \/p-0-/-l. 



p 
Now, let tan 2^ s -, 



and we have 
whence 



Ifi - ift s 2»>/P*+(P8in^, where t« = - 1 ; 
also, since the general solution of the biquadratic is 

M -f 6 = If 1 + ifs - 



2Jtri jtfj) 

where ifi, Jtfs haye double signs, it is plain that the two roots of the biquadratic 

inyolving M\ + Jtfs are real, and the two roots involying ifi - ifs are imaginary. 

4. If the roots of the biquadratic are all real or all imaginary, the roots of the 

reducing cubic are all real. 

It is easily proyed that 

187 + a8, 7a+ /3«, o/i + 78 

are real, and consequently 9i, 02) 03- 

6. Proye similarly that when two roots of the biquadratic are real and two ima- 
ginary, the reducing cubic has imaginary roots. 

6. Fonn the equation whose roots are the functions 

|0B7-a«)(/5 + 7-a-5), i(7«-i3«)(7+«-/3-«), J (i^-7d)(a + iS-7-a). 
From the quadratic fiaoton of the quartic we find 

= iS + 7-«-d, = i87-o«; 

also 

the roots of the required cubic being represented by ^1, ^, ^. 
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We obtain, therefore, the required equation by a linear tranfiformation of the 
reducing cubic. 

7. Form the equation whose roots are 



/3 + 7-0-5' 7+0-/3-8' a + fi-y-9' 
If <f> denote one of these functions generally, we have, employing former results, 

MN bc-ad-\-2abe 



-2^ = 



if* b^-ae+a^e * 



and thus we obtain the required equation by a homographic transformation of the 
reducing cubic. This formula may be put under the more convenient form 



by means of which we obtain the required cubic in the following form : — 

20 (fl^ + *)5 + (a»/- 12-EP ){ait> + *)' - 6JI(? (a^ + *) - flo = 0, 

which, expanded and divided by o^, becomes 

2(?^ + (a*^ + 6**<; - 9<M» + 2tfW) ^' + 2 (oitf + 2*'rf- 3a<jrf) ^ + *»tf - a<^» = 0. 
(Compare Ex. 14, p. 86.) 

64. Tlie Resolatioo of the Dtnartie into Dtaadratle 
Wa/cioru. Sei^nd method. — If the quartio 

aa^ + 4fta^ + 6(?i* + idx + e 
be resolved into the quadratic factors 

a {a? + 2px + ^) (ic* + 2p'x + ^), 

ft 

we have, by oomparing these two fonos, the equations 

If now we had any fifth equation of the form 

we oould eliminate |?, p\ q^ / ; and thus find an equation giving 
the several values of 0. 
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Thus, if (for reasons to be explained presently) we assume 
as the fifth equation 



c ,1/ , 2c\ 



these two functions of p^ p\ q, 9^, being equal by the second of 
equations (1), we easily find from the same equations 



pq 






and eliminating /?, p\ q^ q\ by means of the identical relation 

{f^V^W^ii^) - {p^-p'qy-^ipq^p'qy, 
there results the equation 

40* i^' - /fl0 + J" = 0, 

which is the reducing cubic obtained by the previous methods 
of solution. 

Having thus foundry, or ^ + q\ we complete the resolution 
of the quartic by means of the equations (1). We now explain 
why it might have been seen d priori that the form above assumed 
for * would lead to a convenient equation. If * be expressed 
in terms of A, ju, v (see Ex. 1, Art. 63), we find 

, 2c\ 2X — u - V 



c ,1/ , 2c\ 2X-)u 



a function of the difierences of X, ^, v ; and every such function 
is an even function of the differences of a, /B, 7, S, in virtue 
of the equations 

-^+v=0-7)(«-S). -v + A.(7-a)0-S), 

-X + ^-(a-/3)(7-8); 

hence the equation for cannot involve any function of the 
coefficients except a, H^ /, and J\ and in fact it is, as we have 
just proved, the reducing cubic involving only a, J, and J. 
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EXAICPLES. 

1 . BeaolYO into quadratic fecton 

«* + 6ir«» + 4(?« + a»/- 8 J5r». 
Comparing thia form with the product 

(«» + 2/»+^)(«»-2/» + ^'). 
we find the following equation for j9 : — 

4j!»«+12irjp*+12 (j5r«-^jj»-(?t.O; 
and putting 

a>=i,«+irsj(y+/-2ir), 

this equation, when divided hy a*, hecomea 

2. If a quartio he resolved into the two quadratic factors 

prove that ^ ia determined hy a cuhic equation when it haa all the yaluea corre- 
sponding to each of the following types: — 

^. . y-/ m' -p'q Pi -p'q 
I'-p p-p q-g 

iP-p'?, (p-/)(?-/), (^-j')», {pq''P'q?\ 
and hy an equation of the sixth degree when it has all the yalues corresponding to 

p^q»p-p\ q-if pq'-p'q^ or p^^^q. 

Express these functions in terms of the roots, and the numher of values each func- 
tion has becomes apparent. 

65. Tramsfomiatloii of the Biqnadratle into the 
Reciprocal Form. — To effect this transformation we make 
the linear substitution x = ky ■¥ p in the equation 

or* + 4&»' + 6ca^ + 4dx + e « 0, 
which then assumes the form 

where 
Ui^ap-vbj Cr,»ap* + 26p + c, Z7, = a/a' + 36/t>' + Sep + rf, &o. 

(Gf . Art. 36.) If this equation be reciprocal, we have two equa- 
tions to determine k and p, viz., 
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eliminating k^ we have the following equation to determine p : — 

and ainoe 

there are two values of i, equal with oppoedte signs, correspond- 
ing to each value of p. 
The equation 

when reduced by the substitutions (see Arts. 37, 38) 

a^ U, ^ CTi* + &HU,^ + 46? t7i + «»/- 3H% 
becomes 

20Cr,> + (a*/- 12JT») Ti' - 6G J?7| - G' - 0, (1) 

which is a cubic equation determining Z7i ^ ap + 6 ; and if we put 

is determined by the standard reducing cubic 

This transformation* may be employed to solve the biqua- 
dratic ; and it is important to observe that the cubic (1) which 
here presents itself differs from that which results in the mode 
of solution of Art. 62 only in having roots with contrary signs. 

We proceed now to express k and p in terms of a, )3, 7, S, the 
root6 of the biquadratic equation. Since the equation in y, 
obtained by putting a? = Ary + p, is reciprocal, its roots are of the 

form yi, yj, — , - ; hence we may write 



* That method of solving the biquadratio by transf onning it to the reciprocal f onn 
WM giTen by Hr. S. S. Gieatheed in the Camb. Math, Journal^ toI. i. 

K 
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andy therefore, 

{a-p){h-p)={^-p){y-p)^k\ 

from which we find 

__Jy-a8_ 

and - k^ - (y-oW-^)(a-my-^\ 

An important geometrical interpretation may be given to 
the quantities k and p which enter into this transformation. 
Let the distances 0-4, OjB, OC, ODy of four points -4, By <7, D, 
on a right line from a fixed origin on the line be determined 
by the roots a, /3» 7, S, of the equation 

oc* + 46ir» + Gear* + 4dx + « = ; 

also let 0„ O2, Os be the centres ; and jR, -F/ ; J?^, JP,'; JFi, Ji' 
the foci of the three systems of involution determined by the 
sets of quadratics arranged horizontally in pairs 

{x-y){x-a)^Oy (a:-/3)(^-8) = 0, 

{x - a)(ic - ^) = 0, {x - y){x - 8) = 0. 

We have then the equations 

OiB. OiC = OiA . OiD = OiF^\ &c. 

which, transformed and compared with the equations 

(^-p)(7-p) = (a-p)(8-p) = A', &o., 

prove that the three values of p are OOi, OO2, 00s, the distances 
of the three centres of involution from the fixed origin 0. Also 
since Oi F^ = A:*, k has six values represented geometrically by 
the distances 

OijR, Oi-P/; 0,F„ O2-P/; O3F3, O3F3', 

where OijF\ + OijP/ = 0, &c., as the distances are measured in 
opposite directions. 
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We can from geometrical considerationB alone find the posi- 
tions of the centres and foci of involution in terms of a^ j3, 7, S, 
and thus confirm the results just established, as follows : — 

Since the systems [FiBFxC] and [FiAFiD] are harmonic, 

2 1111 



F^F,' F,B F,C F,A F,D' 

and if x represent the distance of ^1 or Fi from the fixed origin 
0, we have 

1 _L^J_ 1 

x-^ x-y x- a x-S' 

Solving this equation we find 



^y - gg y- {y - «)(/j - 8)(« - ^)(7 - g) 



or X = p ± k, 

OF, + OF,' 



whence p = 



2 



*=±«?LL«5'=±0.i^.. 



Example. 
Transfonn the cubic 

to the reciprocal fonn. 

The aflsumption x^^ky ■\- p leads here to the equation 

-GU\^-\- ZJEPUi^ + jEP = 0, where Ui^ap-i- b. 

The values of p are easily seen to be 

fiy-a* ya-fi* a$-y^ 

3 +7- 2a 7 + a- 23' a + 3 - 27' 

The geometrical interpretation in this case is, that if three points A', JB*, C be 
takoi on the axis such that A' is the harmonic conjugate of A with respect to 
BKDdC,3'a£B with respect to ^and Ay and 0* of C with respect toAmdB; 
then we haye the following values of p and k : — 

OA + OA' , OA - OA' 
P 2—' *= 2— 

For the values of OA'^ OB'y OC in terms of a, i9, 7, see Ex. 13, p. 86. 

k2 



(■ 
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66. Solutlen of the Biquadratic by Symmetric Fnnc- 
tiens of the Roots. — ^The pofidbility of reducing the solutioQ 
of the biquadratio to that of a oubio by the present method de- 
pends on the possibility of forming functions of the four roots 
Qy /3, yy Sy wHch aduut of only three values when these roets are 
interchanged in every way. That there are several functions of 
this kind will be deen on referring to Ex. 2, Art. 64. We em- 
ploy in the present Article the functions already referred to in 
Art. 55, since they lead in the most direct manner to the expres- 
sions for the roots of the biquadratic in terms, of the coefficients. 

We form the equation whose roots are the three values of 
the function 

4 

when the roots are interchanged in every way, and « - 1. 
These values are 

,,.(ai2^«)'. ..(Zll^*)'. ..(--l^^^; 

an'd sinoe 

(/3 + 7-a-8)»- Sa'+2X-2/ii-2v, 

we find the following values of ti, 4, ^3 : — 

2X-H-V _ H 2m-v-A H 2v-X -fi _ H 
12 a" 12 " a»' 12 a" ' 

whence ^i + <2 + ^3 = - 3-=. 

a' 

Agaiuigince 
2(2/i-v-X)(2v-X-,i)=-3(VV + v»-/ii;-vA-X/u)— |2(m-v)% 

and S(m-v)» = 24^, 

we have 

We have also <.^<,= ^|^' = g. 
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Henoe the equation whose roots are t^ ^» t^ beoomes 

or, substituting for G^ its value from Art. 38^ 

4 (a»^ + 5')» - a*/ (a*^ + -ET) + o> J = 0, 

which is transformed into the standard reducing cubic by the 
substitution aH ■\- n= a*0. 

To determine a, 3> 7» ^ ^^ have the following equations : — 

along with a + /3 + 7+8 = -4-; 

from which we find 

a 

j3 = - - + ^tx - -/U + \/4, 
a 

' a 

We have also from the above values of v/^i, v^^, v/^ the 
equation 

V ^ • V ^j .*s/t%- 2^, 

by means of which one radical can be expressed in terms of the 
other two, and the general formula for a root shown to be the 
same as those previously given. 

The cubic of Ex. 4, Art. 43, whose roots are X, /u, v, might 
have been employed in a similar manner to obtain the values of 
^y 09 79 S ; but it does not lead so directly to these values as the 
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equation above given. We wish here to call attention to two 
functions of X, /i, v, which possess properties analogous to those 
established in Art. 59 for corresponding functions of the roots 
of a cubic. "We use a notation similar to that of the Article 
referred to, and write 

i s (/Sy + aS) + w (7a + /38) + w' (a/5-+ 78), 

Jf - {(iy + aS) + w* {ya + /38) + oi (a/3 + 78). 

The following relations between A, /u, v and the roots of the 
reducing cubic 

are easily established (see Ex. 1, Art. 63) : — 

X = 4ei + 2-, M = 4e2^2-, i; = 4e3 + 2-; 
a a a 

hence the values of L and M may be written as follows : — 

4 4 

These functions are just as important in the theory of the bi- 
quadratic as the functions of Art. 59 in the theory of the cubic ; 
for they are the simplest functions of four variables which have 
but two values when the variables are interchanged in every way. 
They are the roots of the reducing quadratic of the reducing 
cubic above written; and underlie every solution of the bi- 
quadratic which has been given. 

We add some applications of these functions. 

Examples. 

1 . Show that X and M are functions of the differences of a, $, y, 9. Increasing 
a, fiy jy Shy hy these functions remain unaltered, since 1 + w + «^ =1 0. 

2. To find in terms of the coefficients the product of the squares of the difiFe- 
rences of the i-oots a, iS, y, 9. 

From the values of L and M in terms of 0i, 02, O3, we find easily 

1201= Z + Jf, L- M ={fi-y){a-9)i<^-w), 

1202 = «'X + aif, cci^L - wM = (7 - a){$- 8)(a^ - w), 

1203 = «X + wUfy uZ - a>^'M=^ (a - iB)(7- 8)(w2 - «). 
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Again, from these equations^ multiplying the terms on both sides together, and 
remembering that 9\y $2, 63 are the roots of 

•4«8d'- /«« + /= 0, 
we find 

Z» + if» = - 432^, 

Or 

X»-jr» = 3v/^(i3-7)(7-a)(a-iB)(a-«)(3-5)(7~8); 
also, adding the squares of the same terms, we have 

and, since 

substituting for these quantities their values derived from former equattons, we have 

finally 

«*(i8-7)'(7-»)'(«-/9)*(«-»)»0-»)'(7-«)* = 256(P-27/«). 

3. Show by a comparison of the equations of the present Article and Art. 59 that 
the results of the previous Article may be extended to the biquadratic by changing 

3-7, y-a, a-i8into-03-7)(«-8), -.(y-a){$-9), -(a- fi){y-9), 

4 
respectively ; and, consequently, XT into - - X, and G into 16/. 

o 



67. Kqaatloii of the Squares of the DtflTerences of llie 
Mooim of a Btqaadratlc. — The general problem of the for- 
mation of the equation whose roots are the squares of the 
differences of the roots of a given equation may be treated as 
follows :— Let the proposed equation be 

f{x)^(x-ai){x-a2){x-ai) . . . (a?-an)=0. 

Substituting a? + Or for a?, and giving r the values 1, 2, 3, . . . «, 
we have 

/(a? + ai) s;c (a: + 01-03) (ic + 01-03) .... {x-^-ai-On)^ 

f{x + a2) ^x{x + a2-ai)(x + a2 — az) .... (a: + a2-a„), 



/(a; + o«)sa:(a?+a„-oi)(a; + a„-02) .... {x ^- an- an-\) ; 
also, since 

/(or + ^) =^f{ar) + ^f{ar) + ^f'M + . . + ^, 



>W 
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and /{orY^ 0, we have 

-Ax + ar) =/(a,.) + i^/'(ar)+ . • • +^"' 

Denoting the seoond side of this equation by ^ {x, ar)9 and mtd- 
tiplying both sides of equations (1), we find 

♦ (^> fli) ^ (ar, 02) . . . . [Xy On) -{a^- (ai - oa)*) [if^ - (oi - as)') 

Thus to form the equation of the squares of the differences, 
we can multiply together the n factors ^(^^ai), ^(^,09), &o., 
and substitute for the symmetric functions of the roots which 
occur in the product their values in terms of the coefficients. 
The resulting equation will be of the n{n'- ly^ degree in x ; but 
as it will contain only even powers of x it must be reduced tothe 
■J-»(w- 1)'* degree by the substitution of x for a^. Or we may 
form directly the product of the ^n{n-l) factors on the right- 
hand side of the above equation ; and express the symmetric 
functions involved in terms of the coefficients. We adopt the 
latter of these methods in the following application to the 
biquadratic : — 

The problem is equivalent to expressing the following product in tenns of the 
coefficients of the biquadratic 

{♦-0-7)»H*-(7-«)'H*-{«-/»)'}{*-(«-«)'}{*-(/9-»)'}{*-(7-»)»). 
The most convenient mode of procedure is to group these six &ctors in pain in- 
volving all the roots, and to express the three products, which we denote by Hi, Htt 
Hs, separately in terms of the roots of the reducing cubic, and finally to express the 
product Oi Halls in terms of a, if, I, /. 

nis^»-{0-7)«+(«-5)»}^+ 0-7)' («-«)«; 

and, by previous results, we have the following expressions lor {0 ~ 7)', (a — S)* : — 






whence _ ^« , 



^8«i + 16^^^+4-^-48M3. 



For convenience in the calculation we now put 

16ifsa«P, 47sa2Q, 16/=ir% 
and ^' + i'^ + Q = Y; 
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whence nilXtlls, divided by 8', becomes 

Reducing this product by the result of Example 18, page 87, we obtain 

^ + ZQ^ - (4Q^« + 18Ji^) T- {8iZ^ + 12Q»^*+ 36Q£^ 4- 27J?«) = 0. 

Finally, restoring the value of Y, we have the equation of the squares of the difFe- 
rences expressed in tenns of P, Q, J2, as follows : — 

^« + 3P^«+ (3P»+ 2Q) ^« + (P» + 8PQ-28iZ) ^» 

+ (6P«Q ' 7(? - 18Pi?) ^« + 9Q (PQ - 6iZ) ^ + 4<? ^ 27J2« = 0. 
We give for convenience of reference the result also in terms of a, JJ, /, /*: — 
fl»^ + 48«*J^+ 8a« (98 J»+ a'/) ^* + 32 (128ir»+ 16«»JJ- 13«»/) ^ 

+ 16 (3841P/- 7a»/» - 288a J/) ^+1162 (2 JJ- 3fl/)/^ + 266 (/» - 27/^ =0. 






68. Criterion erche BTatare erche Rooto erche Bi- 
qnadratlc. — ^The quantity /' - 27J^ is the discriminant of the 
biquadratic, and is denoted by A. The sign of A does not 
enable us to detennine completely, as in the case of the cubic 
(see Art. 42), the character of the roots ; but certain conclusions 
can be drawn from it, as we proceed to show. 

(1). When A is negative^ the biquadratic has two real and two 
imaginary roots. Yor^ forming the product of the squares 
(j3 - yYf {y - a)\ &c., it readily appears that this product is 
positive if the roots be either all real or all imaginary. 

(2). When A ispositive^ the biquadratic has its roots either all 
realf or all imaginary. For, forming the product as before, it 
appears that this product is negative when two of the roots are 
real and two imaginaiy. 

(3). When A = 0, the biquadratic has two roots equal. 

(4). When /= 0, and J= 0, the biquadratic lias three roots 
equal. This is easily inferred from the expressions of the roots 
in tenns of the roots of the reducing cubic. 

The complete discrimination of the roots in the case where A 
id positive requires the consideration of the function IT as well 
as I aiyl «r, and will be most conveniently discussed after the 
proof of Sturm's theorem in Chap. IX. 

* The equation of the squares of the differences was first given in this f oim by 
Hr. M. Roberts in the Nowtllea Annates de Math^matiques, Tol. zvi. 
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lilSCELLAlTEOTTS EXAMPLES. 

1. SHow that if JT be positiye, or if Jr= (and G not « 0), the cubic will have 
a pair of imaginary roots. 

2. Show that if JT be negative, the cubic will haye its roots (1) all real and 
unequal, (2) two equal, or (3) two imaginary, according as &' is (1) less than, 
(2) equal to, or (3) greater than — 4J5P. 

3. If the cubic equation 

«oa^ + 3aifl?' + Za%x + ffa « 

have two roots equal to a ; prove 

-Ha -ffi 

where «oaa— ai*=-ff, 0003 — aiaa = 22ri, aio^ — a^^Hi, 

4. If «a:»+3*ir» + 3<?x + rf+ife(a?-r)» 

be a perfect cube, prove 

{ae-b^) r«+ {ad-be) r + (W- u^) =0. 

5. Find the condition that the cubic 

as^ + 3ft«* + 3m; + rf 

may be written under the form 

^ (« - ai)» + m (ar - )9j)s + « (jc _ yi)s^ 

where ai, /9i, 71 are the roots of the cubic 

fli ar* + 3*1 «• + 3(Ji a? + ef 1 = 0. 
Comparing the forms, we have 

a = Z + m + ff, 

c = W + fnfix^ + «7i2, 
— rf = lai? + «i3i' + «7i'. 

Also fliai5 + 3friai2+3tfiai + <?i = 0, &c. 

Whence, multiplying these equations by di, Ze\y Zb\, a\, respectively, and adding, 

wc find 

{adi — a\ rf) — 3 {be\ — fti c) = 0. 

6. If a, iS, 7 be the roots of the cubic equation 

Qf^a^ + 3aia?* + Za2X-\- aa = ; 

form the equation 

V« - a + y/x - $ + V* - 7 = 

in terms of the coefficients. 

Ans. 125 CTi* + SeOHdi^ + 128(? t7i - 4SH^ = 0. 
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7. Show that if ^ be positive, the biquadratic must hare imaginary roots. 

8. Show that if / be negative, the biquadratic must have two real and two 
imaginary roots. 

9. Show that when the biquadratic has a pair of equal roots, the reducing cubic 
also has a pair of equal roots, and conversely. 

10. Show that when the biquadratic has a double root, the cubic whose roots 
aro the values of p (Art. 65), has the Mame double root. 

11. li H and / are both positive, all the roots of the biquadratic are imaginary. 
Since H is positive, there must be at least one pair of imaginary roots, 

a ± /3 V — !• ^0^ diminishing all the roots by a, and dividing them by 3 (which 
transformations will not alter the character of the other pair of roots 7, S, nor 
the signs of H and /), the biquadratic may be put under the form 

(r» + ^px + q) (a;* + 1), 
or X* + Apj^ + 6«t' + 4par + q, where 6<? = y + 1 ; 

whence K-t-p^, I = q - ip^ + ^e^, 

J=qc-\- Ip^c -p^{q\\)-^^c{q- \f - r*), 



and, therefore, 



^-4p2 = c> + - = (J2'+>»)'+ "^ 



or 






proving that 7 and 8 are imaginary if K and J are both positive. 

12. If the biquadratic has two distinct pairs of equal roots, prove the relations 

In this case the biquadratic divided by oo assimies the form 

<.-^-('-«-j('--.-)-("^")T-r-^)' 

where z = «o* + «i, and — = — - — ; 

whence, comparing the forms 

z* - Wt^ + Ai* 

and »* + 6ir«2 + 46^2 + a^H - ZH^, 

from which the above relations immediately follow. Also it should be noticed that in 
this case only one square root is involved in the solution of the biquadratic (coming 
from the solution of the quadratic {x - a){x - $)). Two roots of the equation in t 
(Art. 61) are zero. 
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13. Find the condition that the biquadratic may be put under the form 

/(x* + 2px + ^)2 + »i («> + 2,px ■\-q)+n. 

In this case the second and fourth coefficients are remoTed by the same tzans- 

formation, and the general solution inrolves only two square roots. 

Ant. (7 = 0. 

14. Form the equation whose roots are the six anhfinnonic functions of four 
points in a right line determined by the equation 

oo^ + 4ai«9 + 603^ + 4asx + ^4 ^ 0. 
The six anharmonic ratios are 



where 



1 1 1 

♦l> T-> ^» — > f»» T~» 
^1 9% ^ 

" (7-a)(/3-«) * \ - V " tfi - «s' 

^ (i8~7)(«-^) ^ M- » _ 9^-H 
"(a-i9)(7-5) M-A"6a-ei' 

_ (7-«)0->) _ y-^ ^ ^-gj . 

also the equation whose roots are 

(iB-7)(a-«), (7-.a)03-5), («-i9)(y-5) ' 

is one of the cubics 

V^ - 12<io/A ± 16 v^/» - 27/» = 0. 

The equation whose roots are the ratios, with sign changed, of the roots of cither 

of these cubics is 

4A(^«-^4-l)»-27/»^M^-l)'=0 (see Ex. 15, p. 86), 

where A^P - 277*. 

The roots of the eqiuttion in ^ are the six anharmonic ratios. This equation can 
be written in a more expressive form, as will appear from the following propo- 
sitions : — 

(a). The six anharmonic ratios may be expressed in terms of any one of them, 
as follows : — 

1 1 ^-1 ^ 



^' ' ^* 1 - ^* ^ ' ^ - 1* 

From the identical equation 

wo have the relations 

03 9\ .9» 

which determine all the anharmonic ratios in terms of any one of them. 
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{b). If two of the anhannonic ratios become equal, the six values of ^ are 
- « and — «' three times repeated ; and in this case / = 0. 

For suppose ^i s= ^ ; yre have then from the second of the above relations 

^1* - ^1 + 1 = 0, 

whence ^i = - «, or - »* ; 

and substituting either of these values for ^ in(a), we find all the anhannonic ratios. 
Also, since 

i:^ + ^i^ = 0, orSOi-v)«=0, 

▼ehave 

(e). If one of the ratios is harmonic, the six values of ^ are —1,2,-, tmee 

it 

repeated ; and in this case /= ; for if 

^ = - 1, -—i- = - 1, or 2x - /* - y = 0, 

one of the factors of / (see Ex. 18, p. 61). 

(if). These results, as well as the converse propositions, may be proved by 
writing the sextic in ^ under the following form:— > 

/»{(^ + l)(^-2)(^-J)}» = 27/«{(^ + t«)(^+-»)}'. 
t- 15. Solve the equation 



/ a^ + 14j; + l \» g (a; - 1)* 
V + lV + 1/ "p'Cp'- 1)*' 






^«*- P'l 4 .. , whei« 0* = 1. 



16. Express 2 (a -3)^ (7- 9)^ as a rational function of 9i, 9s, (b ; and ultimately 
in tenns of the coefficients of the quartic. 

«i + -^ J = -^ (4irj+ 3ff/). 

17. Express 

88 a rational function of 9i, 03, 03. 

This symmetric function is equivalent to 

(M«-i^?+(»^-^')*+(^'-MT=«2662(«2~e3)* («i-^)'- 

18. Form the equation whose roots are the several products in pairs of the roots 
of a biquadratic. 

The required equation is the product of three factors of the type 

AnA. (a^-2f^+*)'-4/^(a^«-2<?^+^) + 16/^ = 0. 
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a + fi 

19. Fonn the equation vlioBe roots are the several values of — - — , where 

*h iS) 7} 9 are the roots of a biquadratic. 

The required equation is the product of three factors of the type 

Ant. 4(a4>' + 2*^ + <?)'-/(«^*+2^ + «) + / = 0. 

20. If au 0it and a2, /3t be the roots of the quadratic equations 

aia^-\'2bix + ei = 0f aaa?'+ 2^af + «8 = ; 
find the equation whose roots are the four values of ai as. 
Let Ml = ai^i - bi\ H% — 0^0% - h^?. 

Ans. («i «a ^* - 23i 62 ^ + «i oi)* - ^Si ITs ^' = 0. 

N. B. — This and the two following Examples may be solved by expressing ^ in 
terms of radicals involving the coefficients. 

21. Employing the notation of Ex. 20, form the equation whose xxMts are the 
four values of — r — . 

Let 2 JTis = 01 02 + 02^1 + 2b I bi. 

Am. (2aia2^'+ 2 (ai 42+02*0 ^ + -^i2)'--ffi-Ha = 0. 
In this Example the resulting biquadratic is such that 6^= 0. 

22. In the same case, if ^ = } (ai —03)% form the equation whose roots are the 
several values of ^. 

Let M^^aibg-azbiy 2J7i2 = ai^+aa0i — 2*i^. 

Ant. {(ai«2^ + iri2)»~2Jf2^+fi^iira}« = 4iriJr2(aia2^ + iri2)«. 

23. Prove 

_l _9II ZaJ^2KI \ 

(a-/3)2 2 V r-21J^)' 
YvmL the expressions for a, 3, 7, 9 in terms of 9i, 0%^ 0a, we have 

^ 1 1 | g»gi-f2g a»g2+2g a»ga-|-2Jr ) 

(a - /3)« 2«M ((b - <>3)» "^ (03 - 0i)» "^ (Oi - 02)» j ' 

which may be expressed in terms of Oy H, I, J aa above. 

24. Prove ' j O'" q 

if J = 0, and m of the fonn Sp or 3p + 1. 
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2d. Proyethat 

CTs flwc» + <jy» + «* -I- 2dyz + 2czx + 2bxy 

can be resolved into the sum or difference of two squares if 

Here aUs{ax + bi/ + ez)^ + {ae - *») y2 + 2 {ad- be) pz + {ae- 1?) «*, 

and {ac-lf^)ff^-\-2(ad-bc)yz-\-{a€-c^)z*^ 

is a perfect square if 

(ae - lf^)(ae - <?») = {ad~ be)\ 
or /=0. 

26. If a, i3, 7, 8 be the roots of the equation 

«oa?* + 4aia:' + 602^?' + ^a^x + a* = 0, 
solve, in terms of the coefficients a^, a\, &c., the equation 

y/x — a ^-y/x — fi +\/«-7 + v^a;-8«0. 

^Vhen V^a + \/iB + y/y + -y/j = 

is rationalized, and the coefficients substituted for a, /3, 7, 9, we have 

(Za^a^ — 2ai*)2 = 4^0^04. 
Now, substituting i7o, I7i, ZTit, CTa, ZZa for ao» <>i> 02^ as, 04, and reducing, we find 

27. To express the solution of the biquadratic in terms of a single root of the 
reducing cubic. 

Substitating x' -^pifft xm the equation 

o«* + 4*ic» + 6«c« + 4dir + ^ = 0, 
we have 

aF'* + 4l7ia?'3 + 6rr2a;'2 + 4i78aj'+ 174=0. 
Now let this equation separate into the two equations 

0«'*+6cr2*'«+cr4=o, Uxx'^-itUi=o, (i) 

Kliminating x"^^ and reducing as in Art. 65, we have 

4[7:2»-/?r2 + /=0; 
whence U% - aB, where 9 is a root of the reducing cubic, and therefore 

CTi = 0/> + * = V^0»e - H. 
Again, from (1) 
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whence, finally, since * = «' + /), or aa; + &= I7i+ ««', we have 



<MF + ft = v/«»a - ir+ / - «»a - 2fl" — ^ , 

an expression which has only four values. 

This expiession might of course be obtained from the resulting fonnula of Art. 61, 
or Art. 68. The method of arriying at it in the present £xample is a distinct method 
of solving the biquadratic. 

28. Prove in general that the solution of the biquadratic does not involve the 
extraction of a cube root when any relation among the roots a, 3, y, Z exists which 
can be expressed rationally in terms of a root B of the reducing cubic. 

Any rational function of B can always be depressed to the second degree by the 
aid of the reducing cubic, which expresses ^ in terms of $. Hence the detenuina- 
tion of B will not involve the extraction of a cube root ; and the formula of the 
preceding Example shows that the expression for the root of the biqiiadratic will 
not then involve any cube root. 

29. Find the relation which connects the roots of the biquadratic when the 
equation 

is satisfied by each of the following values of p : — 



(8) 



(dJ (2)., (3,0. (4)>^% (5);/:^^, ^,)^L. (7) Jg .., ^ 

Am. (1) ^ + 7-a-5 = 0. 

(2) (4) and (8) iB^-oB-O. 

(3) (7-a)(/9-a)-(«-«(7r-«)=0. 

(6) (7-a)(/3-«)-«(a-i9)(r-5)=0. 
(6) and (7) /»-7=0. 

30. Prove the following identity ; and by means of it verify the result of Ex. 1 1^ 
p. 139 :— 

flo«(i»-27/») s (ao«/-3in)(ao«J'-12JI')»+27G^«(^' + 2a«»/). 

This may be proved by putting ai = 0, 0s = ^2, &c., in the expanded value of 
A, and then substituting for A%, Az^ Ai the values of Art. 38.— Mr. M. Roberts. 



CHAPTER VII. 



PROPERTIES OF THE DERIVED FUNCTIONS. 

69. C^raptaic Representation of the Derived Fnne* 
tion.— Let APB be the 

curve representing the po- 
lynomial /(a?), and P the 
point on it corresponding 
to any value of the varia- 
ble X = OM. We proceed to 
determine the mode of re- 
presenting the value of /'(a?) 
at the point P. Take a se- 
cond point Q on the curve, 
oonresponding to a value of 
X which exceeds OM by a small quantity A. Thus 

OJf=a?, Jfflr=A, ON=x + h; 

also PM=/{x), QN^fix + h). 

The expansion of Art. 6 gives 

f{x^h) =f{x) ^f{x) h +-^ A' + . . . . , 




Fig. 6. 



or 






(1) 



But /{ie+h)-/(x) Q8 QS 

h ■ MN ~ PS 



- tan QP8 - \&\^RN. 



Now, when h is indefinitely diminished, the point Q approaches, 
and ultimatelj coincides with, P ; the chord PQ, becomes the 
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tangent PT to the ourve at P ; the angle PRN becomes PTM. 
Also all terms of the right-hand member of equation (1) exoept 
the first diminish indefinitely, and ultimately vanish when A = 0. 
The equation (1) becomes 

tan PTJf -/(a?); 

from which we conclude that the valtie assumed by the derived 

function f{x) on the substitution of any value of x is represented by 

the tangent of the angle made with the aans OX by the tangent at 

the corresponding point to the curve representing the function f{x) , 

70. Maxima and BUnlma ¥alues of a Polynomial. 
Theorem. — Any value of x which renders f{x) a maximum or 
minimum is a root of the derived equation f[x) = 0. 

Let a be a value of x which renders /(a;) a minimum. Wo 
proceed to prove that /'(a?) = 0. Let h represent a small incre- 
ment or decrement of x. Then 

/(a) </(a + A), also f(a) <f{a - h) ; 

hence/(a + A)-/(a), and /(a - A) -/(a) are both positive, i.e. 
the following two expressions are positive : — 

/(«) A +-yft^ A' + ' 

-/(a)A+-^^U'- 



Now, when h is very small, we know (see Art. 5) that the signs 
of these expressions are the same as the signs of their first terms ; 
hence, in order that both should be positive, ./'(a) must vanish; 
and, moreover, /"(a) must be positive. An exactly similar proof 
shows that when /(a) is a maximum f {a) = 0, and f\a) is nega^ 
tive. Thus, in order to find the maximum and minimum values 
of a polynomial/(a;), we must solve the equation/'(a;) = 0, and sub- 
stitute the roots in /(a?). Each root will furnish a maximum or 
minimum value, the criterion to decide between these being the 
sign oif'{x) when the root is substituted in it — whenf\x) is 
negative^ the value is a maximum ; and ichenf\x) is positive^ the 
value is a minimum. 



Maxima and Minima Values. 
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The theorem of this Ar- 
ticle follows at once from 
the construction of Art. 69 ; 
for it is plain that when the 
value of /(a?) is a maximum, 
as at P, P' (Fig. 6), or a mi- 
nimum, as at p^ p\ the tan- 
gent to the curve will be 
parallel to the axis OX, 
and, consequently, 




Fig. 6. 



tanPrif=/(a?)=0. 

Kg. 6 represents a polynomial of the 5th degree. Correspond- 
ing to the four roots of /'(a?) = (supposed all real in this case), 
i. e. OMy Om^ 0M\ Om\ there are two maxima values JfP, 
Jf' P', and two minima values wp, nip\ of the function. 



Examples. 

1. Find the max. or min. Talue of 

/(«) s 2a?* + a; - 6. 
/'(z)=4a;4-l, /'W = 4. 

-49 



a; = — - makes f\{x) = 



8' 



a minimum. 



(See fig. 2, p. 15.) 

2. Find the max. and min. values of 



f{x) s 2a:3 ^ 3a:2 _ 36;^ + 14. 
r{x) = 6 (a;' - « - 6), f\x) = 6 (2a: - 1). 

a; = - 2 makes /(a;) = 68, a maximum. 

x^ 3 makes /(x) = - 67, a minimum. 

3. Find the max!", and min. values of 

/(a:) s 3a;* - 16«» + 6a;2 - 48aj + 7. 

Here f{x) has only one real root a; = 4 ; and it gives a minimum value 
f{x) = - 346. 

4. Find the max. and min. values of 

/(a;)sl0a:8- l7a;» + a; + 6. 

The roots of /'(a?) are, approximately, -0302, 1-1031. The former gives a 
'maximum value, the latter a minimum. (See fig. 3, p. 17.) 

. l2 
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71. Roue's Theorem. — Between two consecutive real roots 
a and b of the equation f{x) = there lies at least one real root of 
the equation f{x) = 0. For as x increases from a to 6, /(a?), vary- 
ing continuously from f{a) to /(&), must begin by increasing 
and then diminish, or must begin by diminishing and then 
increase. It must, therefore, pass through at least one maximum 
or minimum value during the passage from /(a) to f{b). This 
value (/(a), suppose) corresponds to some value a of a; between 
a and b, which by the Theorem of Art. 70 is a root of the equa- 
tion /'(a?) = 0. 

The figure in the preceding Article illustrates this theorem. 
We observe that between the two points of section A and B 
there are three maximum or minimum values, and between the 
two points S and C there is one such value. The figure makes 
it plain also that the number of such values between two con- 
secutive points of section of the axis is always odd. 

Corollary. — Two consecutive roots of the derived equation may 
not comprise between them any root of the original equatiouy and 
never can comprise more than one. The first part of this proposi- 
tion is merely a statement of the fact that between two adjacent 
zero values of a polynomial there may be several maxima and 
minima values ; and the second part follows at once from the 
above theorem ; for if two oon^cutive roots olf\x) = comprised 
between them more than one root of f{x) = 0, we should then 
have two consecutive roots of this latter equation comprising 
between them no root oif{x) = 0, which is contradictory to the 
theorem. 

72. Constttntloii of the DerlTed Fnnettons. — ^Let the 
roots of the equation y(^) = be oi, 02, 03, . . . o». 

f{x) H (iP-a,)(aJ-a2)(«-a3) . . . {iC-On). 

In this identical equation substitute y + x ior x; 

f(t^ + x) = (y + J»-ai)(y + a?-a2) . . . {y + x-on) 
= y« + q^y^-' + q^y^-^ + . . . + qn.^y + qn, 
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where 

Qi — X — a\ -^ X - a2 -^ X — a^ -\- . . , -\- X — o„, 

qt = {x - ax){x - a^ -S- [x - ax)[x - a^) -^ ... + {x - an-\) {x-an)^ 



fjn-i = {x- a,) (a: - as) ... (a? - an) -^ {x- d) (or- a,) . . . (^ - a,) + . . . 

+ (i*? - ai) (a* - a,) . . . (a?- a»_i}, 

y« = (ii?-ai)(ir-a2)(iP-a3) . . . (aj-on). 
We have, again, 

/(y + '^) =/W+/'(^)y + YT^y' + . .. +r- 

Equating the two expressions iorf[y + a?), we obtain 
/(x) = (a: - ai)(a?- as) ... (a? - a„), 
/'(a?) = (a; - 03) (a? - as) ... (a? - On) + ...., as above written, 

r-^ = the similar value of qn^2 in terms of x and the roots, 



The value ol/{x) may be conveniently written as follows: — 



x - a\ a? — 02 x — Qn 

73. Multiple Roots. Theorem. — A multiple root of the 
order m of the equation f[^ = in a multiple root of the order m-1 
of the first derived equation f (x) = 0. 

This follows immediately from the expression given ioxf[x) 
in the preceding Article ; for if the factor (ar- ai)"* occurs in/(a?), 
/. ^. if Qi = a2 =•.. = am ; we have 

Each term in this will still have (x - ai)"* as a factor, except 
the first, which will have [x - ai)"*"* as a factor; hence (a?- ai)"*"' 
is a factor in /'(a;). 
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Cor. 1. — Since /"(ar) is derived from /'(ar) in the same manner 
as /'(a?) is from /(a:), it is evident that /"(a?). will have {x - ai)""' 
for a factor. Similarly f"\x) will have {x - ai)*""*' for a factor ; 
and so on. Thus a root occurring m times in the equation f[x) = 
occurs in degrees of multiplicity diminishing by unity in the first 
m - 1 derived equations. 

Cor. 2. — The converse of the preceding corollary — viz. : If 

f{x) and its first m-1 derived functions fx{x)^f{x)y . . .fm-\{x)yall 

vanish for a value aofxy then {x-a)^ is a factor inf{x) — is most 

easily established as follows. For x substitute a ■\' x - a. We 

have then 

f{^) -/(a) +/.(«) (^ - a) +-^ (X - a)' + ... + jAM_ (a:-«)«- 

1.2 ., .m 1 . 2 . . . w 

from which the proposition in question is manifest. 

74. Determination of Multiple Roots. — ^It is easily 
inferred from the preceding Article that if f{x) and/'(ar) have 
a common factor [x - a)*""S [x - a)*" will be a factor in f{x) ; for, 
by Cor. 1, the m - 2 next succeeding derived functions vanish 
as well as f{x) and f{x) when a? = a; hence, by Cor 2, a is a 
root of /(a?) of multiplicity m. In the same way we see that if 
f(x) and/'(ar) have other common factors 

[x - /3)^s {x - yy-\ &C., 

the equation /(a:) = wiU have p roots equal to /3, g' roots equal 
to y, &c. 

In order, then, to find whether any proposed equation has 
equal roots, and to determine those roots if it has, we must find 
the greatest common measure of /(a?) and /'(a;). Let this be <^{x). 
The determination of the equal roots will depend on the solution 
of the equation <^(x) = 0. 
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Examples. 

1. Find the multiple roots of the equation 

a;3 + a;« - 16* + 20 = 0. 

The G. C. M. olf{x) and /'(a?) is easily found to be a; - 2 ; hence (x - 2)' is a 
factor in/(j;). The other factor is d; + 6. 

Whenever, after determining the multiple factors of /(a:), we wish to obtain the 
remaining factors, it will be found convenient to apply by repeated operations the 
method of division of Art. 8. Here, for example, we divide twice by a; — 2, the 
operation being represented as follows: — 

1 1-16 20 

2 '6 -20 



- 10 
10 



1 6 

Thus I and 5 being the two coefficients left, the third factor is a; + 5. This^ 
operation verifies the previous result, the remainders after each division vanishing 
as they ought. 

2. Find the multiple roots, and the remaining factor, of the equation 

x^- 10««+ 15x-6 = 0. 

The (t. C. M. of /(/■) andf'{x) is found to be «* - 2ar -f 1. Hence {x - 1)» is a 
factor mf{x). Dividing three times in succession by a; — 1, we obtain 

/(jr)-=H(u:-l)3(r^ + 3j: + 6). 

3. Find the multiple roots of the equation 

X* - 2x^ - lU- + 12ar + 36 = 0. 

The G. C. M. oif{x) md/'{x) is x^ - x - Q. The factors of this are ar + 2 and 
J? — 3. Hence 

/(z) - (a: + 2)M^ - 3)2. 

4. Find all the factors of the polynomial 

f(x) = jf« - 5jc* + 5jc< + 9.^3 - 14*« - 42- + 8. 

Ana, f(x) = (a; - 1) (jr + 1)2 {x - 2)\ 

Reftmrh. — ^The process of finding the greatest common mea- 
sure of two polynomials becomes laborious as the degree of the 
function increases. It is wrong, therefore, to speak, as writers 
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on the Theory of Equations often do, of the determination in this 
way of the multiple roots of numerical equations as a simple pro- 
cess, and one preliminary to further investigations relative to 
the roots. It is chiefly in connexion with Sturm's theorem that 
the operation is of any practical value. The further conside- 
ration of multiple roots is deferred to Chap. IX., where the 
theorem in question is discussed. It will be shown also in 
Chap. X., that when any particular equation has equal roots, 
they can, in those cases which are of most usual occurrence, be 
determined from simple considerations not involving the process 
of finding the greatest common measure. 

75. This and the succeeding Article will be occupied with 
theorems which will be found of considerable importance when 
we come to the discussion of the methods of separating the 
roots of equations. 

Theorem. — In passing continuously from a value a-hofx 
a little less than a real root a of the equation f(x) = to a value 
a + h a little greater, the polynomials f(x) and f{x) have unlike 
signs immediately before the passage through the rooty and like signs 
immediately after. 

We have 

/ (« - A) =/(«) -/(a) A +-(^^ h" -...., 

/(«-*)= /(«) -/"(a) A +....; 

since /(a) = 0, the signs of these expressions, depending on those 
of their first terms, are unlike. When the sign of h is changed, 
the signs of the expressions become the same. The theorem is 
thus proved. 

Corollary. — This theorem is true no matter how many times 
the root a is repeated inf[x) = 0. 

Let the root be repeated r times. The following functions 
(using suffixes in place of the accents) all vanish : — 

/(«)> ./i(«)> /zWj • • • ./r-i(a). 
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In the series for /(a - h) and /'(a - h) the first tenns which 
do not vanish are, respectively, 



1.2... r' '' 1.2. ..r-1 

These have plainly unlike signs ; hut after the sign of h is 
changed they will have like signs. Hence the proposition is 
established. 

76. Extending the reasoning of the last Article to every 
consecutive pair of the series 

f{^)y fl{^)> M^\ • • -/r-lCa?), 

we may state the proposition generally as follows : — 

Theorem. — When any equation f{x) = has an r-multiple 
root a, a value a little inferior to a gives to this series of r functions 
signs alternately positive and negative^ or negative and positive ; 
and a value a little superior to it gives to all these functions the same 
sign; and this sign is, moreover, the same sign as the sign offr{a)y 
the first derived function which does not vanish when a is substituted 
for X, 

In order to give a precise idea of the use of this theorem, 
let us suppose that /5(a) is the first function which does not 
vanish when a is substituted, and let its sign be negative ; 
what we are able to conclude is, that for a value a - A of a; the 
signs of the series of functions /,/i,/3,/3,/4,/4, are 

-»-- + - + -; 
and for a value a + A of ^ they are 



for before the passage through the root the sign of /« must be 
different from that of /s ; the sign of /a must be different from 
that of /i, and so on ; and after the passage the signs must be all 
the same. We of course assume that A is so small that no 
root of /ft(ar) = is included within the interval through which 
X travels. 
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Examples. 

fix) =a;*-7«'+15a:9- 13d? + 4, 
fi(x) = 4j» - 21 j;* + 30ar - 13, 
/2(«) = 2(6a;«-21a;+16), 
/3{ar) = 2(12^-21), 

/iW=24; 

Here /s (a;) is the first function which does not vanish when a: = 1 ; and/3(l) is 
negative. What we can conclude from the theorem is, that for a value a little less 

than 1 the signs of /, /i, /2, fz are H h — i and for a value a little greater than 

1 they are all negative. We are ahle from this series of signs to trace the functions 
/,/i, &c., in the neighbourhood of the point x^l. Thus the curve representing 
f{x) is above the axis before reaching the multiple point a? = 1, and is below the 
axis immediately after reaching that point, and the axis must be regarded as cutting 
the curve in three coincident points, since (a? — 1)^ is a factor in f{r). Again, the 
curve corresponding to /i {x) is below the axis both before and after the passage 
through the point a; = 1. It touches the axis at that point. The curve representing 
fiijx) is above the axis before and below the axis after the passage, and cuts the 
axis at the point. 

2. f{x) s ar« - lOarS + 35«* - 60ar» + 65a;» - 26a; + 5. 

f^(x) is the first function which does not vanish for ar = 1, and/5(l) is negative. 

Miscellaneous Examples. 

1. Find the multiple roots of the equation 

/(a:)s«*4-12a:8 + 32ar2-24a; + 4 = 0. 

Am. /(x)s(a:« + 6x-2)«. 

2. Show that the binomial equation 

ir»» - an - 
cannot have equal roots. 

3. Show that the equation 

a?« - nqx + (« - 1) r = 

will have a pair of equal roots if ^ = r»»~^ 

4. Prove that the equation 

x^ + hpx^ -\- 5p^x + y = 

will have a pair of equal roots when q* + ip^ = ; and that if it have one pair of 
equal roots it must have a second pair. 
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6. Apply the method of Art. 74, to detennine the condition that the cuhic 

c3 + ZHz + C = 
should have a pair of equal rbots. 

The last remainder in the process of finding the greatest common measure must 

6. Apply the same method to show that both O and JJ vanish when the cubic 
lias its three roots equal. 

7. If a, i8, 7, 8 be the roots of the biquadratic /(j;) = 0, prove that 

/(«) +fW +/'(7) +/'(«) 

can be expressed as a product of three factors. 

Ana. (a + /5-7-5)(o + 7-3-8)(« + «-3-7). 

8. If a, iB, 7, 5, &c. be the roots of /(«) = 0, and o', 0', y\ 5', &c. oif(x) = ; 
prove 

/'(a)/'(/8)/'(7) .... =nnf{a')f{ff)f{y') , 

and that each is equal to the absolute term in the equation of the squares of the 
differences. 

9. If the equation 

liave a double root a ; prove that a iitf a root of the equation 

10. Show that the max. and min. values of the cubic 

aa^ + 3*a:« + 3«c + rf 
are the roots of the equation 

a2p» - 2Qp + A = 0, 
where A^is the discriminant. 

If the curve representing the polynomial /(:r) be moved parallel to the axis of y 

(see Art. 10), through a distance equal to a max. or min. value p, the axis of x will 

become a tangent to it, i.e, the equation /(^) - p = will have equal roots. Hence 

th^max. and min. values are obtained by forming the discriminant of/(«) — p, or 

by putting rf -> f or X in (? « + 4 IT » = . 

11. Prove 'similarly that the max. and min. values of 

ac* + Ab3^ + 6«r* + Adx + e 

are the roots of the equation 

aV - 3(aV - 9^2) p» + 3 (a/* - \%HJ)p - A = 0, 

where A is the discriminant of the quartic. 



/ 



CHAPTER VIII. 

LIMITS OF THE ROOTS OF EQUATIONS. 

77. Definition of Umlte. — In attempting to discover the 
real roots of numerical equations, it is in the first place advan* 
tageous to narrow the region within which they must be sought. 
We here take up the inquiry referred to in the remark at the 
end of Art. 4, and proceed to prove certain propositions relative 
to the limits of the real roots of equations. 

A superior limit of the positive roots is any greater positive 
number than the greatest of them ; an inferior limit of the posi- 
tive roots is any smaller positive number than the smallest of 
them. A superior limit of the negative roots is any greater ne- 
gative number than the greatest of them ; an inferior limit of 
the negative roots is any smaller negative number than the 
smallest of them ; the greatest negative number meaning that 
nearest to - oo . 

When we have found limits within which all the real roots 
of an equation lie, the next step towards the solution of the 
equation is to discover the intervals in which the separate roots 
are situated. The methods which have been advanced for this 
latter purpose will form the subject of the next Chapter. 

The following Propositions all relate to the superior limits of 
the positive roots ; to which, as will be subse<juently proved, the 
determination of inferior limits and limits of the negative roots 
can be immediately reduced. 

78. Proposition I. — In any equation 
if the first negative term he - p^oif^'^ ^ and if the greatest fiegative 



Propositions. 157 

coefficient be - pkj then \/pk + 1 is a superior limit of the positive 
roots. 

Any value of x whioh makes 

a^ >Pk («""^ + a^-^ + . . . + a? + 1) >^A -— 

X ~~ A. 

will, a fortiori, make /(a?) positive. 

Now, taking x greater than unity, this inequality is satisfied 
by the following : — 

X-1 

or af*^ -af> pk^^*\ 

or ' of'^ {x- 1)> pky 

which inequality again is satisfied by the following : — 

{x-lf-^ {x-l) = or >/)», 

since plainly of"* > {x- 1)^K 

We have, then, finally 

(a? -!)'■ = OT>pk, 

or ar = or > 1 +v^. 

79. Proposition II. — If in any equation each negative coeffi^ 
dent be taken positively, and divided by the sum of all the positive 
coefficients which precede it, the greatest quotient thus formed in- 
creased by unity is a superior limit of the positive roots. 

Let the equation be 

flo^J* + flTi^?*"* + a2iP""' - a^oif^'^ + ....- arof^'^ + .... + «« = 0, 

in which, in order to fix our ideas, we regard the fourth coe£S- 
oient as negative, and we consider edso a negative coefficient in 
general, i. e. - ar. 

Let each positive term in this equation be transformed by 
means of the formula 

a^of" = afn{x- Vjiixf^^ ->f af^'^ + . . .+a? + l) +a, 



^m> 
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which id derived at onoe from 

— = a«»»-i + ir»»-« + . . . + a: + 1 ; 

x-1 

and let each negative term remain as it is. 

The polynomial /(ir) becomes then, each horizontal line of the 
following corresponding to each term olf{x) in succession — 



+ . 



We now regard the vertical colimms of this expression as 
successive terms in the polynomial ; the successive coefficients of 
iT^S a^'*, &c., being 

(h{x- 1), (flo + fli) (j? - 1), (^0 + fll + ^2) (a? - 1) - «3, &C. 

Any value of x greater than unity is sufficient to make positive 
every term in which no negative coefficient 03, Or, &c. occurs. 
To make the latter terms positive, we must have 



Hence 

X > + 1, . , , ,x> — + L &c. 

And to ensure every term being made positive, we must take 
the value of the greatest of the quantities found in this way. 
Such a value of x^ therefore, is a superior limit of the positive 
roots. 
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80. Pracileal Applleailons. — The propositioiiB in the 
two preceding Articles furnish the most convenient general 
methods of finding in practice tolerably dose limits of the 
roots. Sometimes one of the propositions will give the closer 
limit : sometimes the other. It is advantageous, therefore, to 
apply both methods, and take the smaller limit. Prop. I. will 
usually be found the more advantageous when the first negative 
coefiScient is preceded by several positive coefficients, so that r is 
large ; and Prop. II. when large positive coefficients occur before 
the first large negative coefficient. In general, Prop. H. will 
give the closer limit. We speak of the integer next above the 
number given by either proposition as the limit. 

Examples. 

1. Find a superior limit of the poeitiye roots of the equation 

ar* - Sj:' + 40a;« - 8a? + 23 = 0. 
Prop. I. gives 8 + 1, or 9, as Umit. 

Prop. II. gives r + 1» or 6. Hence 6 is a superior limit. 

2. Find a 8uj)erior limit of the positive roots of the equation 

«« + 3x* + «» - 8a?2 - 51a; +18 = 0. 

Prop. I. gives ^51 + 1 ; and 6 is, therefore, a limit. 

Prop. II. gives — -7 + 1, and 12 is a Umit. 

*^ ** 1+3 + 1 ' 

In this case Prop. I. giyes the closer limit, i.e, 6. 

3. Find a superior limit of the positive roots of 

jj' + 4:f« - 3aHi + 6a:* - 9a:» - 1U« + 6;r- 8 = 0. 
Of the fractions 

3 9 11 8 

r+1' 1+4 + 6* 1+4+6' 1+4 + 5+6* 

the third is the greatest, and Prop. II. gives the Umit 3. Prop. I. gives 6. 

4. Find a superior limit of the positive roots of 

«» + 20;r^ + 4a;^ - 11«» - 120a:* + 18ar - 25 = 0. 

Am. Both Propositions give the Umit 6. 

5. Find a superior limit of the positive roots of 

4a:* - 8«* + 22^3 + 98a:2 - 73a; + 6 = 0. 

Ans. Prop. I. gives 20. Prop. II. gives 3. 
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It is usually possible to determine by inspection a limit 
closer than that given by either of the preceding propositions. 
The method consists in general in arranging the terms of an 
equation in groups having a positive term first, and then ob- 
serving what is the lowest integral value of x which will have 
the effect of rendering each group positive. The form of the 
equation wiU suggest the arrangement in any particuhir case. 

6. The equation of Ex. 2 can be arranged as follows : — 

a?«(«»-8)+a;(3««-61)+a:'+ 18 = 0. 

X = 3, or any greater number, renders each group podtive ; hence 3 is a superior 
limit. 

7. The equation of £z. 4 may be arranged thus : 

aH*(ar' - 11) + 20a;*(«» _ 6) + 4a:« + 13.c - 25 = 0. 

a; = 3, or any greater number, renders each group positive ; hence 3 is a limit. 

8. Find a superior limit of the roots of the equation 

«* - 4«» + 33x* - 2* + 18 = 0. 
This can be arranged in the form 

j?»(ar» - 4a; + 6) 4- 28a;(« - '^) + 18 = 0. 

Now the trinomial «' — 4j: + 6, having imaginary roots, is positive for all 
values of x (Art. 12). Hence a; = 1 is a superior limit. 

The introduction in this way of a quadratic whose roots are imaginary, or of one 
with equal roots, will often be found useful. 

9. Find a superior limit of the roots of the equation 

52:* - 7«* - 10*8 - 23«» - 90* - 317 = 0. 

In examples of this kind it is convenient to distribute the highest power of x 
among the negative terms. Here the equation may be written 

«*(x-7) + flr»(a;«-10)+3:»(«»-23)+jj(«*-90)+«»-317 = 0, 

so that 7 is evidently a superior limit of the roots. In this case the general methods 
give a very high limit. 

10. Find a superior limit of the roots of the equation 

«* - a^s - 2a?» - 4« - 24 = 0. 

When there are several negative terms, and the coefficient of the highest term 
unity, it is convenient to multiply the whole equation by such a number as will 
enable us to distribute the highest term among the negative terms. Here, multi- 
plying by 4, we can write the equation as follows : — 

«'(a?-4) + aj»(ar» - 8) + a?(a?8 - 16) + «* - 96 = 0, 
and 4 is a superior limit. The general methods give 26. 
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81. PropiMiltloii III. — Any number which renders positive 
the polynomial f{x) andallits derived function8fi{x)^f2{x)^ . . ./«(a?) 
is a superior limit of the positive roots of the equation f{x) = 0. 

This method of finding limits is due to Newton. It is much 
more laboiions in its application than either of the preceding 
methods ; but it has the advantage of giving always very olose 
limits ; and in the case of an equation all whose roots are real 
the limit found in this way is, as will be subsequently proved, 
the next integer above the greatest positive root. 

To prove the proposition, let the roots of the equation 
/{x) = be diminished by h ; then x - h = y^ and 

If now h be such as to make all the ooejBSoients 

fW,Mh),Mh), ...fn{h) 

positive, the equation in y cannot have a positive root ; that is to 
say, the equation in x has no root greater than h ; hence A is a 
superior limit of the positive roots. 

Example. 
/(*) s a?* - 2a* - 3«« - 16« - 3. 

In applying Newton's method of finding limits to any example the general mode 
of procedure is as follows : — Take the smallest integral number which renders 
/»-i(^) positiye ; and proceeding upwards in order to/i (s), try the effect of substi- 
tuting this number for s in the other functions of the series. When any function 
is reached which becomes negatiye for the integer in question, increase the integer 
sucoessiyely by units till it nuJces that function positive ; and then proceed with 
the new integer as before, increasing it again if another function in the series 
should become negative, and so on, till that integer is reached which renders all the 
functions in the series positive. In the present example the series of functions is 

f{x) = «* - 2a;8 - 3a;2 - 16a; - 3, 

fi(x) = 4a;» - 6a^ - 6a? - 16, 

J/2(a:)=6a:2-6ar-3, 

J/3(a;)=4a:-2, 

A/4W = 1. 

M 
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Here x = l makes fi (x) positive. We tiy then the effect of the substitution x=l 
infyix). It makes /i (a?) negative. Increase by 1 ; and a? = 2 makes /a {x) positive. 
Try the effect of a: = 2 in/i(jf) ; it gives a negative resiilt. Increase by 1 ; and 
x=Z makes /i {x) positive. Proceeding upwards, the substitution x =Z makes 
f{x) negative ; and increasing again by unity, we find that « = 4 makes /(«) positive. 
Hence 4 is the superior limit required. 

It is assumed in this mode of applying Newton's rule, that when any number 
makes all the derived functions up to a certain stage positive, any higher number 
will also make them positive ; so that there is no occasion to try the effect of that 
higher number on the functions in the series below that one where our upward 
progress is arrested. This is evident from the equation 

0(a + A) = ^(a) + 4t>{a)h + ^"(a) — + . . . 

(taking ^ (x) to represent any function in the series, and using the common notation 
for derived functions), which shows that if ^(a), ^'(a), ^"(a), ... are all positive, 
and h also positive, ^ (a + A) must be positive. 

It may be observed that one advantage of Newton's method is that often, as in 
the present instance, it gives us a knowledge of the two successive integers between 
which the highest root lies. Thus in the present example, since /(:r) is negative for 
a; = 3, and positive for ar = 4, we know that the greatest root of the equation lies 
between 3 and 4. 

82. Inferior lilmits, and lAmiim of the ItfegatlTe 
Roots. — To find an inferior limit of the positive roots, the 

equation must be first transformed by the substitution w--. 

y 

Find then a superior limit h of the positive roots of the equation 

in y. The reciprooalof this, i.e. ^ will be the required inferior 

limit ; for siuoe 

^11. 1 

To find limits of the negative roots, we have only to trans- 
form the equation by the substitution x = - y. This changes 
the negative into positive roots. Let the superior and inferior 
limits of the positive roots of the equation in ^ be A and h\ Then 
- h and - h^ are the limits of the negative roots of the proposed 
equation. 
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83. Umitliig Kqaatloiis. — If all the real roots of the 
equation f^x) = could be founds it would be possible to determine 
the number of real roots of the equation f{x) = 0. For, let the 
real roots of f\x) - be, in asoendlDg order of magnitude, 
ofy j8', 7', . . • X' ; and let the following series of values be sub- 
stituted for X vnf[x) : — 

- 00 , o', /S', 7', ... X', + 00 . 

When any successiYe two of these give results with dif- 
ferent signs there is a root oif{x) = between them ; and by 
the Cor., Art. 71, there is only one ; and when they give results 
with the same sign there is, by the same Cor., no root between 
them. Thus each change of sign in the results of the successive 
substitutions proves the existence of one real root of the pro- 
posed equation. 

If all the roots oif{x)= are real, it is evident, by the theorem 
of Art. 71, that aU the roots oif'{x) = are also real, and that 
they lie one by one between ecwh adjacent pair of the roots of 
f{x) = 0. In the same case, and by the same theorem, it follows 
that the roots of /"(a?) = 0, and of all the successive derived 
functions, are real also; and the roots of any function lie 
severally between each adjacent pair of the roots of the function 
from which it is immediately derived. 

Equations of this kind, which are one -degree below the 
degree of any proposed equation, and whose roots lie severally 
between each adjacent pair of the roots of the proposed, are called 
limiting equations. 

It is evident that in the application of Newton's method 
of finding limits of the roots, when the roots of f{x) =0 are 
all real, in proceeding according to the method explained in 
Art. 81, the function /(a?) is itself the last which will be rendered 
positive, and therefore the superior limit arrived at is the integer 
next above the greatest root. 



m2 
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Examples. 

1 . ProTO that any deriyed equatioii/M (x) ^ cannot have more imaginary roots, 
but may haye more real roots, than the equation /(a;) = from which it is derived. 

From this it followB that if any of the derived functions be found to hare 
imaginary roots, the same number at least of imaginary roots must enter the primi- 

■ 

tiye equation. 

2. Apply the method of Art. 83, to determine the conditions that the equation 

«* - ^jc + r = 

should haye all its roots real. 

3. Deteimine by the same method the naturo of the roots of the equation 

«* — nqz + (n — 1) r = 0. 

Ana, When n is eyen, the equation has two real roots or none, according as 
^» > or < r»-^ 

When n is odd, the equation has three real roots or one, according as 
^ > or < f»-». 

4. The equation t^i^x — !)*» = has all its roots real ; hence show that the fol- 
lowing equation has all its roots real, and situated between and 1 : — 

n , ti(fi— 1) n(ti— 1) - - 
2«i 1.2 2n(2M-l) 

5. If any two of the quantities /, m, n in the following equation be put equal to 
zero, show that the quadratic to which the equation then reduces is a limiting equa- 
tion ; and hence prove that the roots of the proposed aro all real : — 



CHAPTER IX. 

SEPARATION OF THE ROOTS OF EQUATIONS. 

84. By the methods of the preceding Chapter we are enabled to 
£nd limits between whioh all the real roots of any numerioal 
equation lie. Before proceeding to the actual approximation 
to any particular root, it is necessary to separate the interval in 
whioh it is situated from the intervals which contain the remain- 
ing roots. The present Chapter will be occupied with certain 
theorems whose object is to determine the number of real roots 
between any two arbitrarily assumed values of the variable. It 
is plain that if this object can be effected, it will then be possible 
to tell not only the total number of real roots, but also the limits 
within which the roots separately lie. 

The theorems given for this purpose by Fourier and Budan, 
although different in statement, are identical in principle. For 
purposes of exposition Fourier's statement is the more con- 
venient, while with' a view to practici^l application the statement 
of Budan will be found superior. The theorem of Sturm, although 
more laborious in practice, has the advantage over the preceding 
that it is unfailing in its application, giving always the exact 
number of real roots situated between any two proposed quan- 
tities ; whereas the theorem of Fourier and Budan gives only a 
certain limit which the number of real roots in the proposed 
interval cannot exceed. 

85. Ttaeorem of Fourier and Badan. — Let ttoo numbers 
a and 6, of which a is the kss, be substituted in the series formed by 
f\x) and its successive derived functions y viz., 

/(^)> /iW» M-r), . . . , /„{^) ; 
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t/ie number of real roots which lie between a andb cannot be greater 
than the excess of the number of changes of sign in the series when 
a is substituted for a;, over the number of changes when b is sub- 
stituted for x ; and when the number of real roots in the interval 
falls short of that difference^ it will be by an even number. 

This is the form in whioh Fourier states the theorem. 

It is to be understood here, as elsewhere, that, when we 
speak of two numbers a and 6, of which a is the less, one or 
both of them may be negative, and all we mean is that a is 
nearer than 6 to - oo . 

The value of ^ is supposed to increase continuously from 
ato b\ and we proceed to examine the changes whioh may oc- 
cur among the signs of the functions in the above series. The 
following different cases can arise : — 

(1). The value of x may pass through a single root of 
f{x) = 0. 

(2). It may pass through a root occurring r times inf{x) - 0. 

(3). It may pass through a root of one of the auxiliary 
functions /m (a?) = 0, this root not occurring in either /«_i (a?) =» 

OT fn^i{x) = 0. 

(4). It may pass through a root occurring r times in /«, (a?) = 0, 
and not occurring in/,„_i(a?) = 0. 

In what follows the symbol x is omitted after / for con- 
venience. 

(1). In'the first case it is evident, from Art. 75, that in passing 
through a root of the equation f{x) = one change of sign is 
lost ; for / and f have unlike signs immediately before the 
passage, and like signs immediately after the passage. 

(2). In the second case, in passing through an r-multiple 
root olf[x) - 0, it is evident that r changes of sign are lost ; for, 
by Art. 76, immediately before the passage the series of func- 
tions 

have signs alternately + and -, or - and +, and immediately 
after the passage have all the same sign as f. 
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(3). In the third case, the root of fm{x) = must give to/m-i 
and/m^i either like signs or unlike signs. Suppose it to give like 
signs; then in passing through the root two changes of sign are 
lost, for before the passage the sign of /«» is different from these 
like signs, and after the passage it is the same (Art. 76). Sup- 
pose it to give unlike signs ; then no change of sign is lost, for 
before the passage the signs of /m-i, fm, /m*i must be either 
+ + - , or - - + , and after the passage these become 
+ - - , and - + + . On the whole, therefore, we con- 
clude that no variation of sign can be gained, but^two variations 
may be lost, on the passage through a root oifm{it) = 0. 

(4). In the fourth case x passes through a value (let us say a) 
which causes not only/« but also/«+i,/«+2, . . . ,/«+r-i to vanish. 
It is evident from the theorem of Art. 76 that during the passage 
a number of changes of sign will always be lost. The definite 
number lost may be collected by considering the series of func* 
tions 

Jm-\y J my Jm*U • • • • > Jm-kr-iy Jm-H^' 

We easily obtain the following results : — 

(a). When/fl»>i(o) and/m^(a) have like signs. 

If r be even, r changes are lost. 
If r be odd, r + 1 changes are lost. 

(ft). When/«_i(o) and/»,+r(a) have unlike signs. 

If r be even, r changes are lost. 
If r be odd, r - 1 changes are lost. 

We conclude, therefore, on the whole, that an even number of 
changes is lost during the passage through an r-multiple root 
of/«(a?). 

It will be observed that (1) is a particular case of (2), and 
(3) of (4), i.e. when r = 1. Since, however, these are the cases 
of ordinary occurrence, it is well to give them a separate classifi- 
cation. 

Reviewing the above proof, we conclude that as x increases 
from a to ft no change of sign can be gained ; that for each 
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passage through a root kA fix) = one change is lost ; and that 
under no oiromnstanoes except a pckssage through a root oif{x) = 
can an odd number of changes be lost. Hence the number of 
changes lost during the whole variation of x from a to 6 must be 
either equal to the number of real roots of /(a;) = in the interval, 
or must exceed it by an even number. The theorem is thus 
proved. 

86. AppUcaiioii of the Theorem. — The form in which 
the theorem has been stated by Budan is, as has been already 
observed, more convenient for practical purposes than that just 
given. It is as follows : — Let the roots of an equation f{x) = 
be diminished^ first by a and then by b, where a and b are any two 
numbers of which a is the less ; tJien the number of real roots be- 
tween a and b cannot be greater than the excess of the number of 
changes of sign in the first transformed equation over the number in 
the second. 

This is evidently included in Fourier's statement, for the 
two transformed equations are (see Art. 34) 

/(«) -/.(^ +-^^ y' + . . • + i4^y-= 0, 

m ^Mh)y J^f + . . . + -|^ y- = ; 

from which, assimiing the results of the last Article, the above 
proposition is manifest. 

The reason why the theorem is in this form convenient in 
practice is, that we can apply the expeditious method of dimi- 
nishing the roots given in Art. 34. 

Examples. 

1 . Find the situations of the roots of the equation 

«*- 3«* - 24*3 + 96x2 -46iP- 101 =0. 
We shall examine this function for values of x between the intervals 

- 10, - 1, 0, 1, 10 ; 

these numbei-s being assumed on accoimt of the facility of calculation. Diminution 
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of the roots by 1 giyes the following series of coefficients of the transfonned 

equation : — 

1, 2, - 26, 16, 66, - 78. 

In iiimiTiinTitTig the lOOts by 10, it JB apparent at the yery outset of the calculation 
that the signs of the coefficients of the transformed equation will be all positive ; so 
that Uiere is no occasion to complete the calculation in this aaae. 

In diminishing the roots by — 10 and — 1, it is conyenient to change the alter- 
nate signs of the equation, and diminish the roots by + 10 and + 1 ; and then in the 
result change the alternate signs again. The coefficients of the transformed equa- 
tion when the roots are diminished by - 1 are 

1, -8, -2, 139, -291, 60. 

In diminishing by - 10 we observe in the course of the operation, as before, that 
the signs will be all positive in the result, i. e. when the alternate signs are changed, 
they will be alternately positive and negative. 

Hence we have the following scheme : — 

(-10) +_ + - + _ 

(-1) + _ - + - ^^.■' 

(0) 4- - — + - -, the equation itself. 

(1) + + - + + - 
(10) + + + + + -H 

These signs are the signs taken by/(j:) and the several derived functions /i,/2, 
,fh fh /ft Oil ^c substitution of the proposed numbers ; but it is to be observed that 
they are here written, not in the order of Art. 86, but in the reverse order, viz., 

/«,/4,/a,/s,/i,/- 

From these we draw the following conclusions: — ^All the real roots must lie 
between — 10 and + 10 ; one real root lies between — 10 and — 1, since one change 
of sign is lost ; one real root lies between - 1 and 0, since one change of sign is lost ; 
no real root lies between and 1 ; and between 1 and 10, since three changes of sign 
are lost, there is at least one real root ; but we are left in doubt as to the nature of 
the other two roots : whether they are imaginary, or whether there are three real 
roots between 1 and 10. 

We might proceed to examine, by further transformations, the interval between 
1 and 10 more closely, in order to determine the nature of the two doubtful roots ; but 
it is evident that the oi>erations for this purpose might, if the roots were nearly equal, 
become very laborious. This is the weak side of the theorem of Fourier and Budau. 
Both writers have attempted to supply this defect, and have given methods of deter- 
mining the nature of the roots in doubtful intervals; but as these methods arc 
complicated, we do not stop to explain them ; the more especially as the theorem of 
Sturm effects fully the purposes for which the supplementary methods of Fourier 
and Budan were invented. 
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• 

2. Analyee the equation of Ex. 1, p. 98, yis., 

fl^ + «• - 2« -1 = 0. 

The roots of tiis ore all real, and lie between -^2 and 2 (see Ex. 6, p. 98). When- 
erer the roots of an equation are all real-, the signs of Fourier's functions detennine 
the exact number of real roots between any two proposed integers. We obtain the 
following results : — ^The roots Ue in the intervals 

(-2, -1); (-1, 0); (1,2). 

3. Analyse the equation of Ex. 3, p. 98, viz., 

«» + «*-4a:»-3«* + 3aJ + l = 0. 

Ana. Two roots in the interval (- 2, - 1), and one root in each 
of the intervals (- 1, 0) ; (0, 1) ; (1, 2). 

4. Analyse the equation 

a^ - 80«» + 1998jc» - 14937* + 6000 = 0. 

The eqiuition can have no negative roots. Diminish the roots successively by 10 
till the signs of the coefficients become all positive. We obtain the following 
result : — 



(0) 


+ - + 


— 


+ 


(10) 


+ ~ + 


+ 


— 


(20) 


+ - 


+ 


+ 


(30) 


+ + + 


— 


+ 


(40) 


+ + + 


+ 


+ 



Thus, there is one root between and 10, and one between 10 and 20 ; no root 
between 20 and 30. Between 30 and 40 either there are two real roots, or there is 
an indication of a pair of imaginary roots. That the former is the case will appear 
by diminishing the roots of the third transformed eqiuition by units. This process 
will separate the roots, which will be found to Ue between (2, 3) and (4, 5) ; so that 
the proposed equation has a third real root in the interval (32, 33), and a fourth in the 
interval (34, 35). 

87. Application of the Theorem to the netectlon of 
Imaginary Roots. — Sinoe there exist only n ohanges of sign 
to be lost in the passage of x from -co to + oo , if we have any 
reason for knowing that a pair of changes is lost during the 
passage of x through an interval which includes no real root of 
the equation, we may be assured of the existence of a pair of 
imaginary roots. Circumstances of this nature will arise in the 
application of Fourier's theorem when any of the transformed 
equations contain vanishing coejBScients. For we can assign by 
the principle of Art. 76 the proper sign to this coeJBScient, oorre- 
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sponding to values of x immediately before and immediately 
after that value whioh oausee the coefficient to vanish; the 
whole interval being so small that it may be supposed not to 
include any root of the equation f(x) = 0. An example will 
make this plain. 

Examples. 

1. Analyse the equation 

f(x) s rr* - 4:c» - 3a; + 23 = 0. 

We shall examine this function between the intervals 0, 1, 10. The transformed 
equations are 

A/4 (0)«* + J/3 (0)a;» + »/2 (0)a:»+/i (0)af+/ (0) = 0, 
A/4 {l)^ + i/» (1)^ + 4/2 (l)««+/i (1)«+/(1) = 0, 
A /4 (10)«* + i/s (10)«» + i/a (10) *» +/! (10) X +/(10) = 0, 

the first of these being the proposed equation itself. 

Making the calculations by the method of the preceding Article, we find that the 
coefficient /s(l) = 0, and we get the following scheme : — 

(0) + _ - + 

(1) + - - + 
(10) + + + + + 

We may now replace each of the rows containing a zero coefficient by two, the 
first corresponding to a value a little less, and the second to a value a Uttle greater, 
than that which gives the zero coefficients ; the signs being determined by the 
principle established in Art. 76. It must be remembered that in the above scheme 
the signs representing the derived functions are written in the reverse order to that 
of the Article referred to. The scheme will then stand as follows, using h to repre- 
sent a very small quantity : — 

-A + - + - + 

(0)! 

+ A + - - - + 

ll-h + - - - + 

(1) 

( 1 +A + + - - + 

(10) + + + + + 

In this scheme the signs coiresponding to - A and + A are determined by the 
condition that the sign of the coefficient which is zero when j; = must, when 
j; s= - A, be different from that next to it on the left-hand side ; and when x = -\- h 
it must be the same. Similarly the signs correspondingt — h and 1 + A are de- 
termined. 
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Now since a pair of changes is lost in the interval (- A, + h)y and since the 
equation has no real root between — h and + h, we have proved the existence of a 
pair of imaginary roots. Two changes of sign are lost between 1 + A and 10, so 
that this interval either includes a pair of real roots, or presents an indication of a 
pair of imaginary roots. Which of these is the case remains stUl doubtful. 

2. If several coefficients vanish, we may be able to establish the existence of 
several pairs of imaginary roots. This will appear from the following example : — 

«« - 1 = 0. 

The signs corresponding to — A and + A, are, applying Art 76, 

(-A) +- + - + -- 

(+A) + + + + + + - 

Hence, since no root exists between — h and + A, and since 4 changes of sign 
are lost in passing from a value very little less than to one very little greater, we 
are assured of the existence of two pairs of imaginary roots. The other two roots 
are in this case plainly real (se^ Art. 14). They are in fact 1 and — 1. 

The number of imaginary roots in any binomial equation can be determined in 
this way. 

3. Find the character of the roots of the equation 

«8-|.10;t^-f x-4 = 0. 

In passing from a small negative to a small positive value of x we obtain the 
following series of signs : — 

(-A) +- + - + + - + - 

(0) +0000+0 + - 

(+A) + + + + + + + + - 

Since six changes of sign are here lost, there are six imaginary roots. The 
remaining two roots are, by Art. 14, real ; one positive, and the other negative. 
The negative root lies between — 2 and — 1, and the positive between and 1. 

4. Analyse completely the equation 

There are two imaginary roots. Whenever, as in the present instance, the roots 
are comprised within small limits, it is convenient to diminish by successive units. 
In this way we find here a root between and 1, and another between 1 and 2. 
Proceeding to negative roots, we find on diminishing by - 1 that — 1 is itself a root, 
and writing down the signs corresponding to a value a little greater than — 1, we 
observe an indication of a second negative root between — 1 and 0. 

6. Analyse the equation 

a-* + a:* + a:* - 26a- - 36 = 0. 

There arc two imaginary roots ; one real positive root between 2 and 3 ; and two 
real negative roots in the intervals (—3,-2), (-2,-1). 
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88. Corollaries fk*oni the Theorem of Foarler and 
Bndan. — The method of detecting the exifitenoe of imaginarj 
roots explained in the preceding Article is called The Rule of 
the Double Sign. A similar rule, due to De Gua, was in 
use before the discovery of Fourier's theorem. This rule and 
Descartes' Rule of Signs are immediate corollaries from the 
theorem, as we proceed to show. 

Cor. 1. — De Oua^s Rule for finding Imaginary Roots. 

The rule may be stated generally as follows : — When 2m suc- 
cessive terms of an equation are absent^ the equation has 2m imaginary 
roots ; and when 2m + 1 successive terms are absent^ the equation 
has 2m + 2, or 2m imaginary roots^ according as the two terms be- 
ttceen which the deficiency occurs have like or unlike signs. This 
follows, as in case (4), Art. 85, by examining the nxmiber of 
changes of sign lost during the passage of x from a small nega- 
tive value - A to a small positive value h. 

Cor. 2. — Descartes* Rule of Signs. 

When is substituted for x in the series of functions 
fn{i^)yfn-i{x)y • • • f%{^)yf\{^)yf{^)y the sigus are the same as the 
signs of the coejBScients Oo, ai, a%j . . . a^-i, any of the proposed 
equation ; and when + oo is substituted the signs are all positive. 
Fourier's theorem asserts that the number of roots between 
these limits, viz., the number of positive roots, cannot exceed the 
number of variations lost during the passage from to + oo , 
that is the number of changes of sign in the series ao» ai» Oa . . . an. 
This is Descartes' rule for positive roots ; and the similar rule 
for negative roots follows in the usual way by changing the 
negative into positive roots. 

Cor. 3. — NewtorCs Method of finding Limits. 

When a number h has been found which renders positive 
each of the functions /fi(a?),/n-iH, . . • f%{^^ /i(^)>/(^) > since 
+ 00 also renders each of them positive, it follows from Fourier's 
theorem that there can be no root between h and + oo , i.e. h is 
a superior limit of the positive roots; and this is Newton's 
proposition (see Art. 81). 
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89. Sturm's Theorem, — We have already shown (Art. 74), 
that it is possible by performing the common algebraioal operation 
of finding the greatest oommon measure of a polynomial /(a:) 
and its first derived polynomial to find the equal roots of the 
equation /(rr) = 0. Sturm has employed the same operation for 
the formation of the auxiliary functions which enter into his 
method of separating the roots of an equation. 

Let the process of finding the greatest common measure of 
f(p) and its first derived be performed. The successive re- 
mainders will go on diminishing in degree till we come finally 
either to one which divides that immediately preceding without 
remainder, or to a remainder which does not contain the variable 
at all, 1.^. which is numerical. The former is, as we have 
already seen, the case of equal roots. The latter is the case 
where no equal roots exist. It is convenient to divide the dis- 
cussion of Sturm's theorem into these two cases. We shall in 
the present Article consider the case where no equal roots exist ; 
and proceed in the next Article to the case of equal roots. The 
performance of the operation itself will of course disclose the 
class to which any particular example is to be referred. 

The auxiliary functions employed by Sturm are not the 
remainders as they present themselves in the operation, but the 
remainders with their signs changed. In finding the greatest 
conmion measure of two expressions it is indifferent whether the 
signs of the remainders are changed or not. In the formation of 
Sturm's auxiliary functions it is essential that the sign of each 
remainder should be changed before it is made the next divisor. 

Confining our attention for the present, therefore, to the case 
where no equal roots exist, Sturm's theorem may be stated as 
follows : — 

Theorem. — Let any two real quantities a and b be substituted 
for X in the series ofn-v 1 Junctions 

f{^)y fi{^)y A{^)y fM* • • • »/«-i W, fn{x)j 

consisting of the given polynomial f{x)y its first derived fi{x)y and 
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the mccemve remainders {with their signs changed) in the process 
of finding the greatest common measure of f{x) andfi{x); then the 
difference between the number of changes of sign in the series when 
a is substituted for Xy and the number when b is substituted for x 
expresses exactly the number of real roots of the equation f{x) =0 
between a and 6. 

The mode of formation of Sturm's funotions supplies the 
following series of equations, taking ^i, q%, . . . q^^i to represent 
the successiye quotients in the operation : — 

/(a?) = qji{x) -fzix), 



fr-i{x) « qrfr{x) -fr^i{x), 



> (1) 



fn^2[x)=qn^ifn^i{x) -fn[x). 

These equations involve the theory of the method of finding 
the greatest common measure ; for it follows from the first equa- 
tion that if /(a?) and/i(ir) have a oommon factor, this must be 
a factor in f2{x) ; and then from the second equation it follows, 
by the same reasoning, that it must be a fiGictor in/8(ir), and so on, 
till we come finally to the last remainder, which, when/(ir) and 
fi{x) have common factors, will be a polynomial consisting of 
these factors. In the present Article, where we suppose the 
given polynomial and its first derived to have no common 
factor, the last remainder /ii(^) is numerical. It is essential for 
the proof of the theorem to observe also, that in this case no 
two consecutive functions in the series can have a common fac- 
tor ; for if they had we could, reasoning backwards, show from 
the equations that it must be a common factor in /(a;) and/i(ir) ; 
and such, according to our hypothesis, is not here the case. In 
examining, then, what changes of sign can take place in the 
series during the passage of x from a to 6, we may exclude the 
case of two consecutive functions vanishing for the same value 
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of X ; and the different oases in which any change of sign can 
take place are the following : — 

(1). When X passes through a root of the proposed equation 
f{x) = 0. 

(2). When x passes through a value which causes one of the 
auxiliary functions /i,/2, . . ./«^i to vanish. 

(3). When x passes through a value which causes two or 
more of the series /,/i, . . . /^i to vanish together; no two of 
the vanishing functions, however, being consecutive : 

(1). When X passes through a root oif{x) = 0, it follows from 
Art. 75 that one change of sign is lost, since immediately before 
the passage /(a;) and /i (or) have unlike signs, and immediately 
after the passage they have like signs. 

(2). Suppose X to take a value a which satisfies the equation 
fr{x) = 0. From the equation 

we get /r-i(a) = -/r+i(a), 

which proves that this value of x gives tofr^i{x) and/r+i(a?) the 
same numerical value with different signs. In passing from a 
value a little less than a to one a little greater, we can suppose 
the interval so small that it contains no root of /r-i(aj) or/r+i(ar) ; 
hence, throughout the interval under consideration, these two 
functions retain their signs. The sign of /r(;r) changes ; but no 
variation of sign is either lost or gained thereby in the group of 
three ; because, on account of the difference of signs of the two 
extremes /r-i(a?) and/r+i(a?), there will exist both before and after 
the passage one variation and one permanency of sign, whatever 
be the sign of the middle function. If, for example, before the 
passage the signs were + — ; after the passage th'ey are + + -, 
i. e. a variation and a permanency are changed into a perma- 
nency and a variation ; but no variation of sign is lost or gained 
on the whole. 

(3). Since our arguments in the two preceding cases are 
founded on the relation of the function to those adjacent to it 



Examples. 177 

only ; and sinoe those relations remain unaltered in the present 
caBe^ because no two adjacent functions can vanish together ; we 
conclude that if/(^) is one of the vanishing functions, one change 
of sign is lost, and if /(^) is not one of them, no change is either 
lost or gained. 

We have proved, therefore, that when z passes through a 
root of f{x) = one change of sign is lost, and under no other 
oircumstanoes is a change of sign either lost or gained. Hence 
the number of changes of sign lost during the variation of x 
from a to i is equal to the number of roots of the equation 
between a and b.* 

Before proceeding to the case of equal roots, we add a few 
simple examples to illustrate the application of Sturm's theo- 
rem. It is convenient in practice to substitute first - oo , 0, 
+ 00 in Sturm's functions, so as to obtain the whole number of 
negative and of positive roots. To separate the negative roots, 
the integers - 1, - 2, - 3, &c., are to be substituted in succession 
tillwe reach the same series of signs as results from the substitu- 
tion of - 00 ; and to separate the positive roots we substitute 1, 
2, 3, &c., till the signs furnished by + oo are reache^. 

Examples. 
1. Find the number and situation of the real roots of the equation 

We find /i(5f) = 3a« - 2, /»{«) = 4a? + 16, /s(a?)=-643. 

Comsponding to the values - oo , 0, + oo of 2;, we have 

(-«) - + - -, 

(0) - - + -, 

(+00) + + + _. 

Hence there is 01^ one real root, and it is pofiitiye. 



* The student often finds a difficulty in perceiying in what way a number of 
changes of sign can be lost in Sturm's series, since the only loss of sign takes place 
betireen the first two funotionSi /(«) and/i(a;). To remove this difficulty we 
observe, that as x increases from one root a of /(«) = to a second h^ although no 
alteration takes place in the number of changes of sign, the distribution of the signs 
among /i (x) and the following functions alters in such a way that the signs oif(x) 
and/i(x), which were the same immediately after the passage of x through a, be- 
come again different immediately before the passage through b. 

N 
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Again, conesponding to values 1, 2, 3 of r, we have 

(1) - + + -, 

(2) - + + -. 

(3) + + + -. 

The real root, therefore, Ilea hetween 2 and 3. 

2. Find the number and situation of the real roots of the equation 

a:3 _ 7^ + 7 = 0. 



We easily find 



whence 



Mx) « 3*2 - 7, 
/,(a:) = 2»-3, 

/8W = 1; 



(_Q0) ._ + -+, 

(0) + - - +, 

(+oo) + + + +. 

Hence all the roots are real : one negative, and two positive. 
We have, further, for the following values of « : — 



(-*) 


— 


+ - +, 


(-8) 


+ 


+ - +, 


(-2) 


+ 


+ - +, 


(-1) 


+ 


- - +, 


(1) 


+ 


- - +, 


(2) 


+ 


+ + +. 



Here - 4 and + 2 give the same series of signs as - oo and + <» ; hence we stop at 
these. The negative root lies between -4 and —3; and the two positive roots 
between 1 and 2. 

This example illustrates the superiority of Sturm's method over that of Fourier. 

The substitution of 1 and 2 in Fourier's functions gives, as can be immediately 
verified, the following series of signs : — 

(1) + - + +, 

(2) + + + +. 

From Fourier's theorem we are authorised to conclude only that there camtot be 
more than two roots between 1 and 2. From Sturm's we conclude that there ar^ 
two roots between 1 and 2. If we have occasion to separate these two roots, we 
must, of course, make further substitutions in/(:r). 

3. Find the number and situation of the real roots of the eqiuition 

x*-2x^- Zx' + 10a; -4=0. 



I 
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We obtain, remoYing the factor 2 from the derived, 

/iW = 2ic3 - Sa;? - 3i» + 6, 
/»(«) = 9*2 -274? +11, 
Mx) = - 8« - 3, 
f^{x) = - 1433. 

[K. B. — In forming Sturm's functionB we may, as is eyident from the equations 
(1), Art. 89, introduce or suppress numerical factors just as in the process of find* 
ing the q. c. m. ; taking care, however, that these oxepositivey so that the signs of 
the remainders are not thereby altered.] 

We obtain the following series of signs : — 

(-«) -f. « 4- + -, 

(0) - + + -.-, 

(+00) + + + >--. 

Hence there are two real roots, one positive, and one negative ; and two imagi- 
nary roots. To find the position of the real roots, it is sufficient to sobetitute 
positive and negative integers successively in/(*) alone, since there is only one 
positive, and one negative root; and we easily find that the negative root Ues 
between - 2 and - 3, and the positive root between and 1. 

90. Sturm's Theorem* Equal Rooto. — Let the opera- 
tion for finding the greatest oommon measure olf{x) and /"(a?) 
be performed, the signs of the sucoessiye remainders being 
changed as before. The last of Sturm's functions will not now 
be numerical, for since /(^z;) and /"(a;) are here supposed to con- 
tain a common measure involving a;, this will now be the last 
function arrived at by the process. Let the series of functions 
be: — 

During the passage of x through any value except a multiple root 
oi/{x) =: 0, the conclusions of the last Article are still true with 
respect to the present series, since no value except such a root 
can cause any consecutive pair of the series to vanish. When x 
passes through a multiple root oi/{x) = 0, there is, by the Cor., 
Art, 75, one change of sign lost between/ and /i ; and we pro- 
ceed to prove that no change of sign is lost or gained in the rest 
of the series, i. e./i,/a, . . . ./r. Suppose there exists an m-mul- 
tiple root a oif{x). It is evident from the equations (1) of Art. 89, 

n2 
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that {x - a)*^* is a factor in each of the functions /i, /a, . . . . /r. 
Let the remaining factors in these functions be^ respectively, 
^11 ^9 • • • • ^r. By dividing each of the equations (1) by 
{x - a)"*'^ we get a series of equations which establish by the 
reasoning of the last Artide that, owing to a passage through a, 
no change of signs is lost or gained in the series ^i, ^2, . . . . ^r> 
Neither, therefore, is any change lost or gained in the series 
/uA ... /r ; for the eflfect of the factor {x - o)"*"^ in the passage 
of X from a value a - A to a value a + A is either to change the 
signs of all (when m - 1 is odd) or of none (when m - 1 is even) 
of the functions ^i, ^3, . . . . ^r ; and changing the signs of all 
these functions cannot increase or Himiniali the number of 
variations. 

We have, therefore, proved that when x passes through a 
multiple root of /(a?) = one change of sign is lost between / and 
/i, and none either lost or gained in any other part of the series. 
It remains true, of course, that when x passes through a single 
root of /(«) = a change of sign is lost as before. We may thus 
state the theorem as follows for the case of equal roots : — 

The difference between the number ofclianges of sign when a and b 
are substituted in the series 

the last of these being the greatest common measure of fandfj is 
equal to the number of real roots between a and by each multiple 
root counting only once. 

Examples. 

1. Find the nature of the roots of the equation 

«* - 6*3 + 9«» - 7a? + 2 = 0. 

We eaaUy obtain 

/i{x) = 4ar3 - 15*> + 18a; - 7, 

fzix) = «> - 2a; + 1 ; 

fi{g) diYides/i(a;) without reni&inder; hence in this case Sturm's series stops at 
f2{x)y thus establishing the existence of equal roots. 
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To find the xnunber of real roots of the equation, we substitute - oo and + « 
for « in the series of functions/, /i, f%. The result is 

(-00) + - +, 

(+00) + + +. 

Hence the equation has only two real distinct roots ; but one of these is a triple root, 
as is evident from the form ci/i[x), which is eqiud to (jp - 1)'. 

2. Find the nature of the roots of the equation 

«* - 6«» + 18»» - 12aj + 4 =s 0, 

fi[x) = 4*? - 18«8 + 26* - 12, 
/j(«) = a?«-8« + 2; 
fi(x) is the last Stunnian function ; so the equation has equal roots. 

(-00) + - +, 

(+«) + + +. 

There are only two real distinct roots. In fact, since /3(«) m{g^ 1)(«- 2), each of 
the roots 1, 2 is a double root. 

8. Find the nature of the roots of the equation 

af» + 2«* + «»-«'- 2« -1 = 0. 

Here 

/i = 6«* + S** + 3«» - 2a: - 2, 

/» = 2j? + 7** + 12a? + 7, 

/8 = -«*-6«-5, 

/4 = -«-l, 

Since /fi= 0, a? + 1 is a common measure of /and /i, and/ (a?) has a double root - 1 . 
We haye also 

(-00) - + +, 

(+00) + + + --. 

Hence there are two real distinct roots. The equation has, therefore, beside the 
doable root, one other real root, and two imaginary roots. 

4. Find the nature of the roots of the equation 

«« - 7«» + 16«* - 40a:a + 48aJ - 16 = 0. 
Here 

fi{x) = 6»» - 36«* + 60ap» - 80a? + 48, 

f2{x) = 13aj* - 84a^ + 192*2 _ 175^ ^ 48^ 
Mx) = a?» - 6jc» + 12a: - 8 a (a; - 2)». 
Aru, There are three real distinct roots, one of them being quadruple. 
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91. Amlleatloii of Sturm's Theorem. — ^In the case of 
equations of high degrees the oaloulation of Stunn's auziliaiy 
fonotions becomes often veiy laborious. It is important, there- 
fore, to pay attention to certain observations which tend some- 
what to i^iTniTiTflli this labour. 

(1). In calculating the final remainder when it is numerical, 
since its sign is all we are concerned with, the labour of the last 
operation of division can be evaded by the consideration that 
the value of x which causes /n-i to vanish must give opposite 
signs to/n-a and /a. It is in general possible to tell without any 
calculation what would be the sign of the result if the root of 
/»»-i(«) = were substituted in fn^ix). Thus in Ex. 3, Ait. 89, if 

g 

the value - o» which is the root of fi{x) ~ 0, be substituted 

o 

for xin dix^ - 27x + 11, the result is evidently positive ; henoe 
the sign of fn{x) is -, and there is no occasion to calculate the 
value - 1433 given for/n(a;) in the example in question. 

(2). When it is possible in any way to recognize that all the 
roots of any one of Sturm's functions are imaginary, we need 
not proceed to the calculation of any function beyond that one ; 
for since that function retains constantly the same sign for all 
values of the variable (Cor. Art. 12), no alteration in the number 
of changes of sign presented by it and the following functions 
can ever take place, so that the difference in the number of 
changes when two quantities a and h are substituted is indepen- 
dent of whatever variations of sign may exist in that part of 
the series which consists of the function in question and those 
following it. 

With a view to the application of this observation it is al- 
ways well, when we arrive at the quadratic function {aai? + &p + e, 
suppose), to examine, in case the term containing a^ and the 
absolute term have the same sign (otherwise the roots could not 
be imaginary), whether the condition ^ac > i' is fulfilled ; if so, 
we know that the roots are imaginary, and the calculation need 
not proceed farther. 
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1. Analyse the equation 

ai* + 3«» + 7iP' + 10a? + 1 = 0. 
We find 

/a (a:) = - 29a;a - 78* + 14, 

/s(a?) = - 1086* -481, 

Here we see immediately that the value of x given by the equation /s {x) ^ 0, 
which differs little from - ^, makes f% (x) positiye ; hence /i (x) is negative. 
There are two real, and two imaginary roots. The real roots lie in the intenrals 
{-2,-1}, {-1,0). 

2. Analyse the equation 

«« - 4«» - 8* + 23 = 0. 

We find 

/a («) = 12«» + 9a? - 89, 

/3(«) = - 491a? +1371, 

1371 1371 «„. 6 J ^1, 
Here /8W = gives ^^^gf >-5oo > ^'^^ > ? "" " 2 ** 

/s (a?) positive ; hence the root of /s (a?) makes it positive also. 
There are two real and two imaginary roots. 
The real roots lie in the intervals (2, 8}, (3, 4}. 

3. Analyse the equation 

2a?* - 13a?« + lOa? - 19 = 0. 

Here /i (a?) = 4a?» - 13a? + 6, 

ft (») = 13a?» - 16* + 38. 

Since 4 x 18 x 38 > 16', the roots of /a (a?) are imaginary, and we proceed no 
&rther witii the calculation of Sturm's remainders. 
Substituting - 00 , 0, + 00 , we obtain 

(-Q0) + - +, 

(0) - + +, 

(+oo) + + +. 

There are two real roots, one positive, the other negative. 

4. Analyse the equation 

/(ic) = :c» + 2jf* + a?5 " 4a:» - 3a? - 6 = 0. 

Here /i(«) » 6a:* + 8arJ + 3a;» - 8a? - 3, 

/2(a?)= 6a?3 + 66a?2 + 44^^ + 119^ 
fz(x) = - 116»2 - 57a? - 223, 
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Since 4 x 116 x 228 > 67*, we may stop the calcuktioii here. We find, on 
subetitating - qo , 0, + qo , 

(-00) - + - -, 

(0) - - + -, 

(+oo) + + + -. 

There are four imaginary roots, and one real poeitlTe root. 

6. Find the number and situation of the real roots of the eq^uation 

«4 _ 2«» - 7«» + 10« + 10 - 0. 

Ant. The roots are all real, and are situated in the intervals 
{-3,-2}, {-1, 0},andtwobetwe^ {2, 3}. 

6. Analyse the equation 

«» + 3«* + 2«' - 3«« - 2« - 2 = 0. 

It will be found that the calculation may cease with the quadratic remainder. 

Am. There is only one real root ; in the interval {1, 2} . 

7. Analyse the equation 

aj3 + ll«»-102« + 181 = 0. 

We find 

/2(«) = 864* -2761, 

/8(ic) = 441. 

In some examples, of which the present is an instance, it is not easy to tell 
immediately what sign the root of the penultimate function gives to the preceding 
function. We have here calculated /$ («), and it turns out to be a much smaller 
figure than might have been expected from the magnitude of the coefficients in /a (s) . 
In fact when the root otft [x) is substituted in f\ (x) the positive part is nearly equal 
to the negative part. This is always an indication that two roots of the proposed 
equation are nearly equal. There are in the present instance two positive roots be- 
tween 3 and 4. Subdividing the uttervals, we find the two roots still to lie between 
3*2 and 3*3 ; so that they are very close together. We see here another iUustra- 
tion of tiie continuity which exists between real and imaginary roots. If fz{x) 
turned out to be zero, the roots would be actually equaL If it turned out to be 
small negative number, the two nearly equal roots would be imaginary. 

8. Analyse the equation 

*» + aj* + a:» - 2r« + 2a: - 1 = 0. 

The quadratic function is found to have imaginary roots. 

Ana, One real root between {0, 1 } ; fbiu* imaginary roots. 
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9. Analyse the equataon 

«• - 6«» - 30«» + 12« - 9 = 0. 
We find 

and as this has plainly all imaginary roots, the calculation may stop here. 

Am. Two real roots; in the interrals {-2, -1}, {6, 7). 

10. Analyse the equation 

2a?« - 18«» + 60** - 120«3 - 30*» + 18« - 6 = 0. 
We find 

/2(«) = 6«* + 220aj»+l; 

and the calculation may stop. 

Am. Two roal roots; in the intervals {-1, 0}, {6, 6}. 

11. Examine how the roots of the equation 

2«» + 16«« - 84a; - 190 = 
are situated in the several intervals between the numbers - oe , - 7| 6, + oo . 
Here /i(iF) = a^ + 6af-14, 

/2{») = 27» + 40, 

The substitution of the above quantities gives 
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Whenever, as in this example, any quantity makes one of the auxiliary functions 
vanish (here — 7 satisfies /i (x) = 0), the zero may be disregarded in counting the 
number of changes of sign in the corresponding row ; for, since the signs on each 
side of it are different, no alteration in the number of changes of sign in the row 
could take place, whatever sign be supposed attached to the vanishing quantity. 

The roots are all real. There is one root between - oo and — 7 ; and two be- 
tween - 7 and 6. 

92. Conditions for the Reality of the Roots of an 
Equation. — ^The number of Sturm's functions, including 
/(a?), /'(a?), and the n - 1 remainders, will in general be « + 1. 
In certain oases, owing to the absence of terms in the proposed 
function, some of the remainders will be wanting. This can 
occur only when the proposed equation has imaginary roots ; for 
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it is plain that, in order to ensure a loss of n changes of sign in 
the series of functions during the passage of x from - oo to + oo 
(namely, in order that the equation should have all its roots 
real), all the functions must be present. And, moreover, they 
must all take the same sign when a; = + oo ; and alternating 
signs when a; » - oo . Since the leading term of an equation is 
always taken with a positive sign, we may state the condition 
for the reality of all the roots of any equation as follows : — In 
order that all the roots of an eqtmtion of the n** degree should be 
real, the leading coefficients of all StumCs remainders, in number 
w - 1, must be positive. 

Examples. 

1. Find the condition that the roots of the equation 

flfjc- + 2*« + <j = 
should he real. 

Here /i («)=»« + d, 

/a (a;) « ^ - oc. 

The condition ib, therefbre, d* — 00 > 0. 

2. Find the conditions that the roots of the cuhic 

«8 4- ZSz +(7 = 
should he all real. 

When this cuhic has its roots all real, it is evident that the general hinomial 
cuhic from which it is derived (Art. 37) has also its roots all real ; so that, in inves- 
tigating the conditions for the reality of the roots of a cuhic in general, it is suffi- 
cient to discuss the form here written. 

We find 

/i(z) = z' + J3; 

/2(a) = -222)B-G', 
/3(z) = -(Gr3 + 4jp). 

[In calculating these, hefore dividing /i(r) hy/2(8) multiply the former by the 
positive factor 2fl^.] 

Hence the two conditions are 

H negative, (?« + 4J5P negative. 

These can be expressed as one condition, i.e. (?> + 4^' negative, since this 
implies the former (cf. Art. 42). 
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3. Calculate Sturm's remaindera for the biq[uadratic 

a* + 6J5rK» + 4^2 + «*J- 3H» = 0. 
We find 

/a(«) = - 3ir«» - 3(?« - (a^I- 3^, 

/,(«) = -(2mr-3a/)«-G'/, 

These are obtained without much difficulty by aid of the relation 

(?« + 4J' = a2(2rj-ii/). 

Before dividing f\ by/s, multiply by the positive factor 3iP; and when the re- 
mainder is found, remove the positive factor a>. Before dividing ft by /$» multiply 
by the positive factor (2J7/- 3<i/)' ; and when the remainder is found, remove the 
positive factor a*^. 

93. Criterion of the UTature of the Root» of the Bi- 
quadratic. — ^We are now in a position to resume the disoussion 
in Art. 68, and to give oomplete oriteria of the nature of the 
roots of the general algebraic equation of the fourth degree. 
For this purpose it is sufficient to consider the biquadratic of 
Ex. 3 in the last Article. The leading coefficients of Sturm's 
remainders are 

-5; -(2iJ7-3ac7), P-27J^ 

When the roots are all real we must haye> in addition to the 
condition A positiyCy the functions H and 2HI - SaJ both 
negative. If either, or both, of these be positive when A is posi- 
tive, the roots will be all imaginary. The student will have no 
difficulty in verifying, by means of Sturm's remainders, the 
condufiions of cases (1), (3), and (4) of Art. 68. 

EXAKPLES. 

1. Prove that when the biquadratic 

has a triple root, it conButs of the factors 

{ax + b + y^fl"}' {a«+b -J(^-K\, 

2. Prove that when A = 0, 6^ = 0, and 2ir/~ 3a/= 0, the biquadratic has two 
distinct pairs of equal roots, and that it is then the square of the quadratic 

and verify the conditioiui of Sx. 12, p. 139. 
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3. Show that the conditions that all the roots of a biquadratic should be equal 
are ff= 0, /= 0, /= ; or, otherwise expressed, 

a b <? _ rf 
b e d e' 

Miscellaneous Examples. 

1 . Detennine the number and position of the real roots of the equation 

a;* - 12«» + Usp^ + 24« - 30 = 0. 

2. Determine the number and signs of the real roots of the equation 

«* - 6*8 + 10«» - 6« - 21 s: 0. 

3. Apply Sturm's theorem to the analysis of the equation 

«* - 4^8 + 7«2 - 6« - 4 = 0. 

4. Find the number and position of the real roots of 

sfi - 10«» + 6« + 1 = 0. 

5. Proye that the roots of the equation 

«>- (a» + *2 + <j«) a; - 2abe = 
are all real, and solye it when two of the quantities a, d, e become equal. 

6. If, in the following, the sequences of signs are those of the leading coef- 
ficients of Sturm's remainders for a biquadratic, prove 

+ + - 
4- + + four real roots ; + - - J two real roots ; 

- + + 
+ - + } no real root ; - + - cannot occur. 

- - + 

7. If the signs of the leading coefficients of the first two of Sturm's remainders 
for a quintic be — I- , prove that the number of real roots is determined. 

Am, One real root only. 

8. If Jf and / are both positive, prove that all the roots of the binomial biqua- 
dratic are imaginary ; and that under the same conditions the binomial quintic has 
only one real root. Mr. M. Eoberts, Dublin Exam, Papers, 1862. 

CompareEx. 11, p. 139. \ j. ^j" ^^ a'^^A.U^4"'\ ^^^ <g • 

9. Prove that, if e has any value except unity, the equation 



c2a:*-2c««» + 2j?-l=0 I 



has a pair of imaginary roots. 

10. Apply Sudan's method to separate the roots of the equation 

ar* - lesfi + 69«« - 70* - 42 = 0. 
Ana. Roots in intervals {- 1, } , {2,3}, {4,6}, {9,10}. 



CHAPTER X. 

SOLUTION OF NUMERICAL EQUATIONS. 

94. Algebraical and mrumerlcal CSquatloiis. — There is 
an essential distinction between the solutions of algebraical and 
numerical equations. In the former the result is a general for- 
mula of a purely symbolical character, which, being the general 
expression for a root, must represent all the roots indifferently. 
It must be such that, when for the functions of the coefficients 
involved in it the corresponding symmetric functions of the 
roots are substituted, the operations represented by the radical 
signs v^, 1/ become practicable; and when the square and 
cube roots of these symmetric functions are extracted, the whole 
expression in terms of the roots will reduce down to one root : 
the different roots resulting from the different combinations 
± -v/ of square roots, and >J/, w-J/, ii?l/ of cube roots. 
For a simple illustration of this we refer to the case of the 
quadratic in Art. 55. In Articles 59 and 66 we have similar 
illustrations for the cubic and biquadratic. It is to be observed, 
also, that the formula which represents the root of an algebraic 
equation holds good even when the coefficients are imaginary 
quantities. 

In the ease of numerical equations the roots are determined 
separately by the methods we are about to explain ; and before 
attempting the approximation to any individual root, it is in 
general essential to know that it is situated in an interval which 
contains no other real root. 

The real roots of numerical equations may be either com^ 
mensurable or incommensurable; the former class including 
integers, fractions^ and terminating or repeating decimals which 
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are redudble to fraotions ; the latter oonsistmg of interminable 
decimals. The roots of the former class can be found exactly ; 
and those of the latter approximated to with any degree of 
accuracy we choose^ by the methods we are about to explain. 

We shall commence by establishing a theorem which enables 
us to reduce the determination of the former class of roots to 
that of integral roots alone. 

95. Theorem. — An equation in which the coefficient of the 
first term is unity , and the coefficients of the other terms whole 
numbers^ cannot have a commensurable root which is not a whole 
number. 

For, if possible, let t 9 & fraction in its lowest terms, be a 

root of the equation 

we have then 



©'^^^©"••••■'^^) 



+i?n«0; 



from which, multiplying \yy b^'\ we obtain 



a" 



- — =jpia'»"i ■^pia'^^b + . . . . -\- pn-iab"^^ + pnb""-^ : 

now a^ is not divisible by i, and each term on the right-hand 
side of the equation is an integer. We have, therefore, a frac- 
tion in its lowest terms equal to an integer, which is impossible. 

a 
Hence j cannot be a root of the equation. The real roots of 

the equation, therefore, are either integers or incommensurable 
quantities. 

Every equation whose coefficients are finite numbers, frac- 
tional or not, can be reduced to the form in which the coefficient 
of the first term is unity, and those of the other terms whole 
numbers (Art. 31) ; so that in this way, by the aid of a simple 
transformation, the determination of the commensurable roots 
in general can be reduced to that of integral roots* 
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We proceed to explain Newton's prooess, called the Method 
of Divifiois, of obtaining the integral loots of an equation whose 
coefficients are all integers. 

96. Mcwton'ii Method of Hivlison. — Suppose A to be an 
integral root of the equation 

Oo^ + diic^* + + a,^ix + flf„ = 0. (1) 

Let the quotient, when the polynomial is divided hj x-h^ be 

6o^*'* + 6ia^"^ +....+ bn^2X + bf^iy 

in which hy bi, &o., are plainly all integers. 

Ftoceeding as in Art. 8, we obtain the following equations : — 

Oo = bof fli = 6| - hbof flj = is - hbiy .... 

The last of these equations proves that Un is divisible by A, 
the quotient being - 6n^i. The second last, which is the same as 

proves that the sum of the quotient thus obtained and the se- 
cond last coefficient is again divisible by hy the quotient being 
- bf^2 ; and so on. 

Continuing the process, the last quotient obtained in this 
way will be - 6©, which is equal to - Oo- 

If we perform the process here indicated with all the divi- 
sors of an which lie within the limits of the roots, those which 
satisfy the above conditions, giving integral quotients at each 
step, and a final quotient equal to - Oo, are roots of the proposed 
equation. Those which at any stage of the process give a frac- 
tional quotient are to be rejected. 

When the coefficient a© = 1, we know by the theorem of the 
last Article that the integral roots determined in this way are 
all the commensurable roots of the proposed equation. If Oo be 
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not = 1, the process will stiU give the integral roots of the equa- 
tion as it stands ; but to be sure of determining in this way all 
the commensurable roots, the equation must be first transformed 
to one which shall have the coefficient of the highest term equal 
to unity. 

97. Application of the Method of Dlirlsors. — With a 
view to the most convenient mode of applying the Method of 
Divisors, we write the series of operations as follows, in a manner 
analogous to Art. 8 : — 

^n ^»-l ^n-3 . . . • flf2 di flPo 

- ftn-i - J«-2 - ^2 - ii "bo 



-hbf^2 - hhn^ -hbi —hbo 



The first figure in the second line (rbn-\) is obtained by 
dividing a„ by h. This is to be added to a^i to obtain the first 
figure in the third line (- hbn-^. This is to be divided by A to 
obtain the second figure in the second line (- bn^ ; this to be 
added to a„.2 ; and so on. If A be a root, the last figure in the 
second line thus obtained will be ~ a^. 

When we succeed in proving in this manner that any integer 
A is a root, our next operation with any divisor may be performed, 

not on the original coefficients a^ ^n-iy > but on those of the 

second line with their signs changed, for these are the coefficients 
of the quotient when the original polynomial is divided hj x~h. 
When any divisor gives at any stage a fractional result it is to 
be rejected at once, and the operation so far as it is concerned 
stopped. 

The nxmibers 1 and - 1, which are always of course integral 
divisors of On, need not be included in the number of trial divisors. 
It is more convenient to determine by direct substitution whether 
either of them is a root. 
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Examples. 

1. Find the integral roots of the ecjuation 

a^ - 2.(» - 13f» + 38a: - 24 = 0. 

By grouping the teims (see Art. 79) we observe without difficulty that all the 
roots lie between — 5 and + 6. The following divisors are possible roots : — 

-4, -3, -2, 2, 3, 4. 

We commence with 4 : 

- 24 38 - 13 - 2 1 

- 6 S 



32 - 6 

The operation stops here, for since - 5 is not divisible by 4, 4 cannot be a root. 
We proceed then with the number 3. 

- 24 38 - 13 - 2 1 

- 8 10 - 1 - 1 



30 - 3 -3 0; 

hence 3 is a root ; and in proceeding with the next integer, 2, we make use, as 
above explained, of the coefficients of the second line with signs changed : 

8-10 1 1 

4 -3 -1 

- 6 -2 0; 

hence 2 also is a root; and we proceed with - 2 ; 

-4 3 1 

2 

6; 

hence - 2 is not a root, for it does not divide 6. ~ 3 is plainly not a root, for it 
does not divide — 4. 

[We might at once have struck out - 3 as not being a divisor of the absolute 
term 8 of the reduced polynomial. This remark will often be of use in '^^Hrith'^g 
the number of divisors.] 

O 
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Wq proceed, then, with the hiat diyisor, - 4. 

-4 3 1 

1 -1 



4 

Thus - 4 is a root. 

The equation has, therefore, the integral roots 3, 2, - 4 ; and the last stage of 

the operation shows that when the original polynomial is divided hy the hinomials 

a; - 3, « - 2, a; + 4, the result is a; - 1 ; so that 1 is also a root. Hence the original 

polynomial is equivalent to 

{x-l)(X'2){x^Z){x+i). 

2. Find the integral roots of 

3«* - 23«» + 36ic« + 31jp - 30 = 0. 

The roots lie hetween — 2 and 8 ; hence we have only to test the divisors 
2, 3, 6, 6. 

We find immediately that 6 is not a root. 
For 5 we have 

-30 31 36-23 3 

- 6 6 8-3 



26 40-16 0; 

hence 6 is a root. For 3 we have 

6-6-8 3 

2 -1 -3 

- 3 - 9 ; 

hence 3 is a root ; and we easily find that 2 is not a root. 

The quotient, when the original polynomial is divided by {x - 6) (a; - 3), is, from 

the last operation, 

3a^ + ;t; - 2 : 

of this, 1 is not a root, and - 1 is a root. Hence all the integral roots of the pro- 
posed equation are - 1, 3, 6. 

2 
The other root of the equation is -. It is a commensurable root ; but, not being 

integral, is not given in the above operation. 
3. Find all the roots of the equation 

ar* + «» - 2*»+ 4« - 24 = 0. 

Limits of the roots ore - 4, 3. 

Atu. Roots - 3, 2, + 2^/17, 
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4. Find all the roots of the equation 

«* - 2«s _ 19jj8 4. 68« - 60 = 0. 

The roots lie between - 6 and 6. 

We find that 2, 3, - 6 are roots, and that the factor left after the final division 
is X - 2', hence 2 is a double root. The polynomial is therefore equivalent to 

(«-2)«(«-3)(a: + 6). 

In Art. 99 the case of multiple roots will be further considered. 

98. Mctfiod of Umltlns the Mumber of Trial mri- 
Bors. — It is possible of oourse to determine by direot substitution 
whether any of the divisors of On are roots of the proposed equa- 
tion ; but Newton's Method has the advantage, as the above 
examples show, that some of the divisors are rejected after very 
little labour. It has a further advantage which will now be 
explained. When the number of divisors of a^ within the limits 
of the roots is large, it is important to be able to <1iTttiTiift}i the 
number of these divisors which need be tested. This can be done 
as follows : — 

If A is an integral root of f{x) = 0, then f{{c) is divisible 
hj X" hy and the coefficients of the quotient are integers, as 
was above explained. If then we assign to x any integral value, 
the quotient of the corresponding value oif{x) by the corespond- 
ing value of a; - A must be an integer. We take, for convenience, 
the simplest integers 1 and - 1 ; and, before testing any divisor A, 
we subject it to the condition that /(I) must be divisible by 
1 - A (or, changing the sign, by A - 1) ; and that /(- 1) must 
be divisible by - 1 - A (or, changing the sign, by 1 + A). 

In applying this observation we first calculate /(I) and 
/(- 1) ; if either of these vanishes, the corresponding integer is 
a root, and we proceed with the operation on the reduced poly- 
nomial whose coefficients have been ascertained in the process of 
finding the result of substituting the integer in question. 



o2 
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Examples. 

1. «« - 23a;* + 160.^3 - 281a:' - 257a; - 440 = 0. 

The roots lie between - 1 and 24. 
"We have the following divisors : — 

2, 4, 6, 8, 10, 11, 20, 22. 
We easily find 

/(I) =-840, and /(-I) = -648. 

Wc, therefore, exclude all the above divisors which, when diminished by 1, do 
not divide 840 ; and which, when increased by 1, do not divide 648. The first 
condition excludes 10 and 20, and the second 4 and 22. Trying the remaining 
integers 2, 6, 8, 11 by the method of last Article, we find that 5, 8, and 11 are 
roots, and that the resulting quotient.is a:* + a; + 1. Hence the given polynomial is 
equivalent to 

{x - 6) (« - 8)(« - ll)(a;2 + « + 1). 

2. 3fi- 29a?* - 31ar* + Sla;' - 32a; + 60 = 0. 

The roots lie between — 3 and 32. 

Divisors : - 2, 2, 3, 4, 6, 6, 10, 12, 16, 20, 30, 

/(I) = ; so 1 is a root. 

/( - 1) = 124 ; and the above condition excludes all the divisors except - 2, 3, 30. 
We easily find that - 2 and 30 are roots, and that the final quotient is «• + 1. 
The given polynomial is equivalent to (a: - 1) (a; - 30) (ar + 2) (:p' + 1). 

99. Determination of Multiple Roote.— The Method 
of Divisors determines multiple roots when they are commen- 
surable. In applying the method, when any divisor of «„ which 
is found to be a root is a divisor of the absolute term of the re- 
duced polynomial, we must proceed to try whether it is also a 
root of the latter, in which case it will be a double root of the 
proposed equation. If it be found to be a root of the next 
reduced polynomial, it vnll be a triple root of the proposed ; and 
so on. Whenever in an equation of any degree there exists only 
one multiple root, r times repeated, it can be found in this way ; 
for the common measure of f{x) and f{x) vdll then be of the 
form {x - aY'^y and the coeflScients of this could not be com- 
mensurable if a were incommensurable. 
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Multiple roots of equations of the third, fourth, and fifth 
degrees can be completely determined without the use of the 
process of finding the greatest common measure, as will appear 
from the following observations : — 

(1). The Cubic, — In this case multiple roots must be com- 
mensurable, since the degree is not high enough to allow of two 
distinct roots being repeated. 

(2). The Biquadratic, — In this case, either the multiple roots 
are commensurable or the function is a perfect square. For the 
only way in which two distinct roots can be repeated is when 
the biquadratic is of the form {x - of {x - /3)', i.e. the square of 
a quadratic. The roots of the quadratic may be incommensu- 
rable. If we find, therefore, that a biquadratic has no commen- 
surable roots, we must try whether it is a perfect square in order 
to determine further whether it has equal incommensurable 
roots. 

(3). The Quintic. — In this case, either the multiple roots are 
commensurable, or the function consists of a linear commensurable 
factor multiplied by the square of a quadratic factor. For, the 
only way in which two distinct roots can be repeated is when 
the function is of either of the forms 

(t - ay {x - /3)' {x - y), {X - ay {x - /3)' : 

in the latter case the roots ccmnot be incommensurable ; but the 
former may correspond to the case of a commensurable factor 
multiplied by the square of a quadratic whose roots are incom- 
mensurable. If then a quintic be found to have no commen- 
smuble roots it can have no multiple roots. If it be found to 
have one commensurable root only, we must examine whether 
the remaining factor is a perfect square. If it have more than 
one commensurable root, the multiple roots will be found among 
the commensurable roots. 
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Examples. 

1. Find all the commensuiable roots of 

205^ - 31a^ + 112* + 64 = 0. 
The roots lie between the limits - 1, 16. The diTison are 2, 4, 8. 
64 112 -31 2 

8 15 -2 

120 -16 0; 

8 is therefore a root. Proceed now Dtith the reduced equation : 

-8 -16 2 

- 1 -2 



- 16 ; 

8 is a root again, and the remaining factor is 2:r + 1. 

^ff«./(a:)s(24?+l)(«-8)». 

2. Find the commensurable and multiple roots of 

jp4 _ a:3 _ 30^ _ 76a; - 66 = 0. 

The roots lie between the limits - 6, 12. (Apply method of Ex. 10, Art. 80). 

^«*./(«)s(a: + 2)»(«-7). 

3. Find the commensurable and multiple roots of 

9a;* - 12*' - 71«* - 40a; + 16 = 0. 

The roots lie between the limits - 2, 6. 

The equation as it stands is found to have no integral root ; but it may still hare 
a commensurable root. To test this we multiply the roots by 3 in order to get rid 
of the coefficient of 9^. TTe 'find then 

a4 - 4a;» - 71a;a - 120a: + 144 = 0. 
Limits : - 6, 15. 

We find - 4 to be a double root of this, and the function to be equivalent to 
(j' - 12a; + 9) (a; + 4)'. The original equation is therefore identical with the fol- 
lowing : — 

(.r»-4a-+ l)(3i: + 4)» = 0. 

4. Find the commensurable and multiple roots of 

a:* + 12a:3 + 32^2 - 24a: + 4 = 0. 
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The roots lie between - 12 and 1. The only divisors to be tested are, therefore, 
-4, - 2, - 1. "We find that the equation has no commensurable root. We pro- 
ceed to try whether the given function is a perfect square. This can be done by 
extracting the square root, or by applying Ex. 2, Art. 93. We find that it is the 
square of «> + 6« - 2 (cf . Ex. 1, p. 154). Hence the given equation has two pairs 
of equal roots, both incommensurable. 

5. Find the commensurable and multiple roots of 

f{x) ss «« - ip* - 12*8 + 8a;» + 28x -f 12 = 0. 

The limits of the roots are - 4, 4. 

We find that - 3 is a root, and that the reduced equation is 

a:* - 4«' + 8« + 4 = 0, 

and that there is no other commensurable root. 

The only case of possible occurrence of multiple roots is, therefore, when this 
latter function is a perfect square. It is found to be a perfect square, and we have 

/(ar)3(ri-2«-2)2(«+3). 

6. Find the commensurable and multiple roots of 

f(x) s a:» - 8«* + 22«» - 26x^ + 21aJ -18 = 0. 

Am. f{x) s («» + 1) (« - 2) {x - 3)2. 

7. The following equation has only two different roots, find them : — 

«» - 13ic* + eisfi - 171«2 -f 216* - 108 = 0. 

In general it is obvious that if an integral root h occurs twice, the last coefficient 
must contain A' as a factor, and the second last h ; if the root occurs three times, 
A^ must be a factor of the last, h^ of the second last, and h of the third last coef- 
ficient. The last coefficient here = 2' . 3'. Hence, if neither — 1 nor 1 is a root, 
the required roots must be 2 and 3. That these are the itx>ts is easily verified. 

8. The equation 

800a^ - 102a? - a? + 3 = 

has equal roots : find all the roots. 

In this example it is convenient to change the roots into their reciprocals before 

applying the Method of Divisors. 

Ans. f{x) s (10* - 3) (5a? - l)(4a? + l)a. 

100. Mewton'B Method of Approximation. — ^We proceed 
now to explain certain methods of approximation to the incom- 
mensurable roots of equations. The method of the present 
Article is commonly ascribed to Newton, although one very 
similar had been employed by Vieta.* The principle on which 
this method is founded is important in approximations gene- 

* See Note B at the end of the volume. 
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rally, and is not confined in its application to algebraioal equa- 
tions. It will appear, also, that the most convenient practical 
method of approximating to the real roots of numerical equations 
(t. e. Homer's, Art. 101) is in some degree founded on Newton's 
principle. 

In all methods of approximation the root we are seeking is 
supposed to be separated from the other roots, and to be situated 
in a known interval between dose limits. 

Let/(^) = be a given equation, and suppose a value a to 
be known, differing by a small quantity h from a root of the 
equation. We have, then, since a + A is a root of the equation, 
/(a-f A) = 0; or 

Neglecting now, since h is small, all powers of h higher than the 

first, we have 

/(a) +/(«) A - 0, 

giving, as a first approximation to the root, the value 

Eepresenting this value by 6, and applying the same process a 
second time, we find as a closer approximation 

By repeating this process the approximation can be carried 
to any degree of accuracy required. 

EXAMPLB. 

Find an approximate value of the positiye root of the equation 

a:^ _ 2a; - 6 = 0. 

The root lies hetween 2 and 3 (Ex. 1, Art. 89). Narrowing the limits, the root is 
found to lie hetween 2 and 2*2. We take 2*1 as the quantity represented hy a. It 
cannot differ from the true value a\ h of the root hy more than O'l. We find 

easily 

/((?) /(2'1) -061 ^^^.,„ 

€->J. =i_i — L -s 0*00543. 

/'(«) /(2*1) 11*23 """"*^* 
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A first approximation is, therefore, 

2-1 - 0-00643 = 2-0946. 

Taking this as b, and calculating tbe fraction 4;7T7, we obtain 

h - y-^- = 2-09465148 
for a second approximation ; and so on. 

The approiimation in Newton's method is, in general, rapid. 
When, however, the root we are seeking is accompanied by an- 
other nearly equal to it, the fraotion'~77-^. is not necessarily small, 

since the value of either of the nearly equal roots reduces /^(o;) to 
a smaU quantity. A case of this kind requires special precau- 
tions. We do not enter into any further discussion of the 
method, since for practical purposes it may be regarded as 
entirely superseded by Homer's method, which will now be 

Jlained. 
101. Horner's Metbod of Solvlns Mnmerlcal Eqna- 
tloiis. — By this method both the commensurable and incom- 
mensurable roots can be obtained. The root is evolved figure 
by figure : first the integral part (if any), and then the decimal 
part, till the root terminates if it be commensurable, or to any 
number of places required if it be incommensurable. The pro- 
cess is similar to the known processes of extraction of the square 
and cube root, which are, indeed, ouly particular cases of the 
general solution by the present method of quadratic and cubic 
equations. 

The main principle involved in Homer's method is the suc- 
cessive diminution of the roots of the given equation by known 
quantities, in the manner explained in Art. 34. The great ad- 
vantage of the method is, that the successive transformations 
are exhibited in a compact arithmetical form, and the root 
obtained by one continuous process correct to any number of 
places of decimals required. 

This principle of the diminution of the roots will be illus- 
trated in the present Article by some simple examples. In the 
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following Articles we shaU proceed to certain oonsiderationB 
which tend to facilitate the practical application of the method. 



Examples. 

1. Find the poaitiye root of the equation 

2«3 - 85a?» - 86a; - 87 = 0. 

The first step, when any numerical equation is proposed for solution, is to find the 
Jirstjiffure of the root. This can usually be done by a few trials ; although in cer- 
tain cases the methods of separation of the roots explained in Chap. IX. may hare 
to be employed. In the present example there can be only one positiye root ; and 
it is found by trial to lie between 40 and 60. Thus the first figure of the root ia 4. 
We now ^iTOi'niah the roots by 40. The transformed equation will have one root 
between and 10. It is found by trial to lie between 3 and 4. We now diminish 
the roots of the traiuf ormed equation by 3 ; so that the roots of the proposed equa- 
tion will be diminished by 43. The second transformed equation will haye one root 
between and 1. On diminishing the roots of this latter equation by *6, we find 
that its absolute term is reduced to zero, t. e. the diminution of the roots of the pro- 
posed equation by 43*5 reduces its absolute term to zero. We conclude that 43*5 is 
a root of the giyen equation. The series of arithmetical operations is represented as 
follows : — 

2 - 85 - 85 - 87 (43-5 

80 - 200 - 11400 



-6 


-286 


-11487 


80 


3000 




9594 


76 


2716 


• 


-1898 


80 


483 
3198 


1893 


166 





6 


501 









161 


3699 


6 


87 


167 


3786 


6 


1 

1 


173 




1 









174 



The broken lines mark the conclusion of each transformation, and the figures in 
dark type are the coefficients of the successive transformed equations (see Art. 34). 

^ 2a?3 + 155.1* + 271o.r - 11487 = 
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ia thd equation whose roots are each less by 40 than the roots of the giyen equation, 
and vhose positive root is found to lie between 3 and 4. If the second transfonned 
equation had not an exact root '5 ; but one, we shall suppose, between '6 and -6, the 
first three figures of the root of the proposed equation would be 43-5 ; and to find 
the next figure we should proceed to a further transformation, diminishing the roots 
by -6 ; and so on. 

2. Find the positive root of the equation 

4«8 - 13«» - 31a: - 276 = 0. 

We first write down the arithmetical work, and proceed to make certain observations 
on it: — 



13 
24 • 



11 




24 




36 




24 




69 




•8 




69-8 




•8 




60-6 




•8 





-31 
66 




-276 
210 


36 
210 




-66 

61-392 


945 

11-96 




-13-606 

13-608 


266-96 
12-12 





869-06 

3-08 

272-16 







(6-26 



61-4 
-2 

61-6 

We fi nd by trial th at the proposed equation has its positive root between 6 and 7. 
The first figure of the root is, therefore, 6. Diminish the roots by 6. The equation 

i^ «« + 69«2 + 245a! - 66 = 

has, then, a root between and 1. It is found by trial to lie between -2 and -3. 
The first two figures of the root of the proposed are therefore 6*2. Diminish the 
roots again by *2. The transformed equation is foimd to have the root '05. Hence 
6*26 is a root of the proposed equation. 

It is convenient in practice to avoid the use of the decimal points. This can 
essily be e£Fected as follows : — ^When the decimal part of the root (suppose 'obc . . .) 
is about to appear, midtiply the roots of the corresponding transformed equation by 
10, t. e, annex one zero to the right of the figure in the first column, two to the right 
of the figure in the second column, three to the right of that in the third ; and so on, 
if there be more columns (as there will of course be in equations of a degree higher 
than the third). The root of the transformed equation is, then, not 'abe . . . , but 
a'bc . . . Diminish the roots by a. The transformed has then the root 'be . . . 
Multiply the roots of this equation again by 10. The root becomes i-c . . . , and 



204 



Solution of Numerical Uqiuitions. 



the process is continued as before. To illustrate this, we repeat the aboTe opera- 
tion, omitting the decimal points. In all subsequent examples this simplification 
vriVL be adopted : — 

(6-25 



-13 
24 


-31 
66 


-275 
210 


11 
24 


36 
210 

24600 

1196 


-66000 

51392 


35 j 
24 ] 


t -18608000 

13608000 


690 

8 


25696 
1212 




1 

t 


598 1 
8 


2690800 

30800 




606 1 
8 

6140 

20 


2721600 





6160 

3. Find the positive root of the equation 

20*3 _ I21a:« - 12U - 141 = 0. 

The root is easily found to lie between 7 and 8. It is, therefore, of the form 

7 .ab . , , After diminishing the roots by 7, and multiplying by 10, the resulting 

equation is 

20«3 + 2990x2 + 112600a: - 57000 = 0. 

The positive root of this is a . 6 ... ; and as the root plainly lies between and 1, 
we have a = 0. We therefore place zero as the first figure in the decimal part of 
the root, and multiply the roots again by 10, before proceeding to the second trans- 
formation. 5 is easily seen to be a root of the equation thus transformed. 

Afu. 7.05. 

In the examples here considered the root terminates at an 
early stage. When the calculation is of greater length, if it 
were necessary to find the successive figures by substitution, 
the labour of the process would be very great. This, however, 
is not necessary, as will appear in the next Article ; and one of 
the most valuable practical advantages of Horner's method is, 
that after the second, or third (sometimes even after the first) 
^ figure of the root is found, the transformed equation itself suggests 
by mere inspection the next figure of the root. The principle of 
this simplification will now be explained. 
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102. Principle of tbe Trial-dlvlsor. — ^We have seen iu 
Art. 100 that when an equation Is transformed by the substitution 
o{ a + h for a?, a being a number differing from the true root by 
a quantity h small in proportion to a, an approximate numeri- 
cal value of A is obtained by dividing /(a) by /'(a). Now the 
suooessive transformed equations in Homer's process are the 
results of transformations of this kind, the last coefficient being 
/(a), and the second last/'(«) (see Art. 34). Hence, after two 
or three steps have been completed, so that the part of the root 
remaining bears a small ratio to the part already evolved, we 
may expect to be furnished with two or three more figures of_the 
root correctly, by mere division of the last by the second last 
coefficient of the final transformed equation. We might thus, 
if we pleased, at any stage"of Horner's operations, apply New- 
ton's method to get a further approximation to the root. In 
Homer's method this principle is employed to suggest the next 
following figure of the root after the figures already obtained. 
The second last coefficient of each transformed eqiiation^is called 
the trM::dmmr, Thus^ in the "second example of the last Ar- 
ticle, the number 5 is correctly suggested by the trial-divisor 
2690800. In this example, indeed, the second figure of the 
root is correctly suggested by the trial-divisor of the first trans- 
formed equation, although, in general, this is not the case. In 
practice the student will have to estimate the probable effect of 
the previous coefficients of the equation ; he will find, however, 
that the influence of these terms becomes less and less as the 
evolution of the root proceeds. 



Examples. 
1. Find the pofiitive i*oot of the equation 

jr3 + i;2 -f X - 100 = 

conect to four decimal places. 

We easily see that the root lies between 4 and 5. We write down the work, and 
proceed to make obseryations on it : — 
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1 

4 

6 

4 

9 
4 

180 
2 



132 
2 



134 
2 



1860 

6 

1366 
6 

1372 
6 

18780 

4 

13784 

4 

13788 
4 





1 

20 


•^ 


100 

84 


21 
36 




-16000 

11928 




6700 

264 






-4078000 

3788376 




5964 
268 


i 


-888684000 

266071744 


1 

] 

1 


668800 

8196 

631396 
8232 


1 


-87868856 




68968800 

55136 

64017936 
65162 









(4-2644 



6407806JI 



18798 

Fint «^^'«»^tl^|>> the roots by 4. Ab the decimal part is now about to appear, at- 
tach ciphers to the coefSicients of the transfomied equatioii as explained in Ex. 2, 
Art. 101. Since the coefficient 130 is small in proportion to 6700, we may expect 
that the trial-diyisor will give a good indication of the next figure. The figure to 
be adopted in every case as part of the root is thtU highett number which in the pro- 
ceea of transformatiofi icill not change the eign <if the absolute term. Here 2 is the 
proper figure. In diminishing by 2 the roots of the transfonned equation 

3^ + 130a?' + 6700a; - 16000 = 0, 
the absolute term retains its sign (- 4072). If we had adopted the figure 3, the 
absolute term would have become positive, the change of sign showing that we had 
gone beyond th& root. We must take care that, after the first transformation (the 
reason of this restriction will appear in the next example), the absolute term pre- 
serves its sign throughout the operation. If we were to take by mistake a number 
too small, the error would show itself, just as in ordinary division or evolution^'^by 
the next suggested number being greater than 9. Such a mistake, however, will 
rarely be made. The eiror which is most common is to take the number too l^ige. 
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and this will show itself in the work by the change of sign in the absolute tenu. In 
the above work it is evident, without perfonning the fifth transformation, that the 
oonespoiiding figpire of the root is 4, so that the correct root to four decimal places 
is 4-2644. 

2. The equation a-* + 4a;3 - 4j;» - 11a; + 4 = 

haa one root between 1 and 2 ; find its value coirect to 4 decimal places. 



4 




-4 




- 11 






4. (1-6369 


1 
6 


5 




1 -10 


1 


-10 


-eoooo 


1 6 7 


50976 


6 7 -8000 90040000 


1 7 


11496 




72690561 


7 


1400 


8496 




-176494890000 


1 




516 14808 




152131062016 


80 




1916 1 83804000 


1 -28303337984 

1 \ 


6 


552 
2468 




926187 








86 


24230187 




6 588 




'935601 






92 80M00 


86166788000 






6 




3129 


189387336 

1 




98 


308729 




25365175336 




6 


3138 


189766488 




1040 

3 


311867 
3147 




86544041884 ^ ^ 

1 J , r 


1043 


31601400 




3 


63156 


1046 


31564556 ' 


3 


63192 1 


1049 


31627748 


3 63228 
^ — - - -- - 


10500 ^ 31690076 


6 


10526 


6 


10632 




6 


• 


10638 




6 












■ 



V f 



10544 
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We see without completing the fifth transformation that 9 is the next figure of 
the root. The root is, therefore, 1*6369 correct to 4 decimal places. 

The trial-divisor becomes effective after the second transformation, suggesting 
correctly the number 3, and all subsequent numbers. The first transformed equation 
has its last two terms negative. We may expect, therefore, that the influence of 
the preceding coefficients is greater than that of the trial-divisor, as in &ct is hero 
the case. The number 6, the second figuro of the root, must be foimd by substitu- 
tion. We have to determine what is the situation between and 10 of the root of 

the equation 

s^ + 80j;3 + i400a^ - 3000ic - 60000 = 0. 

A few trials show that 6 gives a negative, and 7 a positive result. Hence the 
root lies between 6 and 7 ; and 6 is the number of which we are in search. In the 
subsequent trials wc take those greatest numbers 3, 6, 9, in succession, which allow 
the absolute term to retain its negative sign. In the first fmnftfAry^fi^p^ (^fpninialiniff 
the roots by 1, there is a change of sign in the absolute teim. The mea ning o f this 
is, that we have passed over a root lying between and 1, for gives a positive 
result, 4 ; and 1 gives a negative result, — 6. In aH dnhsequehf^nsformations, 
so long as we keep below the root, the sign of the absolute term must be the same 
as the sign resulting from the substitution of 1. This supposes of course that no 
root lies between 1 and that of which we are in search. This supposition we have 
already made in the statement of the question. In fact the proposed can have only 
two positive roots, and one is between and 1, and therefore only one between 
1 and 2. 

When two roots exist between the limits employed in Homer's method, 
i.e, when the equation has a pair of roots nearly equal, certain precautions must be 
observed which wfll foim the subject of a subsequent Article. 

3. Find the root of the preceding equation between and 1 to 4 decimal places. 
Commence by multiplying by 10. The coefficients are then 

1, 40, -400, -HOOO, 40000; 

the trial-divisor becomes effective at once m consequence of the comparative small- 
ncss of the leading coefficients. The positive sign of the absolute term must be pre- 
served throughout. Ana, *3373. 

4. Find to three places of decimals the root situated between 9 and 10 of the 

equation 

«* - 3ib2 + 75« - 10000 = 0. 

Am. 9*886. 
[Supply the zero coefficient of ^.] 

In the examples hitherto oonsidered the root haa been found 
to a few decimal places only. We proceed now to explain a 
method bj which, after 3 or 4 places of decimals have been 
evolved as above, several more may be correctly obtained with, 
great facility by a contracted process. 
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103. Contracted Method of applying lIomer*8 Pro- 
cess. — ^In the ordinary process of oontraoted Division, when the 
given figures are exhausted, in plaoe of appending ciphers to 
the successive dividends, we cut oflE figures successively from the 
right of the divisor, so that the divisor itself becomes exhausted 
after a number of steps depending on the number of figures it 
contains. The resulting quotient will differ from the true 
quotient in the last figure only, or at most in the last two 
figures. In Homer's contracted method the principle is the 
same. We retain those figures only which are effective in con- 
tributing to the result to the degree of approximation desired. 
When the contracted process commences, in place of appending 
ciphers to the successive coefficients of the transformed equation 
in the way before explained, ^e cut off one figure from the 
right of the last coefficient but one, two from the right of the 
last coefficient but two, three from the right of the last coef- 
ficient but three ; and so on. The effect of this is to retain in 
their proper places the important figures in the work, and to 
banish altogether those which are of little importance. 

The student will do well to compare the first transformation 
by the contracted process in the first of the following examples 
with the corresponding step in the second example of the last 
Artide, where the transformation is exhibited in full. He will 
then observe how the leading figures (those which are most 
important in contributing to the result) coincide in both cases, 
and retain their relative places ; while the figures of little im- 
portance are entirely dispensed with. 

In addition to the contraction now explained other abbrevia- 
tions of Homer's process are sometimes recommended ; but as 
the advantage to be derived from them is small, and as they 
increase the chances of error, we do not think it necessary to 
give any account of them. The contraction here explained is 
so important that it must not be overlooked. 
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EXA^MPLES. 

1. Find the root between 1 and 2 of the equation in Ex. 2 of the last Article 
correct to 8 or 9 decimal places. 

Awuming the result of the Example in question, we shall commence the contracted 
process after the third transformation has been completed. The subsequent work 
stands as follows : — 



im 


3150\)^ 
6 

3156 
6 


2616678a 
18936 


- 17^9439 
16213090 

- 2336349 
2301597 

- 34762 
26601 

-9161 
7680 

-1471 
1280 


(1-636913575 




2636515 1 
18972 

' 2664487 
285 

266733 
285 

2560 la 

• 






3162 
6 






3m 





-191 
179 



12 

Here the effect of the first cutting off of figures, namely, 8 from the second last 
coefficient, 14 from the third last, and 062 from the fourth last, is to banish alto- 
gether the first coefficient of the biquadratic. We proceed to diminish the roots 
by 6 as if the coefficients 1, 3150, 2616678, - 17649439 which are left were 
those of a cubic equation. In multiplying by the corresponding figure of the root 
the figures cut off should be multiplied mentally, and account taken of the number 
to be carried, just as in contracted division. 

After the diminution by 6 has been completed, we cut off again in the transformed 
cubic 7 from the last coefficient but one, 68 from the last but two, and the fi rst 
coefficient disappears altogether. The work then proceeds as if we were dealing 
with' the coefficients ^, '255448, - 2336349 of a quadratic. The effect of the next 
process of cutting off is to bamsh altogether the leading coefficient 31. The sub- 
sequent work coincides with that of contracted division. When the operation ter- 
minates, the number of decimals in the quotient may be depended on up to the last, 
or last couple <^ figures. The extent to which the eyolution of the root must be 
camed before the contracted process is commenced depends on the number of decimal 
places required ; for after the contraction commences we shall be furnished, in addi- 
tion to the figures ali-eady evolved, with as many more as there are figures in the 
tzial-divisor, lees one. 

2. Find to 8 or 9 decimal places the root of the equation 

a,-*-12«+7=:0 
which lies between 2 and 3. 
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Hub equation can have only two poeitiye roots : one lies between and 1, and 
the other between 2 and 3. For the eyolution of the latter we have the following : — 





2 

2^ 

4 
2^ 

6 
2 



800 

4 



804 

4 

808 

4 

4 



HX15. 





4 

12 
12 



240000 
3216 

243216 
3232 

246448 
3248 



2^6|ll$ 



12 

8 



-4 
24 



20000000 
^972864 

20972864 
986792 



2195865)^ 
17478 



2213343 
17478 



223082X 

49 

223131 
49 



7 
-8 



(2*047275671 



- 100000000 
83891456 

- 16108544 
15493401 



-615143 
446262 



- 168881 
156226 

- 12655 
11159 

-1496 
1338 

-158 
156 



5» 



22318Ci 



On this we remark, that after diminishing the roots by 2, and multiplying the roots 
of the tnmafonned equation by 10, we find that the trial-divisor 20000 will not *' go 
into ** the absolute term 10000 ; we put, therefore, zero in the quotient, and mul- 
tiply again by 10, and then proceed as before. 

3. Find to 8 or 9 decimal places the root of the same equation between and 1. 

Ana. '593685829. 

4. Find the positive xooi of the equation 

*» + 24-84a^ - 67-618iU - 3761-2758 = 0. 

[When the coefficients of the proposed equation contain decimal points, it will be 
found that they soon disappear in the work in consequence of the multiplications by 
10 after the decimal part of the root begins to appear.] 

Am, 111973222. 

5. Find the negative root of the equation 

«* - 12*3 + 12* - 3 = 

to 7 places of decimals. 

When a negative root has to be found, it is convenient to change the sign of x 
and find the corresponding positive root of the transformed equation. 



Ana. - 3-9073785. 
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104. Appllcatloii of llorner'8 Method to Cases where 
Roots are nearly Equal. — We have seen in Art. 100 that the 
method of approximation there explained fails when the pro- 
posed equation has two roots nearly equal. Examples of this 
nature are those whioh present most difficulties, both in their 
analysis (see Ex. 7, Art. 91) and in their solution. Homer's 
method enables us, with very little more labour than is neces- 
sary in other oases, to effect the solution of such equations. So 
long as the leading figures of the two roots are the same, certain 
precautions must be observed, which will be illustrated by the 
following examples. After the two roots have been separated, 
the subsequent operations proceed for each root separately, just 
as in the examples of the previous Articles. It is evident, from 
the explanation of the trial-divisor given in Art. 102, that for the 
same reason as that which explains the failure of Newton's me- 
thod (see Art. 100), it wiU not become effective till the first or 
second stage after the roots have been separated. 

EXAKPLES. 

1. The equation 

has two roots between 1 and 2 (see £x. 2, Art. 89] ; find each of them to 8 
decimal places. 

Diminishing the roots by 1^ we find that the transformed equation (after its 
roots are multiplied by 10) t. e,' 

«s + 30«» - 400* + 1000 = 0, 

must have two roots between and 10. We find that these roots lie, one between 
3 and 4, and the other between 6 and 7. The roots are now separated, and we pro- 
ceed with each separately in the manner already explained. If the roots were not 
separated at this stage, we should find the leading figure common to the two, and, 
haying diminished the roots by it, find in what intervals the roots of the resulting 

equation were dtuated ; and so on. 

Ans. 1-36689684, 1*69202147. 

2. Find the two roots of the equation 

a? - 49«« + 668a? - 1879 « 

whioh lie between 20 and 30. 

We shall exhibit the complete work of appiaximation to the smaller of the two 
roots to 7 places ; and then make certain obserrations which will be a guide to the 
student in all cases of the kind. 
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.49 
20 



-29 
20 



-9 
20 



900 

2 



202 
2 



204 
2 



2061 
1 

2062 
1 



20633 
8 

20636 
3 



668 
680 



78 
180 



102 

42 



2061 



6739 
2062 



4J077OO 

61899 



406801 
61908 



-34889)^ 
206 

-34183 
206 

20% -3397X 

4 



-8893 

4 

-338^ 



*-1379 
1660 



(23*2181277 



181 

-180 



11 


-60 


8 


61 


14 • 


-900 


3 


404 


17 


-496 


8 


408 



1000 

-992 



8000 

-6739 



190)000 

-1217403 



43697 
-84183 



9414 
-6786 

2628 
-2872 

256 
-236 



20 



206)^IBl 

The diminution of the roots hy 20 changes the sign of the absolute term. This 
is an indication that a root exists between and 20, with which we are not at pre- 
sent concerned. The roots of the first transformed equation 

«8+ liar* -102* +181 = 

are not yet separated, lying both between 3 and 4. The substitution of each of 
these numbers gives a positive result, so that we have not here the same criterion 
to guide us in our search for the proper figure as in fonner cases, viz., a change of 
sign in the absolute term. We have, however, a difierent criterion which enables 
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110 to find by mere substitation the intenral within which the two roots lie. If we 
diminish the roots of «>-i- \lx^- l^2x + 181 e> by 4, the resulting equation is 
s^ + 23j;> + 34« + 13 = 0, which has no change of sign. Hence the two roots must 
lie between and 4. If we diminiflh its roots by 3, the resulting equation (as in 
the above work) has the same nimiber of changes of sign as the equation itself. 
/ Hence the two roots lie between 3 and 4. They are, therefore, not yet separated ; 
and we proceed to diminish by 3. The next transformed equation 

afi + 200«« - 900« + 1000 = 

is found in the same way to have both its roots between 2 and 3 : the diminution by 
2 leaving two changes of sign in the coefficients of the transformed equation (as in the 
above work), and the diminution by 3 giving all positive signs. So far, then, the 
two roots agree in their first three figures, i. e. 23*2. We diminish again by 2. The 
resulting equation s^ + 2060i;> - 88OO2; + 1261000 = has one root only between I 
and 2 ; 1 giving a positive, and 2 a negative result : its other root lies between 2 
and 3 ; 3 giving a positive result. The roots are now separated. We proceed, as in 
the above work, to approximate to the lesser root, by diminishing the roots of this 
equation by 1 ; the trial-divisor becoming effsctive at the next step. To approxi- 
mate to the greater root, we must diminiwh by 2 the roots of the same equation, 
taking care that in the subsequent operations the negative sign, to which the pre- 
viously positive sign of the absolute term now changes, is preserved. The second 
root will be found to be 23*2296212. 

So long as the two roots remain together, a guide to the proper figure of the root 
may be obtained by dividing twice the last coefficient by the second last, or the se- 
cond last by twice the third last. The reason of this is, that the proposed equation 
approximateslnow to the quadratic formed by the last three terms in each transformed 
equation, just as in previous cases, and in Newton's method, it approximated to the 
simple equation formed by the last two terms, this quadratic having the two nearly 
equal roots for its roots ; and when the two roots of the equation od^ + dar-t- « = 

_ 2c —h 
are nearly equal, either of them is given approximately by ^-j- or — • Thus, in the 

2 X 181 2x1000 

above example, the number 3 is suggested by , and the number 2 by • 

10^ vuo 

In this way we can generally, at the first attempt, find tiie two integers between 
which the pair of roots lies. We shall have, also, an indication of the separation of 
the roots by observing when the numbers suggested in this way by the last three 

coefficients become different, t . e. when -=- suggests a different number from ^ • 

3. Calculate to three decimal places each of the roots lying between 4 and 5 of 

the equation 

jp4 + 8«5 - 70a;« - 144a; + 936 = 0. 

An$. 4-242; 4*246. 

4. Find the two roots between 2 and 3 of the equation 

64^-3 - 592^^3 + 1649d; - 1445 = 0. 

Am, The roots are both = 2*125. 
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Hero we find that the two roots aro not separated at the third dedsud place. 
When we <^^"l^T^1flT^ by 5 the absolute term vanishes, showing that 2*125 is a root ; 
and proceeding with this diminution the second last coefficient also yanishee. Hence 
2*125 is a double root. 

When an equation oontains more than two nearlj equal 
roots, they can be all found bj Homer's process in a manner 
similar to that now explained. Such oases are, howeyer, of 
rare occurrence in practice. The principles abeady laid down 
will be a sufficient guide to the student in all cases of the kind. 

105. liAgraiige'B Method of Approximatton. — ^Lagrange 
has given a method of expressing the root of a numerical>equa- 
tion in the form of a continued fraction. As this method is, for 
practical purposes, much inferior to that of Homer, we shall 
content ourselves with a brief account of it. 

Let the equation /(a;) = have one root, and only one root, 
between the two consecutive integers a and a + 1, Substitute 

a + - for 0? in the proposed equation. The transformed equation 

in y has one positive root. Let this be determined by trial to 
lie between the integers b and b + 1, Transform the equation 

in y by the substitution y = b + -. The positive root of the 

equation in s is found by trial to lie between c and c + 1. Con- 
tinuing this process, an approximation to the root is obtained in 
the form of a continued fraction, as follows : — 

1 

a + 



6 + 1 



c + 1 . . . . 

Examples. 

1. Find in the form of a continued fraction the poeitiye root of the equation 

a^ - 23- - 5 = 0. 

The root lies between 2 and 3. 

To make the transformation « s 2 + -, we first employ the process of Art. 84, 

diminishing the roots by 2. We then find the equation whose roots are the reci« 
procals of those of the transformed. 
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The equation in y is in this way found to he 

y«-10y»-6y-lr=0. 
This has a root hetween 10 and 11. 

Malce now the suhstitution y s 10 + -. 

z 

The equation in s is 

61«S-942«-20«-l = 0. 

This has a root hetween 1 and 2. Take e s 1 -f -. 

u 

The equation in m is 

54«3 + 25t<> - 89m - 61 = 0, 

which has a root hetween 1 and 2 ; and so on. 

We hare, theref ore, the following expression for the root 

^ 1 



2. Find in the form of a continued fraction the positive root of 

«? - 6a: - 13 = 0. 

An9, 3 + ' 

6+ — 

106. Wanierlcal Solntton of the Blqaadra;ilc. — ^It is 

proper, before closiag the subject of the solution of numerical 
equations, to illustrate the practical uses which may be made of 
the methods of solution of Chap. YI. Although, as before 
observed, the numerical solution of equations is in general best 
effected by the methods of the present Chapter, there are certain 
cases in which it is convenient to employ the methods of 
Chap. YI. for the resolution of the biquadratic. When a bi- 
quadratic equation leads to a reducing cubic which has a com- 
mensurable root, this root can be readily found, and the solution 
of the biquadratic completed. We proceed to solve a few 
examples of this kind, using Descartes' method (Art. 64), which 
will usually be found the most convenient in practice. 
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EXA¥PT.TM. 

1. Besolye the quartic 

into quadratio facton. 

Making the aonmptiQn of Art. 64, we eaaily obtain 

P+P' = -3, ^ + ^ + 4iip' = 3, pq'-\^p'q=\\, y/ = - 6. 

Also ^ = 2-i?p'= jfe + 5'-l), 

and, calcnlatiTig / and Jy the equation for ^ is 

^ , 111 226 ^ 

MultLplying the roots by 4, ve have, if 4^ = ^, 

/s _ 111^ _ 450 = 0. 

By the Method of Diyisora this is easily found to have a root ~ 6 ; hence 

^ 3 • • 

♦ = --,giving ^y„2, j + ^'--6. 

From these, combined with the preceding equations, we get 

j, = -.2, i>' = -l, y=l, / = -6. 

When the yalues of q and ^ are found, the equation giving the value of p^ +p'q 
detennines which value of q goes with p^ and which with |/, in the quadratic 
factois. The quartic is resolved, therefore, into the factors 

(«• - 4.T + 1)(«» - 2ar - 6). 

By means of the other two values of ^ we can resolve the quartic into quadratic 
iictors in two other ways ; or we can do the same thing by solving the two qua- 
dratics already obtained. 

2. Resolve into Actors the quartic 

«< - 8a;» - 12«« + 60ar + 63. 

The equation for ^ is found to be 

4^8-196^-476 = 0. 

This has a root ~ - 6, and we easily find 

jpp' = 3, y + y' = -24, 
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giving the following values : — 

p^-l, / = -8, f=-3, ^'=-21. 
The quartic is, therefore, equivalent to 

(«8 - 2* - 3) (a;? - 6af - 21). 

3. Besolve into factors 

/(«) s «* - 17«» - 20* - 6. 

The reducing cuhic is found to he 

^ , 217 3186 ^ 
^ 12 '^^ 216 ' 

or, multiplying the roots hy 6, 

4«» - 65U + 3186 = 0. 

7 
This has a root = 7 ; hence ^ - -, and we obtain, finally, 



f{x) = («» + 4« + 2){«« - 4:c - 3>. 

4. Resolve into factors 

f{x) sx^-6s^~9x* + 6ex' 22. 

The reducing cubic is 

^ . 336 897 ^ 

3 
hence ♦ = — 5* 

Am. f(x) 3 (as - U)(a:« - 6x + 2). 
6. Beadve into quadratic factors 

f(x) s 3r< - 8ar' + 21ir» - 26;r + 14. 

Ant. f{x) 3 (af« - 2ar + 2)(«8 - 6* + 7). 
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1 . Find the poeitive root of 

2. Find Hie positiTe root of 

correct to 9 or 10 plaoeo. 
• 3. The equation 



flr»-6«-18 = 0. 



a:" - 2» - 5 = 



Am, 3- 176814393. 



Am. 2-0946514846. 



2^ - 660ai;S + 6jr - 1627 » 

has B root between 800 and 400. Find it. 

An$, Conunensurable root, 326*4. 

4. Find the root between 20 and 30 of the equation 

«? - 180a^ + 1896* - 467 = 0. 

Ans. 28-621277389. 

5. Find the root between 2 and 3 of 



Ant. 2'667361. 



Ans, 2*868033. 



Ant. 6134678726282. 

Ant. 8766. 

Ant. 14. 



«» - 49a!« + 668x - 1379 = 0. 

6. Find the root between 2 and 3 of the equation 

«* - 12fl^ + 12ar - 3 = 

to six places of decimals. 

7. Find the positire root of the equation 

jr* + 24('~23dP-70>0 
Gonect to about 12 decimal places. 

8. Find the cube root of 673378097126. 

9. Find ^ fifth root of 637824. 

10. Find an the roots of the cubic equation 

«• - 3« + 1 = 0. 

The equation o^ + a^ + 1 = 0, of Ex. 7, p. 98, reduces to this. 

Ant. " 1*87938, '84729, 1*63209. 

Note. — ^The smaller positiTe root furnishes the solution of the problem — To 
divide a hemisphere whose radius is unity into two equal parts by a plane parallel 
to the base. 

11. Find all the roots of the cubic 

«» + *«-2jr-l=0. 
(See Ex. I, p. 98.) Ant, - 1*80194, - -44604, 1*24698. 
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12. Find to five decimal places the negative root between - 1 and (see Ex. 3, 
p. 98) of the equation 

«« + «* - 4«» - 3«» + 3* + 1 = 0. 

Ans. - -28463. 

13. Solve the equation 

«* - 8I6«» - 19684 « + 2977260 = 0. 

We here find that a root exists between 70 and 80. By Homer's pxDcess it is 

found to be 78. The depressed equation furmfihes two roots, which, increased by 

78, are the other roots of the cubic. 

Ans. 78, 347, - UO. 

14. Find the two real roots of the equation 

«*-11727flf + 40386 = 0. 

Ans. 3-46692, 21*43067. 

This equation is given by Mr. G. H. Darwin in a paper On the ^recession of a 
Viscous Sphsroidy and, on the Metnote History of the Earth, Phil. Trans., Part ii., 
1879, p. 608. The roots are '^the two values of the cube root of the earth's rota- 
tion for which the earth and moon move round as a rigid body." 

16. Find all the roots of the cubic equation 

20*3 - 24a;» + 8 = 0. 

Ans. -0-31469, 044603, 1*06866. 

This equation occurs in the solution by Prof essor Ball of a problem of Professor 
Townsend's in the Educational Times of Dec. 1878, to determine the deflection of a 
beam uniformly loaded and supported at its two ends and points of trisection. 

16. Find the positive root of the equation 

14«9 + 12«» - 9« - 10 = 0. 

Ans. 0-86906. 

Note. — The equations of this and the next example occur also in the investiga- 
tion of questions relative to beams supported by props. 

17. Find the positive root of the equation 

7ar* + 20a:3 + 3«a - 16a; - 8 = 0. 

Ans. 0-91336. 



CHAPTER XI. 



DETERMINANTS. 



107. Elementary Motions and Definitions. — This chapter 
will be occupied with a discussion of an important class of func- 
tions which constantly present themselves in analysis. These 
functions possess remarkable properties, by a knowledge of which 
much simplification may be introduced into many mathematical 
operations. 

The function 01(3 + 02^19 of the four quantities 

fli, 61, 

is obtained by assigning to a and 6, written in aphabetical order, 
the suffixes 1, 2, and 2, 1, corresponding to the two permutations 
of the numbers 1, 2, and adding the two products so formed. 
Similarly the function 

ffiJjCs + (^ihCi + a^b^iCi + ^2(103 + ^36102 + (izhci, (1) 

of the nine quantities 

^ij ^i> ^i> 

(hy va, C%y 
rtj, O3, C3, 

is obtained by adding all the products abc which can be formed 
by assigning to the letters (retained in their alphabetical order) 
suffixes corresponding to all the permutations of the numbers 
1, 2, 3. The whole expression might be represented by (abc), 
or any other convenient notation, from which all the terms could 
be written down. 
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The notation (abed) might be employed to represent a similar 
function of the 16 quantities a^ bi^ Ci, di^ (hf &o. ; consisting of 24 
terms, which can all be written down by the aid of the 24 permu- 
tations of the numbers 1, 2, 3, 4. 

And, in general, taking n letters a, i, c, . . . /, we can write 
down a similar function consisting of n(n-l)(n-2) . •. . 3.2.1 
terms, this being the number of permutations of the first n num- 
bers 1, 2, 3 ... M. 

Now the functions above referred to, which are of such 
frequent occurrence in mathematical analysis, differ from those 
just described in one respect only ; namely, of the 1 . 2 . 3 . . . n 
(which is an even number) terms, half are affected with posi- 
tive, and half with negative signs, instead of being all posi- 
tive, as in the examples just given. 

We shall now give some instances of these latter functions. 
They occur most frequentiy as the result of elimination of the 
variables from linear equations. If, for example, x and t/ be 
eliminated from the equations 

«iip + biff = 0, 

the reeidt is aib^ - <hbi » 0. 

Again, the result of eliminating x^ y, z from the equations 

aix + biy + CiZ = 0, 

OaO? + b^y + c^z = 0, 

<hx + hy + cs = 0, 

is, as the student will readily perceive by solving from two of 
them and substituting in the third, 

aibtC^ - aibzCx + a%b^Ci - OthiC^ + (hbxCt - a,6,Ci = ; (2) 

and this function differs from (1) above written only in having 
three of its terms negative, instead of having the six tenns posi- 
tive. 
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Similarly the elimination of four variables from four linear 
equations gives rise to a function of the 16 quantities 

fli, 61, Ci, rfi, (STa, 6a, &0., 

which differs from the function above represented by (ahcd) only 
in having 12 of its terms negative. 

Expressions of the kind here described are called Determi- 
nants * The notation by which they are usually represented was 
first employed by Cauchy, and possesses many advantages in the 
treatment of these expressions. The quantities of which the 
function consists are arranged in a square between two vertical 
lines. Thus 

Oz hi 

represents the determinant aiK- (hbi. 

Similarly, the expression on the left-hand side of equation (2) 
is represented by the notation 

fli bi 6*1 I 



(I2 0^ C2 
ei3 A3 C3 I 

And, in general, the determinant of the n^ quantities 
^1* bif Ci , . , liy (hf b^f &c.| is represented by 

di Oi Ci • • • VI 

(I2 Vj (?3 • • . ^2 

Oz b^ (h ' ' ' k 



a. 



In 



(3) 



By taking the n letters in alphabetical order, and assigning 
to them suffixes corresponding to the n{n - l)(n - 2) . . . 3 . 2 . 1 
permutations of the numbers 1, 2, 8, ... n, all the terms of the 



* See Note C at the end of the volume. 
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determinant ean be written down. Half of the terms must 
receive positive and half negative signs. In the next Article 
the role will be explained by which the positive and negative 
terms are distingnished. 

The individual letters ai, bi^ Ci, . . . aj, . . . &c., of which a 
determinant is composed are called its constituents. 

The several terms ^16203... /„, &c., consisting each of the 
product of n constituents, are called elements. 

Any series of constituents such as Uiy (1, Ci, . . . A, arranged 
horizontally, form a row of the determinant ; and any series such 
as ai, 02, Os . . . dny suranged vertically, form a column. 

The term line will sometimes be used to express a row or 
column indifferently. 

108. Rule witli regard to Signs. — It is evident from 
the preceding Article that each element of the determinant will, 
since it contains all the letters, contain one constituent (and only 
one) from every column ; and will also, since the suffixes in each 
term comprise all the numbers, contain one constituent (and only 
one) from every row. We may thus regard the square array 
(3) of Art. 107 as the symbolical representation of a function con- 
sisting in general of n(n - 1) (n ~ 2) . . . 3.2.1 terms, comprising 
all possible products which can be formed by taking one con- 
stituent, and one only, from each row, and one constituent, and 
one only, from each column. All that is required to give perfect 
definiteness to the function is to fix the sign to be attached to any 
particular element. For this purpose the following two rules are 
to be observed : — 

(1). The element OibzC^ . . . /», formed by the constituents 
situated in the diagonal dratmfrom the left-hand top comer to t/ie 
right-liand bottom comer y is positive. 

This element is called the leading or principal element. In 
it the suffixes and letters both occur in their natural order ; and 
from it the sign of any other element is determined by means of 
the following rule. 

(2). Any interchange of two suffixes^ the letters retaining their 
order J alters the sign of an element. 
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This rule may be otherwise expressed thus : — Any interchange 
of two letterSy the suffixes retaining their order j altera the sign of an 
element. For if two letters be interohaiigedy and then the two 
oorresponding constituents interohanged, the process is equiva- 
lent to an interchange of suffixes. If, for example, in aiia^8^4^5 
the letters b and e be interchanged, we get aietCzd^b^^ which is 
equal to aihczd^e^^ and this is derived from the given element by 
an interchange of the suffixes 2 and 5. 

In applying this rule it is evident that an even number of 
interchanges will not alter the sign of an element, and that an 
odd number will. 

Examples. 

1. What is the sign of the element thhiC%tkei in the detenninant of the 5th 
order P 

The question is, How many interchanges will change the order 12345 into 34251 ? 
Here, when 3 is interchanged with 2, and afterwards with 1, it comes into the lead- 
ing place, the order hecoming 31245. Again, the interchange in 31245 of 4 with 
2, and afterwards with 1, presents the order 34125. The interchange of 2 with 1 
gives the order 34215 ; and finally the interchange of 5 with 1 gives the required 
order 34251. Thus there are in all six interchanges ; and therefore the required 
sign is positive. 

The general mode of proceeding may plainly be stated as follows : — Take the 
figure which stands first in the required order, and move it from its place in the 
natural order 1234 . . . into the leading place, counting one displacement for each 
figure passed over. Take then the figure which stands second in the required order, 
and move it from its place in the natural order into the second place ; and so on. If 
the number of displacements in this process be even, the sign is positive ; if it be 
oddy the sign is negative. 

2. What sign is to be attached to the element a%h^e^dte\fig2 in the determinant 
of the 7th order ? 

Here two displacements bring 3 to the leading place ; five displacements then 
bring 7 to the second place ; four then bring 6 to the third place ; three then bring 
5 to the fourth place ; the figure 1 is in its place ; and finally, one displacement 
brings 4 into the sixth place. Thus there are in all fifteen displacements ; and the 
sign of the element is therefore negative. 

3. Write down all the terms of the determinant 

ai h d d\ 

Oi h c% th 

(tz hi cz dz 

ai bi Ci di 
Q 
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The six peimutations of Buffizes in which the figure 1 occurs first are 

1234, 1243, 1324, 1342, 1423, 1432. 

The six corresponding elements are, as the student will easily see hy applying 
- the Rule (2), aa in the previous examples. 

The other 18 terms, corresponding to the permutations in which the figures 
2, 3, 4, respectively, stand first, are as follows :-~ 

othic^di — OihiCzdi + n^hzCidi — oz^Cidi + a^hiczdi — o^h\C\d^ 
+ azhiddi — a^hiCid^ + azh2e^d\ — azh%e\di + azbieid% — a%bi<iidi 
•V OibiC^dz — Hibie^dz + ^b2Cidz — nibiC^di + dibzcjtdi — nibiCid2» 

It will be observed here that the number of positive terms is equal to the number 
of negative terms. The same must be true in general ; for, corresponding to any 
positive term there exists a negative term obtained by simply interchanging the last 
two suffixes. 

4. Show that if any two adjacent figures are moved together over any number 
m of figures, the sign is unaltered. 

For if they be moved separately, the whole process is equivalent to a movement 
over 2m figures. 

6. Determine the sign to be attached to the second diagonal element, i.e. 
OHbn-iCn~2 • • • ^'2^1; ill the determinant of the n<^ order. 

Here the number of displacements required to change the natural order to the 
required order is plainly 

(„ _ 1) + („ - 2) + (ft - 3) + . . . + 2 + 1 = ^(^_li). 



Hence the required sign is (- 1) ^ . 

109. In this and the following Articles will be proved those 
properties of determinants which, by the aid of Cauchy's nota- 
tion above described, render the employment of these functions 
of such practical advantage. 

Prop. I. — If any ttoo rowSf or any two columnSy of a detertni'^ 
nant he interchanged^ the sign of the determinant is cluinged. 

This follows at once from the mode of formation (Bule (2), 
Art. 108), for an interchange of two rows is the same as an 
interchange of two suffixes, and an interchange of two columns 
is the same as an interchange of two letters ; so that in either 
case the sign of every element of the determinant is changed. 
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> 
This proposition enables us to state the rule for determining 

the sign of any element in. terms of displacements of the rows 

{or columns) ; and this will be found convenient for practical 

purposes. The student will readily perceive that the general 

mode of procedure explained in Ex. 1, Art. 108, is equivalent 

to the following : — Bringy by movements of rotes {or columns) j 

the element whose sign is required into the position of the leading 

diagonal term. Its sign unll be positive or negative according" as the 

number of displacements is even or odd. 



Example. 

Wliat sign is to be attached to the element x$nx in the determinant 

a b e SB 

a fi 7 y 
I m n z 

\ fi f' ^ 

Here a movement of the fourth row over three iowb (i.^. three displacements) 
brings A into the leading place. One displacement of the original second row up- 
wards brings fi into the required place in the diagonal term. And one further 
displacement of the original third row upwards effects the required arrangement, 
bringing \0nx into the diagonal place. Thus the number of displacements being 
odd, the required sign is negatiye. 

110. Prop. II. — When^ in any determinant^ two rows or two 
columns are identical^ the determinant vanishes. 

For, by Prop. I., the interchange of these two lines ought 
to change the sign of the determinant A ; but the interchange 
of two identical rows or columns cannot alter the determinant 
in any way ; hence A = - A, or A = 0. 

111. Prop. m. — The value of a determinant is not altered if 
the rows be written as columnsy and the columns as rows. 

For all the elements, formed by taking one constituent from 
each row and one from each column, are plainly the same in value 
in both oases ; the principal element is identically the same ; 

q2 
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and to determine the sign of any other element (by Prop. I.) the 
number of displacements of rows neoeesary to bring it into the 
leading diagonal in the first case is the same aa the number of 
displacements of columns necessary in the second place. 
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a\ b\ ci di 

a% 1% c% d% 

03 ^3 ^8 ^ 

ai hi d di 



ttl 02 03 04 

h h bi 6i 

ei C2 e^ Ci 

di di dt di 



Here the sign of any element, e.g. 02^401^39 is the same in both determinants. 
For three displacements of rows are required to bring this element into the leading 
position in the first determinant ; and the same number of displacements of columns 
is required to bring the same element into the leading position in the second de- 
terminant. 

112. Prop. TV. — If every constituent in any line be multiplied 
hy the Bame factory the determinant is multiplied by that factor. 

For every element of the determinant must contain one, and 
only one, constituent firom any row or any column. 

Cor. 1. If the constituents in any line differ only by the 
same factor from the constituents in another line, the detemu- 
nant vanishes. 

Cor. 2. If the signs of all the constituents in any line be 
changed, the sign of the determinant is changed. For this is 
equivalent to multiplying by the factor - 1. 





Examples. 




kai b\ 


^ 




01 


bi e\ 


koi bi 


d 


= A- 


02 


b2 €2 


A'03 bi 


C2 




03 


bi a 


ai max 


aa 




01 


01 OS 


$1 fn$i 


fi2 


s m 


fil 


$1 02 


71 »»ri 


72 




71 


71 73 



sO. 
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d. Show that the following detenmnant vanishea : — 

3 15 2 



8 



9 



15 21 



When the constitaents of the last row are divided hy 3, they become identical 
with those of the second row. 
4. Prove the identity 



he a a^ 
ca h l^ 
ab e c^ 



1 



1 i» «s 
1 <j2 c5 



Represent the first determinant by A, and multiply the rows by a, by r, respec- 
tively. "We have then 

abe a- a* 



abcA = 



abe b^ *3 
abc e^ c* 



And, dividing the first column by obey the result follows. 
5. Prove the identity 



^878 a o- a? 



78a fi fir- fi^ 

iafi 7-7^ 7^ 
0^7 8 52 53 

€. Prove the identity 

2 1-7 

-4 -3 8 

6 5-9 



1 



a3 



1 j8« i33 /3* 
1 7* 73 7* 
1 8« 8» «* 



= 2 



1 

2 



1 7 
3 8 



3 5 9, 

Change all the signs of the second row, and afterwards of the third column. 
7. Prove the identity 

fi 



7 

y 
7" 



1 



I 1 1 

o'^7 fifya y'afi 
a"$y ff'ya y"a$ 



This is easily proved by multiplying the columns of the first determinant by 
J87, 70, a0, respectively ; and then dividing the first row by 0)87. 
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It is eTident that a similar process may be employed in general to reduce any 
determinant to one in which all the constituents of any selected row or column shall 
be units. 

8. Beduce the following determinant to one in which the first row shall consibt 
of units: 

4 2 5 10 



2 5 8 

Since 20 is the least common multiple of 4, 2, 5, 10, it is sufficient to multiply 
the columns in order by 5, 10, 4, 2 : we thus obtain 

20 20 20 20 



A = 



5. 10.4.2 



10 24 



3d 30 



6 * 
10 



20 20 16 

Taking out the multiplier 20 from the first row, 5 from the third row, and 4 fit)ni 
the fourth row, we get finally 

1111 



A = 







10 24 



6 



o 



9. Prove the identity 

1 1 1 

a fi y 

o' i8» y 



= i»-y){y-a){a-fi). 



Since if fi were equal to y, two columns would become identical ; iS ~ 7 must'be 
a factor in the deteiminant. Similarly, 7 - a and a - /3 must be factors in it. Hence 
the product of the three differences can differ by a numerical factor only from the 
value of the determinant, sinbe both functions are of the third degree in a, /3, 7 ; 
and by comparing the term fiy^ we observe that this factor is + 1. 

10. Prove similarly the identity 

'1111 






8 



5' 

8« 



^ -()8-7)(a-8){7-«)(i8-«)(a-«(7-5). 
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It is evident that a similar proof shows in general that the value of the determi- 
nant of this form, constituted hy the it quantities a, i3« 7 . . . X, is the product of the 
^i»(fi — 1} differences which can he formed with these n quantities. 

113. Minor Metermlnanti. Melliiitloiui. — When in a 
determinant any number of rows, and the same number of 
columns, are erased, the determinant formed bj the remaining 
constituents (maintaining their relative positions) is called a 
minor determinant 

If one row and one column only be suppressed, the corre- 
sponding minor is called a first minor. If two rows and two 
columns be suppressed, the minor is called a second minor; and 
so on. The suppressed rows and columns have common con- 
stituents forming a determinant ; and the minor which remains 
is said to be complementary to this determinant. 

It is usual to denote a determinant in general by A. We 
shall denote by A« the minor obtained by suppressing in A the 
row and column which contain any constituent a ; by A«,^ 
that obtained by suppressing the two rows and two colimins 
which contain a and jS ; and so on. 

The determinant A, formed by the constituents ai, 61, Ci, &c., 
is often denoted for brevity by placing the leading term within 
brackets, as follows: A « (ai^Os . . . . /„). The notation 
2 ± aib^Cz ... /^ is also used to represent A ; this expressing its 
constitution as consisting of the sum of a number of elements 
(with their proper signs attached) formed by taking all possible 
permutations of the n suffixes. 

114. Beyelopment of Betermlnanti. — Since every term 
of any determinant contains one, and only one, constituent from 
eadi row and from each column, it follows that A is a linear and 
homogeneous function of the constituents of any one row or any one 
column. Thus we may write 

A = aiAi + a^A2 + a^Az + &c. 

A = biBi + JaJBj + 63JB3 + &c. 

or, again, 

A = aiAi + biBi -\- CiCi + &c. 
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The student, on refening to Ex. 3, Art. 108, will obflerve 
that the detenninant of the f onrth order there written at length 
is constituted in the way here described, namely 



O2 C2 Wj 

I 

A = ^, ' 63 Cz di 



bi d di 





bi Ci dx 




+02 


bi d di 
bz C3 di 


+ «3 



Ji Ci di 

bi Ci di ■ + ai 

bi Ci di 1 



J. 


Ci 


d. 


J3 


e» 


d^ 


6. 


Ct 


dt 



Now it is true, in general, that the coefficients ^1, A%^ A^t &c., 
are determinants of the order n - 1. For, suppose A to be 
written as follows: — 

A = OiAi + OiAi + (hAz + . . . + OnAn. 

In effecting all the permutations of the suffixes 1, 2, 3, ... fi, 
suppose first 1 to remain in the leading place, as in the example 
referred to, we then obtain 1 . 2 . 3 . . . (u - 1) terms which have 
Gi as a factor, and 

ttiAi = flfi S ± 62^3 .../,! ; 



hence 



-4i = S ± 62^8 .../„ = 



O2 Cz • * • v2 

63 Ci , . . h 

^n ^n • • • *rt 



and this determinant is the minor corresponding to the oonsti* 
tuent ai, or Ai == Aa^. 

To find the value of ^2, we bring a, into the leading place 
by one displacement of rows. This changes the sign of A, so 
that we obtain 

^2 = - Aa. ; 

i.e. A2 = the minor corresponding to Qz with its sign changed. 

Again, bringing (h to the leading place by two displacements, we 

have 

Az = Aflg ; 
and so on. 



Development of Determinants. 



233 



Thus we oondude that, in general, 

A = ai Aa^ - 0% Aa, + (h Afl, - a* A«^ + &o. 

Similarly, we can expand A in terms of the constituents of 
any other column, or any row. For example, 

A «= ai Aa, - h Aft, + Ci Ac, - &o. 

If it be required to obtain the proper sign to be attached to 
the minor which multiplies any constituent in the expanded 
form, we have only to consider how many displacements would 
bring that constituent to the leading place. For example, sup- 
pose the determinant {flibiC^die^ is expanded in terms of its 
fourth column, and that it is required to find what sign is to be 
attached to d^ A^,. Here two displacements upwards, and after- 
wards three to the left, will bring cU to the leading place ; hence 
the sign is negative. This rule may be stated simply as follows : — 
Proceed from a^ to the comtituent in question along the top rowj and 
down the column containing the constituent; the number of letters 
passed over before reaching the constituent will decide the sign to be 
attached to the minor. In the example just given ; beginning at 
Oi we count a^ ii, Ci, efi, d^^ i. e. five ; and this number being odd, 
the required sign is negative ; if the number were even the sign 
would be positive. 









Examples. 






1. 


«i ^1 fi 

03 b.^ C2 

i 

\ a3 b^ a 


= «i 


^2 C2 

bz C3 


1 


b\ C\ 
*3 Cz 


bi c\ 
+ a3. 

^2 C2 


ssaibiO^ — aibzC2 — 02^1^3 + fl2^<?i +<'sii^2 — 03^(1. 


(Compare (2), Art. 107.) 


2. 


a h g 
h b f 

g f c 


= a 




-h 


h g 


'9 


h g 1 



= abc + 2fgh ^ap -bg^^ ch\ 
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3. Expand the detenninant of the fourth order in tenuB of the constitueats of 
the fourth row. 



^-tti 



b\ ci di 

b2 C2 dt 

h ^ (h 



+ h 



ai ci di I 



ai bi di 



0% c% d% —Ci a% hi d% 



dz bi di 



+ rf4 



fli ^1 ei 
02 bi Ci 
as bi fit 



Ci Ci di 

When the determinants of the third order are expanded this will give the ex* 
pression of Ex. 3, Art. 108, as the student will easily verify. 

4. 



+ 5 



3 2 4, 
7 6 1 |=»3 

5 3 8 I 

= 3(48-3) -7(16-12) + 6(2-24). 



6 1 


-7 


2 4 


3 8 




3 8 



2 4 
6 1 



^ — . 


3. 






5. Find the value of the detenninant 






• 


8 7 


2 


20 


A = 


3 1 
5 


4 
11 


7 




8 



6 



It is evidently ccmvenient to expand this in terms of the third row, since two of 
the constituents in that row vanish. 



A = 6 



and expanding the two determinants of the 3rd. order, wo find A = 2188. 

6. Expand 

' 1 a -/3 



7 


2 


20 




8 


7 


20 


1 


4 


7 


+ 11 


3 


1 


7 


1 





6 




8 


1 


6 



-a 1 



7 
1 



7. Expand 



Jms. 1 + a- + /8« + y*. 



b a f 
d e f I 
Ant, a^d^ + if^t^ + c*/* - 2bee/- 2cafd - 2abde, 
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8. Prove 



— a 



/3 



-r is 

9. Expand 



— a 



7 

a 
1 



= 1 + o^ + jS' + 7« + (aa' + jSi9' + r/)'. 



— a 



bed 



b -« 



f 1^ —a 6 
1^ e b — a 

10. Prove the following identity, and expand the detenninants : — 




1 
1 
1 



1 




1 


«2 



X* 



I 



X 





y 



y 



z y 
X 
z y « I 



11. Show tiiat if the first two columns of a determinant of the third order be 
written after the third, as follows : — 

then the expansion of the detenninant may be obtained by writing with positive 
signs the three products which lie in the diagonal lines descending from left to 
right, and with negative signs the three products which lie in the diagonal lines 
ascending from left to right. 

This rule, due to M. Sarms, is practically convenient in expanding a determi- 
nant of the third order. 

12. Find the value of the determinant 

h 



^ ga 



a 
h 

9 



9 
h f 

f c 



V 



Expand first in terms of the last row or last column, and then each of the deter- 
minants of the third order in terms of X, fi, v, 

Ans. - A = (4c-/«) A« + (<jflr-^»)/u«+(a*-A2)i^ + 2(^A-tf/)/iif 

'\-2(hf-bg)v\Jt2(fg^eh)\ti. 
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115. Bevelopmeiit of Pcterminante conttnued. — 

The expansion explained in the preceding Artiole is inoluded 
in a more general mode of development given by Laplaoe. 
In place of expanding the determinant as a linear function 
of the constituents of any line, we expand it as a linear func- 
tion of the minors comprised in any number of lines. 

Consider, for example, the first two columns {a^ b) of any 
determinant ; and let all possible determinants of the second 
order {apbq\ obtained by taking any two rows of these two 
columns, be formed. Let the minor formed by suppressing 
the Op and bq lines be represented by ^pyq\ then the deter- 
minant can be expanded in the form 2 + {flpbqj^p^qy where 
each term is the product of two complementary determinants 
(see Art. 113). To prove this, we observe that every term of 
the determinant must contain one constituent from the column 
a and one from the column b» Suppose a term to contcdn the 
factor Qpbqy there must then (interchanging ji? an^ q) be another 
term containing the factor -aqbp\ hence, the determinant can 
be expanded in the form ^{apbq)Ap^q\ and Ap^q is plainly 
the 8um of aU the terms which can be obtained by permuting 
in every possible way the n - 2 suffixes of the letters c, d, <?, 
&c., viz., ± A^,99 the sign being determined in any particular 
instance by the rule of Art. 108. This reasoning can easily be 
extended to the case where any number p of columns are taken, 
and all possible minors formed by taking p rows of these 
columns. Each minor is then multiplied by the complementary 
minor, and the determinant expressed as the sum of all such 
products with their proper signs. 

Examples. 

1. Expand, the determinant (ai^a^^i) in tenns of the minora of the second order 
formed from the first two columns. 

Employing the hracket notation, we can write down the result as follows : — 

(aib2){f^di) - (aih)(eidi) + {aibi)(e%di) + {a2bz)(eid4) - (a«*i)(ci<fj) + (aib^{cidi); 

the signs being determined by the method of Art. 108 ; for since the letters within 
the brackets represent 1}ie leading terms of the several detenninants, the signs may 
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be deteimined as if the bnicketB were expunged, and the tenns were then elements 
of the deteiminant. 

2. Expand similarly the deteiminant {aib%eidie5), 

Ana. {aih){eidiei) - {aih){<f2diei) +(<n*4)(cs<?3«5) - {aih) {ackei) 
+ ((hhdlcitkes) - {(t2h){cidie5) + {aih6){eidzei) + {aih){eid2ei) 

3. Prove the identity 

«i bi ei di ei f\ 
d^ ht Oi di ti f% 

03 ^ ^ <^ ^8 fz 

ai /3i 71 

02 i83 72 
03 i^ 78 

This appears hy expanding the determinant in terms of the minors formed from 
the first three columns, ifx it is evident that all these minors vanish (having one row 
of ciphers) except one, viz. {fl\h%e^. 

In general it appears in the same way that if a determinant of the 2m'^ order 
contains in any position a square of m' ciphers, it can be expressed as the product ot 
two determinants of the m*^ order. 

4. Expand the determinant 



a\ h 


Cl 




ai 01 


71 


a% h% 


C2 




a2 fiz 


r» 


«3 *8 


Ci 




OS $2 


73 





a 


A 


9 


\ 


V 




h 


b 


f 


/* 


m' 




9 


f 


e 


V 


• 




K 


M 


¥ 










\' 




1 
V 









in powers of o, fi,^y, where 

Ant. ao» + *i9»+ (?y* + 2f$y + 25^70+ 2Ao^. 

116. Addition of Betermlnante. Paof. Y. — If every 
comtituent in any row or column can be resolved into tlie sum of 
ttco others, the determinant can be resolved into the sum of two 
others. 

Suppoee the oonstituents of the first ooluinn to be eii + aiy 
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^ + 029 03 + os, &0. Substitutmg these in the expansion of 
Art. 114, we have 

A = (fli + oi) Ai + {a^ + oi) -^2 + (03 + a3)-43 + &c., 



= ai-4i + 0^2-42 + (hAs + . . &o. + aiAi + 02^2 + os-^s + &o. ; 



OP, 



«! + Oi 


Ji 


Cl • . 




Oi 


Jl 


Cl , . 




Ol 


i, 


Cl • . 


02 + 02 


J, 


(^ • . 


02 


*, 


Cs • • 




Os 


Ja 


C2 • • 








=: 








+ 








O3 + 03 

• • « 


• 


• • 




03 

• 


*3 

• • 


Ci • . 

• • 




03 

• 


• • 


C3 • • 

• • 



which proves the proposition. 

If a seoond column consists of the sum of two others, it is 
easily seen, by first resolving with reference to one column, and 
afterwards with reference to the other, that the determinant can 
be resolved into the sum of four others. For example, the de- 
tenninant 



Oi + Oi 


&i + /3i 


Cl 


02 + 02 


*3+/32 


C2 


O3 + as 


i3 + /33 


C3 



is (using the notation of Art. 113) 6qual to the sum of the four 
determinants 

(O1&2C3) + {aihd) + (O1/32C3) + (01/32^3). 

Similarly it follows that if each of the oonstituenta of one 
column consists of the algebraical sum of any number of terms, 
the determinant can be resolved into a corresponding number of 
determinants. For example 



Oi - oi + o'l ii Cl 

02 — O2+O2 ^3 ^3 

03 — O3 + O 3 O3 C3 



Oi 


bi 


Cl 




Ol 


bi 


02 


h 


C2 


— 


03 


h 


03 


h 


Ci 




03 


h 



Ci\ 

I 

Cl 1 + 





hi Cl 


03 


bt C2 




63 C3 



And, in general, if one column consist of the algebraic sum of 
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m others, a second oolunm of the sum of n others, a third of thei 
sum of p others, &o., the determinant can be resolved into the 
sum of mnp . . . , &c., others. 

The results here established in the case of the columns are 
also of course true when rows can be similarly resoWed into 
sums. 

117, Pkop. VI. — If the constituents of one line are equal to 
the sums of the corresponding constituents of the other lines multi* 
plied hy constant factors^ the determinant vanishes. 

For it can then be resolved into the sum of a number of 
determinants which separately vanish. For example, 



max + nbi ai bx 
maz + nbi (h bi 
moz + nbz Oz bz 



= m 



«! 


«i 


h 




(h 


«2 


b. 


+ n 


(h 


(h 


h 





bi ai bi 
is a^ b% 
bz Oi bz 



and each of the latter determinants vanishes (Art. 110). 

118. Prop. VU. — A determinant is unchanged when to each 
eonstituent of any row or column are added those of several other 
rows or columns^ multiplied respectively by constant factors. 

For when the determinant is resolved into the sum of others, 
as in Art. 116, the determinants in which the. added lines occur 
all vanish, since each of them must, when the constant factor is 
removed, contain two identical lines. Thus, for example. 



«! &i Ci 

Oz bz C2 

I «3 ^3 Ct 



ai + mbi + nci bi Ci 
02 + W&2 + ncz bi C2 
fls + mbz + ncz bz Cz 



for when the second determinant is expressed as the sum of 
three others, the two arising from the added columns vanish 
identioaUy (Art. 117). 

The proposition of the present Article supplies in practice 
one of the most useful properties in the evaluation of deter- 
minants. 
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Examples. 

1. Show that tibe foUowixig determmaxifc TaniBhes : — 

t /3 + 7 a 1 

7+ « ^ 1 
a + /3 7 1 

Adding the oonstitiients of the second column to those of the first, we can takfr 
out a + /9 + 7 as a factor, and two columns then become identical. 

2. Find the yalue of the determinant 



3 4 10 

Subtracting the constituents of the first column from those of the second, and 
three times the constituents of the first column from those of the third, we obtain 



which yanishes identically. 
3.-1 1 1 1 

1-111 

11-11 

111-1 



1 
2 
3 

- 1 






1 
1 



1 

2 
2 



1 
1 

1 
2 

2 



1 
2 
2 





2 
2 



2 


2 



2 
2 




= -16. 



Here the first transformation is obtained by adding in succession the constituents 
of the first row to those of the second, third, and fourth. 



7 U 


4 




13 16 


10 


= 3 


3 9 


6 





7 


11 


4 




13 


15 


10 


= 3 


1 


3 


2 





10 10 



24 16 



4. 7 U 4 7 11 4 ! [7-10-10 

13 -24 -16 =3 

1 

= 30 (16 - 24) = - 240. . 

Here the second transformation is obtained by subtracting three times the first 
column from the second, and twice the first from the third. In examples of this 
land attempts should be made to reduce to zero all the constituents except one in 
8ome row or column, in which case the calculation reduces to that of a detnmi- 
nant of lower order. This can always be done by reducing any one line to units, as 
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in Ex. 7, Art. 112 ; but in general it can be eflfected Qiore readily by direct addi- 
tions or subtractions, as in the present instance. 



5. 



7 


-2 





5 


-2 


6 


-2 


2 





-2 


6 


3 


5 


2 


3 


4 



7-2 5 1 

19 0-2 17 . 

I 

-7 6 -2 ' 
12 3 9 I 



= 2 



19-2 17 

-7 6 -2 

12 3 9 



The first transformation is obtained by adding to the second row three times the 
first, subtracting the first from the third row, and adding the first to the fourth 
row. The reduced determinant is easily calculated by subtracting four times the 
second column from the first, and three times the second column from the third. 
Thus 



19-2 17 

-7 6 -2 

12 3 9 



^2 



27-2 23 

-27 6-17 

3 



= -6 



27 23 
-27 -17 



= - 972. 



6. Calculate the determinant 



As 



16 14 



12 6 7 9 
8 10 11 5 



13 3 2 16 

The first sixteen natural numbers are arranged here in what is called a *' magic 
square," t.«. the sum of all the figures in any row or ia any column is constant. In 
general for a square of the first »' numbers this sum is ^^(if' + 1). Determinants 
of this land can be at once reduced one degree, ^ere adding the last three columns 
to the first, and subtracting the last row from each of the others, we haTO 



A = 34 



1 15 14 


4 







12 


12 


-12 




1 1 


-1 


1 6 7 


9 


= 34 





3 


6 


-7 


= - 34 X 12 


3 5 


-7 


1 10 11 


6 







7 


9 


-11 




7 9 


-11 


1 3 2 


16 




1 


3 


2 


16 









and subtracting the second row from the last row, it is erident that the reduced de- 
tenninant yanishes; hence A = 0. 

7. Calculate the deteimiiuuit formed by the first nine natural numbers aiianged 

in a magic square : 

4 9 2 



3 6 7 
8 1 6 

K 



Am, 360. 
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8. Calculate the determinant foimed by the first twenty-five natural numben 
arranged in a magic square : 

10 18 1 14 22 



12 26 



8 



23 



17 



11 



6 



24 



19 



13 21 
7 20 



16 
16 



9 



Am. - 4680000. 



9. Expand, by the method of the present Articlei the determinant of £z. 10, 
Art. 114. 



A = 





1 


1 1 1 

«« ya 





1 


1 

«« y* 




1 «« 


y" 


1 
1 1 


2? C 
y2 «» 




1 
1 






1 -2» 

1 «»-y' 





Here, to obtain the second determinant we subtract the second column from each 
of the following ones. In the reduced determinant, subtracting the first row from 
each of the f oUowing, we find 



1 «» ya 
-2«» »«-««-y8 




2aa y3+«»-«» 


x^-t/^-g^ -2y» 




y^-\-s^-:^ 2y» 



A = - 



= (y» + ««-«»)» - 4y«a» 

= (yt + j^_aj2 + 2yi)(y' + »»-«»- 2yi) 

= {(y + «)«-*»}{(y-*)'-a^} 

= -(« + y + »)(y + i-a;)(2 + «- y)(« + y - «). 

10. Prove the identity 



s2abe{a + b-¥ey. 



{b + <?)» a* a» 

o» c» (» + *)» 

Subtracting the last column from each of the others, (a -i- & + e)^ may be taken out 
as a factor. Galling the remaining detenninant A% and subtracting in it the sum of 
the first two rows from the last, we have 



A' = 



tf+a-* 4» 
e-a—b e~a—b (a+^)* 



i + <j-« a> 






<»+«-* *» 




tf 


-2^ -2a 2a3 








a(* + c-«) 


a' 




1 


^(0^0.^) 


a» 


• 




"lab ^2ah 


2ii6 
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Adding the last column to each of the otheis, we obtain 



^'=^ 



203 



= 2 



^3 ^(<;+a) 



= 2ad 



Hence, 



b+e a 
= 2fla(?(tf + * + «). 



A = A' (a + * + <?)* = 2fl*c(a + * + c)». 
11. Pioye the identity 

1 1 1 



a $ y 
e? fi^ y^ 



s(i8-7)(7-«)(«-/3)(« + /3 + 7). 



Sobtraciing the first colunm from each of the others, 0-a and y-a become 
factors. In the reduced detenninant, subtract the first row multiplied by a' from 
the second row. 



12. Besolve into simple foctors the determinant 



A s 



1 








0" 

/3* 



1 
8 



7* 



Proceeding as in Ex. 11, we easily find that ($ - a) (y - a) (8 - a) is a factor, and 
that the reduced determinant is 



1 



1 



$ + a y + a 8 + a 

fi-^-fiPa-k-fiefi + i^ T^ + y'a+yi^ + e^ 8» + 8«a + 8a« + «^ 

Subtracting the first column from each of the others, {y - /9) (8 - jS) comes out 
as a factor, and the remaining factor is easily found to be (8-7)(a + /9 + 7 + 8). 
Hence, finally, 

A = -05-7)(«-«)(7-«)(/3-5)(«-/3)(7-»)(« + i8 + 7 + 5). 

119. Hnltlpliealioii ofBetermlnanto. Prop. Ym. — 
The product of two determinants of any order is itself a determinant 
of the same order. 

We shall prove this for two detenninantfl of the third order. 
The Btadent will observe, from the nature of the proof , that it 

b2 



244 



Determinants. 



is equally applicable in general. We propose to show that the 
product of the two determinants [aihc^j (ai/Sa^s) is 



«iOi + 6ii3i + Ci^i aiaa + Ji/^i + Ciyt aiCs + iift + C173 

^aOi + JajSi + C271 (h(JLi + &a02 + C273 ' ^03 + JajSa + Cz^z \ \ 
(h^i + fta/Si + Ca^i «3a2 + ia/Sa + ^372 ^303 + JsjSs + ^373 



whose constituents are the sums of the products of the con- 
stituents in any row of [aib%c^ by the corresponding constituents 
in any row of (ai/3a7s). 

Since each column consists of the sum of three terms, this 
determinant can be expanded into the sum of 27 others (Art 
116). Now it will be observed that when any one of these 
is written down, a common factor can be taken off each column ; 
and that several of the partial determinants will, when these 
factors are removed, have two (or more) columns identical. The 
determinants which do not vanish in this way can be easily 
selected. Taking, for example, the first vertical line of the first 
column ; this would give a vanishing determinant if we were to 
take along with it the first line of the second column. We take 
theu the second line of the second colunm, and along with 
these two we must take the third line of the third column to 
obtain a determinant which does not vanish. Betaining still 
the first line of the first column, we may take the third line 
of the second column along with the second line of the third 
column. Taking out the common factors of the columns, we 
write down these two determinants as follows : — 



ai/3a73 



«1 


bi 


Ci 




(h 


*a 


c% 


+ ai7a/33 


(h 


h 


C3 





«! 61 Ci 

Oz bi Oi 
<h b^ Cz 



Taking in turn each of the other lines of the first column, 
we obtain four other determinants which do not vanish. Thus 
there are in all six terms ; and it is plain that (^1 hc^ is a factor 
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in each of these. Taking out this faotor, there remains the 
sum of six terms — 

aifiijz - ai/3372 - aa/3i73 + as/3i7s + aa/Ssyi - as/Siyi, 

and this is the determinant (ai/Says)- We have thus proTed 
that the determinant above written is the product of the two 
given determinants. 

In either of the given determinants the rows may be writ- 
ten in place of columns ; hence, the product maj be written 
in several different forms as a determinant; but these will, 
of course, give the same value when expanded. 

Cor. — The square of a determinant is a symmetrical deter" 
minant. 

Two constituents of a determinant are said to be conjugate 
when one is situated in the rows in the same place relatively to 
the leading constituent as the other is in the columns; and a«ym- 
metrical determinant is one in which the conjugate constituents 
are equal to one another. The student will find examples of 
such determinants on referring to Examples 2, 9, 10 of Art. 114, 
and Example 4, Art. 115. From these definitions the corollary 
follows immediately, by putting the several constituents of 
(oi/Ssys) equal to those of (oiisOs) in the above expression for 
the product of these two determinants. 

120. Hnltlplieatlon of Betermiiuiiite eonttnoed • — 
Another mode of proof of the proposition of the last Article, 
expressing as a determinant the product of two given determi- 
nants of the same order, may be derived from Laplace's mode 
of development already explained. 

In the first of the following examples this method is applied 
to determine the product of two determinants of the third order. 
The student will have no difficulty in extending the proof to 
determinants of any order by the aid of the principles estab- 
lished in Art. 115. 
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1. The product of the two detennixiants {aihcz), (ai/9a7B) b (see Ex. 3, 
Art. 116) plainly equal to the detenninant 



«1 


h 


ei 











02 


h 


a 











03 


h 


Ci 












- 1 



- 1 



ai oa 03 



/9i i9t 33 



0-1 71 ya 73 

In thiB detenninant add to the fourth column the sum of the first multiplied by 
ai, the second by $1, and the third by 71 ; add to the fifth column the sum of the 
first multiplied by as, the second by Ai, and the third by y% ; and add to tibe sixth 
column the sum of the first multipUed by 03, the second by /Ss/.and the third by 73. 
The detenninant becomes then 



1 



h 








0-1 
0-1 



«iai + JiiSi + C171 
thai + bt0i +<?37i 

«sai + ^/9i + 0s7i 






fl2«l+ ^^8 + ^73 
«J«2 + h02 + Cijt 







«i«8 + *iiBs + ai7s 

«l«8 + *333 + ^73 
«8«8 + hfii + ^73 







And this is, by Art. 115, equal to the product (with the proper sign) of the deter- 
minant 

-10 



0-10 
0-1 



(which is equal to - 1), 



by the complementary minor, which is the same detenninant as that obtained in the 
preceding Article. That the sign to be attached to the product is negative is easily 
seen by moving down the first three rows till the diagonals of tiie two minors in 
question form the diagonal of the determinant itself. The student will have no 
difficulty in observing that, in the general case, the number of such displacements 
is odd when the order of the given detenninants is odd, and even when it is even ; 
so that the sign to be placed before the product-detenninant of Art. 119 is always 
positive. 



Examples. 

2. Show tliat the product of the two determinants 
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— e^id a — ih 






where « = \/- 1, may be written in the form 

B-iC B-iA 



where 



-B-iA J)-^iC 

A^h<f'b'e + ad'' a% B^ea' -e'a^hd' - h'd, 
C^oh'-tih^ed' ^fld^ i>9«a' + M'+ c^ -^ dd' ; 
hbnee proye Euler'a theorem 

(a» + A> + r» + rf») (a** + y« + fl'« + rf") 
3 (otf" + M' -f <M^ + itfO' + (^ ~ y^ ^ad'^ t^dy 
+ («!'-•« + «•- *'rf)»+ («y - 1*** + «rf' - fl'rf)', 

viz., the product of two nmi each of four Mfuara ctm be egpreeeed ae the sum of four 
equaree, 

3. Prove the following eaEpremon for the square of a determinant of the third 
order : — 

ay + tf'c-2M' 2(aV-4'») aV' + a'V-2y3 

tfy' + a"tf-2»" a'iJ"+a'V-2W' 2(aV'-r«) 

This appears by multiplying the two determinants 

e ''2b a 

e -IV if 

e" -2ft" «" 

which differ only by the factor 2. • 

4. Show that two determinants of different orders may be multiplied together. 
For their orders may be made equal ; since the order of any determinant can.be 

increased by adding any number of columns and the same number of rows consisting 
of units in the diagonal, and all the rest zero constituents. For example, 



a 


b 


e 


2 


el 


y 


c' 


« 


a" 


V 


tf" 





a 


b 


e 


e( 


V 


<f 


a" 


V 


e' 



01 b\ 

Oq b% 



may be written 








1 








«1 





bx : 



€Li ^2 
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the only effect of the added consdtaexitB being to multiply the detenninant by unity. 
More generally, one set of added constituents (t.^. those either to the right or the 
left of the diagonal) might be taken to be any quantities whaterer, the remaining 
set being ciphers. Thus (ai^) might be written 



1 


a 


/3 


y 





1 


I 


c 


•0 





«i 


*l 








oq 


h 



for, expanding this according to the left-hand columns in succession, it is plain that 
the added constituents a, iS, 7, 8, e will not enter into the result. 

121. Rectangalar Arrays. — ^Arrays in whicli the num- 
ber of rows is not equal to the number of columns may be called 
rectangular. These do not themselves represent any definite 
function ; but if two such arrays of the same dimensions are 
giyen, a determinant can be derived from them by the process 
of Art. 119, whose value we proceed to investigate. 

(1). When the number of columns exceeds the ntJMtber 0/ rotc8. 

Take, for example, the two rectangular arrays, 



ai bi Ci di 
Qz b% c% d% 



(1), 



ai /3i 



72 8a 



(2); 



and, performing on these a process similar to that employed in 
multiplying two determinants, we obtain the detenninant 

«iai + Ji/3i + C171 + rfiSi that + Ji/Ss + C172 + cfiSi 

The value of this is easily found to be 

(«i&2) (aijSj) + (fliC^) (0,72) + (fli.(4) (aiSa) + (6i(J,) (/3i7») 

+ (Si*) (j3i8,) + (cx*) (7,8,), 

i. e. the sum of the products of all possible determinants which can 
be formed from one array [by taking a number of columns equal 
to the number of rows) multiplied by the corresponding determi' 
nants formed from the other array. 
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The student will haye no difficulty in extending this proof 
to any two arrays of the kind here treated. 

(2). When the number of rows exceeds the number of columns. 
Take, for example, the two arrays, 

«i bi "^ ai /3, ^ 

(h b^ ^ (1), a, ^ \ (2). 

(h bz J OS /Ss J 

Performing the process of multiplication, we obtain the deter- 
minant 

It will be observed that this determinant is the same as would 
arise if a column of ciphers were added to each of the given 
arrays and the determinants so formed then multiplied. 

Sence the determinant vanisheSy since it is the product of two 
factors, each equal to zero. 

It readily appears that a similar proof applies in general. 
It is only necessary to add to each array columns of ciphers so 
as to make the number of columns equal to the number of rows, 
and then multiply the two determinants. 



1. From the two arrays 

111) 



a fi y ) 



Examples. 



111) 



(1). 



a y } 



(2), 



prove 



3 a + i9 + v 

I a + /3 + 7 «* + /8* + 7^ 
2. From the two arrays 

a b e \ e -2b a 

(1), 

«- 4' «• ) <f -2b' a' 



= (a - /3)> + (a - 7)> + (i8 - 7)!. 



(2), 



prove 



4 (<«? - i«) (aV - b'^) - ((W^ + «*<? - 2birji s 4 {be' - *V) {ah'- oTb) - (ad^ a'c)K 
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3. By squaring the anay 



a b e 

a' V e 



prove 



4. Verify, by squaring the array 

abed 
a' V <f dl 

the result of Ex. 2, Art. 120. 

5. Proye the determinant identity 

I {a^-bxf {ai-bif (ai-*3)« {fl\-hf 

I {(H'bxf {fl%'b^f («,-i3)« (02 -i*)' 

I 

{fl^-bxY («s-*a)* (a3-«3)» («• - Ji)' 
(a4-*i)« (ai-A2)« (a4-*3)« («4 - «4)« 
Thia can be proved by multiplying the two arrays 



s 0. 



ai» 


ai 


1 -V 




1 -2*1 


*i2 -\ 


«3' 


«3 


1 

1 - 


(1), 


1 -2*2 
1 -2*8 


*2« 
*3^ 


a4« 


04 




1 -2*4 


*42 J 



> (2). 



122. Solvtioii of a System of Unear Sqvatloiis. — 

We have Been in Art. 114 that a determinant maj be expanded 
as a linear homogeneous function of the oonstituents in any row 
or column, the coefficient of any constituent being the corre- 
sponding minor with its proper sign. We have, for example, 

A = fli^i + a^Ai + 03-43 + &o. 

Now, the coefficients A\y A29 &c., are connected with the consti- 
tuents of the other columns by n - 1 identical relatione, viz., 

biAi + biA'A + 63-43 + &c. = 0, 
CiAi + c^At + c^Az + &c. = 0, &c., 

for any one of these is what the determinant becomes when the 
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oonstitaentfl of the oorresponding column are substituted for 
^if (hi <hy &o., and must therefore vanish. 

By the aid of these relations we can write down the solution 
of a system of linear equations. The following application to 
the case of three variables is sufficient to explain the general 
process. Let the equations be 

aiX + 6iy + CjS = Wi, 

(hx + hy + C32 = nh- 

Multiply the first equation by Ai^ the second by A^, and the 
third by A^ ; and add. The coefficients of y and z vanish, in 
virtue of the relations above proved ; and we obtain 



{flxAi + 02-^2 + asAi)x = miAi + nhA2 + nhAs, 



or 



^x 



fHi bi Ci 

m% b-i C2 
nh bz <h 



where A represents the determinant formed from the nine con- 
stituentSy Oiy ii, Ciy Sec. 

Similarly, multiplying by Bi^ Bt^ Bzj we obtain 

{byBx + btBt + bzB^y - nixBi + m2-B2 + W3-B3, 



A y = 



01 nil Cx 



where the determinant on the right-hand side is what A becomes 
when mi, m2, ms are substituted for the constituents of the second 
column. Similarly, we obtain for z 



A» = 



ni: 



«i bi 

(h b% nh 

^3 frj ^3 
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These values may be written more eompaotly, as follows : — 

Aa; = (^162^3), Ay = (aimaCa), A2 = (0162^3). 

In general, the values of x^ y, s, &c.y may be written as fol- 
lows : — 

_ (mi 62^3 . . . /w) _ (g iW2fet - « »'/» ) _ (aift2^>3 » ' « 4) D 

(ai 62^ . . . ^n)' («i 63^3... /ft)' (^ifia^s . . . ^n) * 

where, to obtain the value of any variable, the given quantities 
mi, m,, &o., on the right-hand side of the given equations are 
to be substituted in A for the coefficients of the variable in 
question, and the determinant so formed to be divided by A. 
123. Unear Homogeneous Equattons. — ^When n - 1 
linear homogeneous equations between n variables are given, the 
ratios of the variables can be determined by bringing any one of 
them to the right-hand side of the equations, and solving as in 
the previous article ; or we can determine these ratios more con- 
veniently, as follows. We tekke the particular case of three 
equations between four variables, which will be sufficient to 
illustrate the general process : 



flia? + Jiy + CiS + rfifT = 0,■^ 

(hx + b^y + CzZ-\- dzw = 0. J 

To these we can add a fourth equation whose coefficients are 
undetermined, viz., 

ciiX + hy + CiZ + diW = A. (2) 

Calling {oibtCzdi) as usual A, and solving from these four 
equations by the method of the last Article, we obtain, since 
mi = 0, m2 = 0, ms = 0, m4 = X, the following values : — 

Aa? = XAi, Ay = A-B4, As = AC*, Aic = A A, 
or, 

us u 2 w X 



X 


y 


z 


w 


X 


ir 


B, 


a 


"-^r 


A 
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The first three of these equations express the ratios of the 
four variables in terms of the coefficients in the three given 
equations. And in general, the variables are proportional to the 
coefficients in the expansion of ^ of the constituents of the tf^ row 
supposed added to then -\ rows resulting from the given equations. 

We can now express the condition that n linear homogeneous 
equations should be consistent with one another ; for example, 
that the equation (2) should, when X = 0, be consistent with the 
equations (1). We have only to substitute in (2) the ratios de- 
rived from (1), when we obtain 



or 



fl4-4| + biBi + Ci (74 + diDi = 0, 



A = 0. 



The same thing appears from the equations (3), for if A = 0, 
and if the variables do not all vanish, A must vanish. 

What has been proved may be expressed as foUows : — The 
result of eliminating the variables between n linear homogeneous 
equations in n variables is the vanishing of the determinant formed 
by the coefficients of the given equations. 

124. Jfteclproeal Determlnanto. — The quantities 
Aii Bij Ci . , . Aij &c., which occur in the expansion of a deter- 
minant {i.e. the first minors, with their proper signs), may be 
called inverse constituents ; and the determinant formed with 
them the inverse or reciprocal determinant. We proceed to prove 
certain useful relations connecting the two determinants. 

(1). To express the reciprocal in terms of the given determinant 
Let the reciprocal of A be denoted by A^ and multiply the two 
determinants 



A^ 



fll 


Jl 


Cx 




02 


h 


C2 


, A'- 


«3 


h 


Ci 





^3 jDs Os I 



AU the constituents of the resulting determinant except 
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those in the diagonal vanish (see Art. 122) ; and the result 
is 



AA' = 



whenoe 



A 

A 

A 

A' = A\ 



- A3 



A'; 



The prooess here employed is equally applicable in general ; 
giving A A' = A'*, or A' = A»-^ Henoe the reciprocal determinant 
is eqiMl to the {n - 1)** power of the given determinant. 

(2). To express any minor of the reciprocal determinant in terms 
of the original constituents. 

We take, for example, the determinant of the fourth order, 
and proceed to express the first minors of its reciprocal. Multi- 
plying the two determinants on the left-hand side of the follow- 
ing equation, and employing the identical equations of Art. 122, 
we obtain 



Oi 


J, 


Oi 


h 


a> 


h 


a* 


b, 



whence 



Ci 


rfl 




Ci 


d. 




Cz 


* 




Ci 


di 





or 



10 




a» 











^2 ^3 ^2 -^^ ' 


Ot 


A 








Ai Bt Ci D» 


Oj 





A 





A, Bk C, a 


a< 








A 


Bi Uj Dt 










Bs Cs Di 


= a. A», 








Bt Ct A 








(5, C, A) = «iA 


1 











thus expressing the first minor of A' complementary to Ai, 
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Again, to express the seoond minors of ^\ we have, by an 
exactly similar prooess. 



(h bi Ot d% 

Oz bz Cz 



«4 ^4 Ci ^4 

whence 



1 


Az 




1 








^8 Cz 



Cz 



A, B, C, 

A I 

A r 






A 
A 

«2 



a, b, 

0, », 

03 is A 

04 64 A 



61 



or 



(C3A) = (fl,62)A. 

The general theorem of which these are particular cases can 
be proved in a similar manner, and may be expressed as fol- 
lows : — A minor of the order m formed out of the inverse consti- 
tuents is equal to the complementary of the corresponding minor of 
the original determinant A multiplied by the {m - 1)** power of A. 

125. Skew Synunetrleal Detemnlnaiito. — We have seen 
in Art. 119 that a symmetrical determinant is one in which the 
conjugate constituents are equal to one another. 

A skew symmetrical determinant is one in which each consti- 
tuent is equal to its conjugate with sign changed ; and including 
the constituents in the leading diagonal, it follows that all these 
vanish since each is its own conjugate. 

In a symmetrical determinant the minor corresponding to 
any constituent is equal to the minor corresponding to its con- 
jugate ; for, since one occupies in the rows the same position as 
the other in the colunms, the two minors will differ only by an 
interchange of rows and columns. 

It easily appears also that, in the case of a skew symmetrical 
determinant of the n*^ order, the minor corresponding to any 
constituent differs from that corresponding to its conjugate by 
an interchange of rows for colunms, and by the signs of all the 
constituents. Hence the two minors are equal to one another 
when their order is even, i.e., when n is odd; and they are 
equal with contrary signs when n is even. 
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The following are useful properties of skew symmetrioal 
determinants : — 

(1). A skew symmetrical determinant of odd order vanishes, — 
For any skew symmetrical determinant is unaltered by changing 
the columns into rows, and then changing the signs of all the 
rows ; but when n is odd this process ought to change the sign 
of A ; hence A must, in this case, vanish. For example, 

Q h g , 

! -A / - 0, 

-g -/ 

(2). A skew symmetrical determinant of even order is a perfect 
sqtMre. 

This Proposition follows from the principles established in 
Art. 124. 

Take, for example, the determinant of the fourth order 



A ^ 






a 


h 


c 


-a 





f 


e 


-b 


-/ 





d 


- c 


-e 


-d 






and let the inverse constituents forming its reciprocal be de- 
noted by Aij Bij . , . A2f &c. We have then, by (2), Art. 124, 

d 



A1B2 - A2B1 = A 



-rf 



= rf»A. 



Now Aii and Bi^ being skew symmetrical determinants of odd 
order, vanish ; and A^-- J9i, since these are conjugate minors ; 
hence ^' A = Ai^ which proves that A is a perfect square. 
Similarly, for the determinant of the sixth order, it is proved 
that the product of A by a skew determinant of the fourth order 
is a perfect square ; and since the latter determinant has been 
just proved to be a perfect square, it follows that A is also. By 
an exactly similar process, assuming the truth of the Broposi- 
tion for the determinant of the sixth order, it follows for one of 
the eighth ; and so on. 
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1. 



-a / tf 
-* -/ d 
-tf -« -d 



{ad-be-^ ef)K 



In the above proof A is multiplied by a square factor ; but tbis must divide oat 
in eveiy instance, since A is plainly not fractional. 

2. The square of any determinant of even order can be expressed as a skew 
symmetrical detenninant. 

The following method of proof is applicable in general. 

The square of (axhte^di) is obtained by multiplying the two following detenni- 
nants:^ 



«1 


h 


ei 


di 




-hi 


ai 


-ii 


ei 


«a 


h 


e% 


di 




-h 


a% 


-d^ 


ei 


As 


h 


cz 


d^ 


f 


-*3 


03 


-* 


cz 


04 


hi 


Ci 


di 




-h 


04 


-di 


Ci 



and the product of these is 

0, - (axfti) - (ci<fe), - (oii|) - (<Ji(^), - (oj 3*) - [cid^f 

(«ifti) + (cx*), 0, - («a*3)-(<J5irf8), - M4) - (c»<y, 

(aids) + (<fi*), (tf»*3) + M8), 0, - (08*4) - (<J«<y, 

(«i«4) + (cidi), {a^h) + {e%d^, (ojii) + ((?i<24), 0, 
which 18 a skew symmetrical determinant. 



MlSCXLLAiniOUS EZAXPLBS. 



1. PMve that 



00 



«i 



OS 



01 



03 



08 



03 



OS 



04 



3 /, 



where /has the same signification as in Art. 38. 

2. Prove that 

/9+7 7+0 0+/8 

i8" + y y + a" a" + /9" 

B 



.»# 



3 » 
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3. Prove that 



»- » 



7a 7a' + Va 7'a' 



= 07')(7«')(«/3'). 



where the factors on the right-hand side are determinants of the second order. 

Biyiding the rows by /8V, 7'a', a'/9'; and patting A. = -, A* = 7?> r = -7, the 

a p 7 

detenninant (omitting a &ctor) reduces to the fonn 

1 ii-'tv 

1 y +X 

1 x + /t 
4. Fioyethat 



lOf 




1 


-X /IF 




¥K 


« 


1 


-ft rX 


--(f*-0('-^)< 


^ 




1 - 


-r X/i 




a b 


e 


d 




a' V 


c' 


d 




fl» ^ 




d' 


.(*o(«n(^')(W)ww 


a' V 


abcdolViid 


a'» 6'» 
a b 


c'« 

6 


d 







«* y c' ^ 
Multiplying the columns by —, — , -xi ;:=> the detennixumt reduces to the foim 

a* d* tf* a* 

treated in Ex. 10, Art. 112. 
6. Prove that 
i3V + «'5» i37 + a« 1 

7«a« + /9«8« 7« + /8» 1 = O- 7)(«- «) (7" «)(/8 - «)(« -/8)(7- *)• 
a»/9« + 728a ojB + 7« 1 

Add the last column multiplied by 2 a/378 to the first. The determinant becomes 
then of the fonn of Ex. 9, Art. 112. 

6. Prove that 
(/5 + 7-a-8)* 03 + 7-a-«)2 1 

(7 + a-/9-8)* (7+a-/8-«)» 1 

(a+i3-7-«)* (a + /8-7-«)» 1 

7. Prove that 

a b ax\h 

b bx-^ c 

ax ■{■ b bx + e 

Subtract from the third row the second row plus the first multiplied by «. 



= 64 08-7)(--«)(7-a)(iS-«) 

(a-/8)(7-«)- 



3 - (otf - 6«) (ajc»+ 2*« + e). 
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8. Frove ninilarly tliat 

a b 





d 



<«^ + 2to + « 



'\'%»^d afi + 2dX'\'e 



a»^+ 2bx + c 
3^4- 2ex + d 
esfi+2dx-\-e 




a b e 
bed 
e d $ 



(««* + 4&C* + 6c:fl + 4£te + e). 



9. Given 



prove tlie identity 






/iW /I'W /i"W 

/iW /a'W /2"W 
/sW /s'W /3"W 



-18 



1 

«3 



-a? 

h 






di 
d% 
dz 



The flnt detenninant reduces easily (omitting a factor) to the following : — 

a\X + bi bix + ci cix + di 
a^x + ^ hx + Ci e%x^ d% 
ozx + b^ b^x + ^ ^a? + (^3 

An artifice wluch is often \iseful in simplifying a determinant is to increase its 
order by bordering it with rows or columns whose constituents are ciphers, except 
those in the diagonal, which are units. The value of the detenninant remains un- 
altered (see Ex. 4, Art. 120). The determinant last written is plainly equal to 



01 aix + bi bix-^^ eix + di 
08 tux + b2 b^x +08 CiX + d% 
08 08^ + h hx + ^ ci^ + (^ 

Subtracting from the seccmd column the first multiplied by x ; subtracting then 
from the third the new second column multiplied by x ; and, finally, from the fourth 
the new third ooliunn multiplied by x^ we have the result above stated. 

s3 
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10. Show tliat the detenninant 

contains \{:fi + S^ + f')-l asa factor, and that the remaining factor is inde- 
pendent of A.. 

Border the detenmnant, aa in £z. 9, with a first column whose constitnents are 
1, ?iZf Xff, \js ; and with a first row whose constitaents are 1, 0, 0, 0. Subtract 
then X times the first column from the second, y times the first column from the 
third, and s times the first column from the fourth. In the determinant thus altered 
subtract from the first row x times the second, plus y times the third, plus s times 
the fourth; and the result follows. 

11. Expand the detexminant 



«l + « 


bi 


Cl 


di 


03 


«3 + « 


c% 


d% 


03 


h 


tfJ + « 


di 


04, 


h 


«4 


di + x 



a d (ui 
















5 


B 


s 


A 
C A' 


5 


A B 
A' V 


I tt i^ 















Ant. {aihcidiy;^{{hctdi) + [aiCidi) + (aiM*) + («i*2«5i)}« + {(*2«s) + («i<i4) 

12. Prore the identities 
1 

1 

I 1 

r 

I 1 
where 

^=08-7)(a-«), -B=:(7-a)08-«), C = (a- /9)(7- «), 

^'=08'-y)(*^-«'), ir'=(y-«')(/8'-«o, c^«(-'-^(y-«o. 

Expanding the first determinant in terms of the minors foimed from the first 
two columns (see Art. 116), we easily proye that it is equal to 

A(fify' + rt'80 + JB(7 V + iB'O + 0{c^fif + y'9^ ; 
and employing the identical equation A -^ B + CaO, along with the lelationa of 
Ex. 18, Art. 27, the result follows. 

18. Proye that the determinant of Ex. 12 is equal to 

1 Py-{-ai iS'y + a'8' 
1 7a + i3« y'af + fifS' 
1 03 + 7« a'$' + 7'8' 



i 
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This follows at once from the relations of Ex. 18, Art. 27. 'lltlyfif^*/,^ ho 
put equal to o^, i9<", 7», ^ in the result, we ohtain an identity which includes 
Ex. 5, p. 268, as a particular case. 

14. Froye the equation 

d? 01 03 03 



= (a?-a)(a!-/9)(a:-7)(aJ-a); 



a fi X ei 
a fi y X 

a /3 7 S 

01, a%y 03) hi hf ci heing any quantities. 

This follows hy suhtracting a times the last column from the first, fi times the 
last from the second, &o. The student will haye no difficulty in writing down the 
conesponding determinant of the (» + 1)'* degree which is equal to the polynomial 
f{x) whose roots are ai, as, as, ... on. 

16. Besolye into Actors the determinant 



As 



Here 



A = 



(a - «')» 

a* a 
0i fi 



(a - /8')» 
(/9-i8')« 



1 

1 
1 



I 



1 

1 
1 



(« - V)' 

-2a' 
-2/9' 

-2y 



a'' 
fif' 



7* 7 

and these two determinants may be resolyed as in Ex. 9, Art. 112. 
16. Besolye into factors the determinant 



As 



(«-i^)» (a-fi^f («-y)3 
ifi-ar 03-/9')» 0-y)3 

(7-«r (7-/9? (7-y)» 
Multiplying the two rectangular arrays 

c^ o* a 
/8S i3» /9 



n 

1 



7* 7» 



> (1), 



1 -3a' 
1 -3)9' 
1 -37' 



3a'» 
3i9'» 
37'* 



-«'« 



-^'»>(2), 



-7" 



A becomes equal to the sum of four terms, from each of which we can take out as a 
factor Uie product of the two determinants 



1 
1 
1 



fi 
7 



/9« 
7» 



1 
1 
1 



a 
fi' 



a'» 
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The remaining factor is 

Z{Zafiy - ^fiy 2a + 2i3V2a - Sa'/Sy }, 

wliich can be written also in the f onn 

3{(«-rt'){3-/8')(7-y) + («~^(i5-y)(7-a') + («-y)03-a')(7-/8')}. 
17. Frorethat 

a ^ 7 

a' ff y 

^11 1 

where Z and M have the values of Art 59« 
This appears easily by multiplying 



z 


Z' 


= (««-«) 


M 


M' 





a 


i3 


7 




1 


cl 


^ 


y 


by 


1 


1 


1 


1 




1 



09 



M« 



18. Frore by determinants the following relation : — 
This appears from the equation 



a» 


a» 


a 


1 




0" 


/9' 


/9 


1 


K 


y 


y 


y 


1 




8» 


8» 


a 


1 





1 -3o 3a« - c? 

1 -3i5 8i8« -/9» 

1 -37 37» -y 

1 -38 3a» -«3 



(a-/8)» (a-7)» (a-»)' 

05-a)> (/5-7)3 (i8-8)' 

(7-a)» {7-«» (7-J)» 

(a-o)» (a-i3)» (j-7)» 



on applying the ezpaxision of a skew determinant of the fourth order giyen in Ex. 1, 
Art. 125. 

19. FroTe the expansion 



l + «i 1 



1 
1 
1 



1+02 1 1 

1 l+«s 1 

1 1 1 + 04 



= fll««fl8«4 {1+-+- + — + — }. 
( 01 OS 08 047 



This is easily proyed by subtracting the first column from each of the others, 
and then expanding the determinant as a linear function of the constituents of the 
first column. It w^l be apparent from the nature of the proof that the yalue of the 

similar determinant of the n^ order is 010303 . . . 0ii ! 1 +2 



\ 



01) 
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20. FioYetheielatioa 



» 



X fi X X 

\ X X 7 X 
X X X 9 



= /W -»/(*). 



where 



/(ir)s(aJ-a)(«-/9)(«-'y)(«-8). 



Tlufl can bo deriyed from the preyiouB examploi or proved independently in a 
rimikr way. As in the last example the detezminant of this form of the fi'* degree 
can he similarly expressed. 

21. FroTe that the equation in X 



♦Ws 



a~x h g 

h h-X f 

9 f c-X 



= 



has its roots all reaL (Gf . Ex. 6, p. 164.) 

This determinant is formed by sahtradang the Tariable from each of the diagonal 
terms of a symmetrical determinant. The following method of proof , due to Prof. 
Sylvester, is equally applicable to the general case. Let ^(x) be multiplied by 
^(-A). The result is 



JB-A« F 



a 



(7-X« 



where ui = a» + A» + ^, J = ^ + A*+/», O^^^-p + g^, 

F^{b+c)f+gh, a={e + a)g + hf, R={a+b)h+fg. 

This determinant, when expanded, may be written as fbllows : — 

x«-ix* + if\»-iV=0, 

where X, ify J\r are all essentially poeitiye ; for i\r is plainly the square of f (q), and 
L, if are easily found to be 

if = (*« -/»)» + (<w - ^)» + (oi - A«)» + 2 (a/- ^A)2 + 2 (V - V)» + 2 («* -./l^)«. 

The equation ^(x) = 0, therefore, cannot have a root of the form fi^/^, for 
this would lead to a negatiye root of the aboTO equation in x', and no such root can 
exist since the signs are alternately poeitiye and negatiye. It appears further, by 
substituting in the aboye proof a - a, ^ - a, c - a ior a, b, e, respectiyely, that x 

cannot haye a yalne of the form a + /3 \/- 1. 
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22. Show that the most general yalues of x, y, g, w which satLsfy the two homo- 
geneouB eqnatioiis 

may be expressed symmetrically in tenns of two indetezminates X, T, in the form 

{M) {be') {hd')y = iZ + h'T, &o. 
This can be proved by adding to the two given equations the two following : — 



a' 



«« 



d» 



t^% yi tf'a <j'2 



where A, fi are indeterminate quantities ; by then solving for x^ y, s, 10, as in Art- 
122, and reducing the determinants as in Ex. 4, p. 258 ; and finally making 

23. When a polynomial U is divided by another XT of lower dimensions, the 
coefficients of the quotient, and of the remainder, can be expressed as detenninants in 
terms of the coefficients of V and TT. 

The method employed in the following particular case is equslly applicable' in 
general. Let Z7 be of the 5th, and XT of the 3rd degree ; the quotient and remainder 
can then be represented as follows : — 

Q s yo*' + fl'ia? + ^a, JB s fo** + n* + f2. 
Also, let 

From the identity 

we have the following equations : — 

oo = go^'i 

«8 = 9^02' + qiai + gtoo, 
08 = qoiH* + ^i«»' + J»tfi' + fo, 
04 = j'l »3' + ^ tfj' + n> 

Solving by Art. 122 ; q^ ^1, ^2 are expressed as determinants by means of the 
first three of these equations ; and taking the first three with each of the others in 
succession, we determine fo» n» ra. For example, to find ro we have from the first 
four equations 

-Oo 



«o 



' 



tfl' Oo -«! 



a% a\ Oq — «a 



tfj' at «i' -oj + fo 



0, or flo^ro = 



«o' 








(h 


fll' 


ao' 





«i 


fll' 


ai' 


«ro' 


02 



08 03 Ol 08 
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24. Each of the coefficients of any equation can be expressed in terms of the roots 
as the quotient of two determinants. 

The student will easily extend to any degree the following application to the 
equation of the third degree. 

From Ex. 10, Art. 112, we have 



«* «^ « 1 

a? a^ a 1 

fi^ 0* fi 1 

7> y« y 1 



-0'-7)(7-«)(«-«(«-a)(«-«(a?-7). 



Expanding the determinant, this identity can he written 



a* a 1 




o? a I 




a» 


a* 1 




o' o« o 


i3« I 


«8- 


i3» $ 1 


x^ + 


/93 0i 1 


fl?- 


i3» i3» /3 


7» y 1 




7» y 1 




y» y 1 




t' 7» 7 






a' a 1 






s 


/S* i3 1 


{a^-j?ia!« + 












7» 7 


1 





from which the above proposition follows; jn, 1^2) Pz being the coefficients of the 
equation whose roots are a, /3, 7. 

25. To express as a determinant the reducing cubic in the solution of a biqua- 
dratic. 

Employing Descartes' method, and substituting from equations (1), Art. 64, in 
the identity 



= 0, 



1 1 




110 




2 p+p' g+i" 


p ^ 




P' P 


- 


p+pT ipp' pg'+p't 


q i 




9' 9 




g+t' pg^+pfg ^gg' 



we find the equation 



a b e-\- 2a^ 

b c-n^ d 

e + 2a^ d e 



= 0, 



a cubic for ^, which is easily seen to be identical with the cubic 

4a»^'-ia^ + /=0 
of Alt. 64. 
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126. BTewton's Theorem on the Sains of the Powers 
of the Roots. — ^We now resume the discussion of STmmetrio 
functions of the roots of an equation, of which a short account 
has been previously given (see Art. 27) ; and proceed to prove 
certain general propositions relating to these functions. 

Prop. I. — The sums of the similar powers of the roots of an 
equation can be expressed rationally in terms of the coefficients. 

Let the equation be 

f{x) s of ■\-piX^^ + j^aa^"* + . . . +i>», 

We proceed to calculate 2a% SaS . . . Sa** ; or, adopting 
the usual notation, s%y Sz^ ... s^j in terms of the coefficients 

Pi, Ptj . . . Pn* 

We have, by Art. 72, 



s fw^* + (n- l)/>ia?""* + (n- 2)jp2a^ + . • . +2p».|iP+i>»-i ; 
and we find, dividing by the method of Art. 8, 

A<») 



x-a 






«?«"• + a» 


«»-» + a' 


a^ + .. 


. + o"-» 


+jPiO 


+i>ia' 




+i>ia»-* 


+ i?2 


■^p%a 




+i?aa*-» 




+ 2?3 




+ . . . 
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If in this equation we replace sacoessiyely a by each of the 
quantities ci, 02, ... Qw, and put ap = 2o'' = ai'' + a/ + a8'+. .. + «/, 
we have, by adding all these results, the following Value for 
fix):- 



f{x) =. noif'^ + Bi 


(Xf^-k-Bi 


a!^» + «8 


a^ 


+ . 


. . + 5«_i 


+ npi 


+i?i«i 


+P1B2 






+ i?l«n.2 




+ «P2 








... 

+ np^i ; 



whence, comparing this value oi f\x) with the former, we 
have the following relations : — 

«8 +i>i«a + P%Bi + 3p, = 0, 



«»-i + i?i«n-a + it?a«»-3 + • . . +J?»-2«i + (n - l)j?fi-i = 0. 

The first equation determines Bi in terms of j^i, P2y.pn\ 
the second 3t ; the third «a ; and so on, until «»_i is determined. 
We find in this way 

«« = -P\ + 5i>i^i?a - SpiVs - 5(;>8' -i^O-Pi + 5(^2j33 -i>5) ; &o. 

Having shown how ^i, Bty Bz^ . , . «n-i can be calculated in 
terms of the coefficients, we proceed now to extend our results 
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to the sums of all positive powers of the roots, viz., Sny Snn •••$•»• 
For this purpose we have 

Beplaoing, in this identity, so by the roots oi, at, . . . on, in suooes- 
sion, and adding, we have 

Now, giving m the values n, n + 1, n + 2, &o., suocessively, 
and observing that «o - ^9 the last equation gives 

Bn +i?ian-l +i?2«ii-8 + . . . + W;?n =0, 
««+! +i>l««» +i>»«fl-l + . . . + i?f|«l = 0, 

«n« +Jt>i««+i +i?*«» + . . . + J?»«a = 0, &C. 

Henoe the sums of all positive powers of the roots may be 
expressed by integral functions of the coefficients. And by 
transforming the equation into one whose roots are the reci- 
procals of ai, a2, as, • . . tin^ and applying the above formulas, 
we may express similarly all negative powers of the roots. 

127. Prop. II. — Every rational symmetric function of the 
roots of an algebraic equation can he expressed rationally in terms 
of the coefficients. 

It is sufficient to prove this theorem for integral symmetric 
functions, since fractional symmetric functions can be reduced to 
a single fraction whose numerator and denominator are integral 
symmetric functions. Every integral function of ai, at, . . . an 
is the sum]of a number of terms of the form Naf a^^ a{. . . , where 
iV is a numerical constant ; but if this function is symmetrical 
we can write it under the form ITSa^aJ^a/' . . . , all the terms 
being of the same type. Therefore, if we prove that this quan- 
tity can be expressed rationally in terms of the coefficients, the 
theorem will be demonstrated. We shall first establish the 
following value of the symmetric function XaJ^a2^: — 

Sat^ aa* = «p «y - Sp^. (1) 
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To prove thiB^ multiply together Sp and Sq^ where 

«p = aj** + a/ + a/ + . . . + a«|P, 

Bq = ai« + 02« + 08* + . . . + ai»« ; 
whence 

or 

whioh expresses the double function Sat^aa* in terms of the 
single functions Sp^ 8q, Sp^q in the form above written. 

We proceed now to prove a similar expression for the triple 
function, t. e., 

Soi^ Oa* CI3 = 9p 8q Br ~ ff j+r *j» ~ ^r+p ^j ~ ^j>+5 ^r + -^^p+ff+r • ('« j 

Multiplying together ^afaz^ and ^r) where 

Sa/tta* = fli^aa* + Ci^a/ + ai^aa* + . . . 
8r = Oi*" + Oa** + as*" + • . . + Qn'f 

the result will consist of three different parts, viz., terms of 
the form Soi'^aaS 2ai«**'o/, and ^afui^a/. 
Hence 

a formula connecting double and triple symmetric functions of 

Oi, Aa) Oa, • • • a». 

Bot, by (1), 

2a/ Ca* = Bp^Bq - 9ji4^ir9 
Soi* aa^ = Bq^Bp — 9jH94r» 
Sai'' a%^ =Bp8q - «p+j. 

Substituting these values, we find the triple function 
Sa/'oa^as'' expressed as above in terms of single functions in 
the series «], «a, ^39 &c. 

In the same manner the quadruple function Sai^oa^as^'oi' 
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can be made to depend on the triple funotion Sai^m^os**, and 
ultimately on Si, a^, s^f &o. ; and so on. Whence, finally, 
every rational symmetric function of the roots may be expressed 
in terms of the coefficients, since, by Prop. I., 81, 621 ^s^ &c., 
can be so expressed. t. 

The formulas (1) and (2) require to be modified when anyjof 
the exponents become equal. 

Thus, a p=gf afai^ s a/oi^, and the terms in (1) become 
equal two and two ; therefore Sai^as^ ^ 2Sai^at^ ; whence 

Similarly, \i p = q^r in ^ai^a^faj", the six terms obtained 
by interchanging the roots in ai^aj^a/ become all equal; hence 

Sai^aaPfls^ = ^-^ (V - 3«p«2p + 2«^). 

And, in general, if t exponents become equal, each term is 
repeated 1.2.3...^ times. 



EXAXPLES. 

1. Proye 

where 2 on the right signifies the sum of all similar tenns found by combining the 
suffixes p, q, r, 9. 

2. Proye 

128. Peop. III. — The value of Sry expressed in terms of 
Pi9 i'ai • • • Pny ^ ^f^ Coefficient of ^ in the expamion by ascending 

powers ofy of-r logy*/f- j. 

Since 
of +piaf^^ +j93aJ»^»+ . . . -^pn = (a? - ai) (iP-ca) . . . (« - a»), 

putting - for 0? in this identical equation, we find 
1 +i?iy +i?.y' +Pif + . . . +Pnt/^ = (1 - aiy)(l - oay) .•.(!- o»y). 



Coefficienta 



Now, taking the Napierian logarithms of both sides 



PiV+Pt 
1 , 



t/'+Pi 

-PiPt 
1 , 



y'+Pi 


t/^+pt 


-PiPz 


-p»Pi 


-\-' 


+pipt* 
+p'p» 


•^PiP% 


-pipt 


-\.- 


-Pi*p% 
1 . 



y* + &o. ...+Pry^+ &o. 



«-y«i- 0^**2" of^" ••• --/«r-&c. 
TherefoTOi equating ooeffioients of j/^ in both expansions, 

where Pr is the coefficient of y' in log iTfyA' 

Remark. — From the above identical equation it may be seen 
that Br (r less than n) involves only the coefficients^!, piy Pa* "Pr\ 
and, therefore, pr^\^ pr^Zf ''"Pn may be made to vanish without 
affecting the form of the expression of Sr in terms of the coef- 
ficients. 

129. To express the coefficients in terms of the sums of the powers 
of the roots. 

Since 

1 +i?iy +i>»y* + . . . +Pnt/^^ (1 - aiy)(l -azy) . . . (1 -any), 
we have 

log (1 +i?iy+i?ay' + . . . +i?iiy'*) = -y«i-2y'*»~ •• ' --y''«r-. . .; 

and, therefore, 
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which beoomes by ezpaofiion 



- 1 


y* 


1 

-8'* 


y*-4»« 


■"1.2*' 




+ 1 jj«.*, 


1 


• 




1 ,. 


1 , 




1.2.3"' 






t 


^2.4'' 
1 



y*-... 



2.3.4 ' 

Now, oomparing the ooeffioients of the different powers of f/j 
we obtain values for p^ pty ps^ » ^Pny in tenns of «i, Ss, . . . «» ; 
and it may be seen that pr inyolves only ^i, Sty... Sr in its 
expression. 

Remark. — It is important for the student to observe that it 
is a perfectly definite problem to express any symmetric function 
of the roots in terms of the coefficients, or to express the coeffi- 
cients in terms of the sums of the powers of the roots ; there 
being only one solution in each case. 

We add some examples depending on the principles estab- 
lished in the preceding propositions. 



Examples. 
1. Detezmine the value of 

^(ai) + ^(ob) + . . . + ^(oii), 

where ai, oa, oa, . . . a« are the roots of /(«} s 0, and ^(x) is any xational and 
integral function of x. 

Wehaye 



/(«) x — Qi «-oa 






and 



f{x) X-ai «-09 X-On 
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Peifonning the diyifiion, and retaixiing only the remainden on both ddes of this 
equation, we hare 

f(x) x-ai «-a8 X-on 

whence 

-Sb«^*+lfi«*^+ . . .+l?«-i = 2^(oi)(d:-a8)(«- 08) . . . (j?-a«) ; 
and, comparing the coefficients of «^^ on both sides of this equationi 

2. Prove that #p ia the coefficient of — ^ in the quotient of the division of /*(«) 

by /(or) arranged according to negative powers of x. 

3. Prove that »^ is the coefficient (with sign changed) of xp-^ in the same quo- 
tient arranged according to positive powers of x. 

4. If the degree of ^{x) does not exceed » - 2, prove 

s" t^ = 0, 

where 2^ denotes the sum obtained by giving r all values from I to » inclusive. 
We have, by partial fractions, 

____ _ ■" T ■r • • • "r — — , 

/(x) «— ai iP-aa «-aii 

and, multiplying across hjf{x)f and prntting « equal to ai, as> • . • in succession, 



whence 



»(g)^ »(ai) 1 ^(aa) 1 »(««) 1 . 

/(*) /(ai) «-oi V(a«) a; - aa"^ • • • VW « -a«* 



7w" = ^'7k)V'^'"'^»"'--7- 

When ^(d?) is of the degree » - 2 ; expressing the first aide of the equation in 

1 1 ^(i) .1 

terms of -, it becomes - . ;, , , and there is no term without - as a multiplier. We 

have then, comparing coefficients, 

And therefore, as ^ may be any rational and integral function of degree not 
higher than fi - 2, 

an-2 aM-3 (u 1 
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5. Ftore that the sum of all the homogeneouB products Un of the r^^ degree of 
the quantities ai, oi, ... a«, is equal to 



S 



g"^''-^ 
/(«)• 



We haw, puttiiig y = -, 



«* 



/(«) (l-aiy)(l -cwy) . . . (1 - ai,y) 

= (1 +aiy + aiV + • • •) (1 + «2y + a«V + .-)••• (1 +««y+a«V + - • •) 

= 1 + Hiy + nay" + . . . + nry^+ . . . 
Also 



/W /(«)r-a' 
aud therefore 

/W" /(«)i-«y' /(a)^" 
whence, comparing coefficients of ^'' in these two expansions, 



ai.+r 



-1 



130. Definitions. Theorem.— The weight of any sjm- 
metric function of the roots is the degree in all the roots of any 
term in the function. For example, the weight of 2a/3^y is 
six. 

The order of any symmetric function of the roots is the 
highest degree in which each root enters the function. For 
example, the order of Sa/S^y' is three. 

It has been proved (see Art. 28), that the weight of any sym- 
metric function of the roots, when expressed by the coe£B[cients 
^0, <7i, 02, . . . An, is the same as the sum of the suffixes of each 
term in the expression. We now prove another important 
theorem, viz. : 

If any symmetric ftmction he expres%edin terms of the coefficients 
Pi9 i?a> • • • Pny the degree in the coefficients is the same as the order 
of the symmetric function. For example, 2o'j3'* =i?8* - 2piPi + 2p^ 
no term being of higher degree than the second in the coefficients, 
and the order of the symmetric function being two. 
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The student may easily satisfy himself in general of the 
trath of this theorem by observing that in the equations (2) of 
Art. 23, the yalue of each coefficient in terms of the roots con- 
tains each root in the first power olily ; hence the highest degree 
in the coefficients will be the same as the highest degree of the 
corresponding sjrmmetric function in any individual root. We 
add the following more rigorous proof, as it is in accordance 
with the proofs of certain general propositions to be given sub- 
sequently. 

!Beplace the coefficients pi^pty . . • Pn by -, — , • • • — • 

do (h <h 

NoWy if ^(aiy a2i • • • On) denote any rational and integral 
symmetric function of the roots, we have 

where w is the degree of the coefficients in ^'(ao, ai, c^, . . . an), 
which is a function integral and homogeneous in the coefficients, 
and not divisible by Oq. 

We require now to show that w is the order of ^. For this 
purpose change the roots into their reciprocals, and, therefore, 
Oo, ai, . . . 0^ into An) dfir-iy . . • Oo. Whence 



also 



«n'0 (-,-,...— ) = F{any Un^iy Un-iy . • . Oo) ; (1) 

\ai 02 anj 

(1 1 1\ ^ {ai9 Oa, Q3 * . . fln) 

9 1 "">""! ... — 1 = — T r—, 

\ai a% On/ ^ala3fl3• • • flnj*^ 



where jt? is the order of 0, and xf/ an integral function not divi- 
sible by the product of all the roots; (oiaaas- • • ^n)^ being the 
lowest common denominator of all the terms. Substituting in 
(1), we have 

afyp[axy a„ . . . an) = ± aJ^F{any «*.i, . • • «o) ; 

wherefore p^nr; for if not, 2^^ would be divisible by ^n""^, which 
is contrary to our hypothesis. 

t2 
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131. Calculation of Symmetric Fanctfons of the 
Roots, — ^Any rational symmetrio function can be calculated by 
the method of Art, 127. In practice, however, other methods 
are usually more convenient, as will appear from the examples 
given at the end of the present Article, and from the following 
Articles, in which we shall give certain general propositions 
which in many cases facilitate the calculation of symmetrio 
functions. 

The number of terms in any symmetric function of the roots 
is easily determined. For example, the number of terms in 
Soi'aa'as of the equation of the «'* degree is n(n- l)(n - 2), this 
being the number of permutations of n things taken three 
together. If the exponents of the roots in any term be not all 
different, the number of terms will be reduced. Thus, Sa'/3y 
for a biquadratic consists of 12 terms only (see Ex. 6, p. 48), and 
not of 24, since the two permutations ajSy, ayfi give only one 
distinct term, viz., a^jSy, in Sa'jSy. The student acquainted 
with the theory of permutations will have no difficulty in effect- 
ing these reductions in any particular case. When two expo- 
nents of roots are equal, the number obtained on the supposition 
that they are all unequal is to be divided by 1 . 2 ; when three 
become equal this number is to be divided by 1 . 2 . 3 ; and so 
on. In general, the number of terms in '2.aj^ai?a{ ... of the 
equation of the n'^ degree, each term containing ni roots, and v 
of the indices being equal, is 

n{n -l)(^-2). .. [n-m+l) 
1.2.3. ..y • 

When the highest power in which any one root enters into 
the symmetric function is small, t.e., when the order of the 
fimction (see Art. 130) is low, the methods already illustrated 
in Art. 27 may be employed with advantage for the calculation 
of the symmetric function of the roots in terms of the coefficients. 

It is important to observe that when any symmetrio function 
whose degree in all the roots, t.^., its weight, is n, is calculated 
in terms of the coefficients ^i,^a • • .i?f» for the equation of the 
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n^^ degree, its value for an equation of any higher degree (the 
numerical coefficients being all equal to unity) is precisely the 
same ; for it is plain that no coefficient beyond pn can enter into 
this value, and the equations of Art. 126, by means of which 
the calculation can be supposed to be made, have precisely the 
same form for an equation of the n^^ degree as for equations of 
all higher degrees. It is also evident that the value of the same 
symmetric function for an equation of a degree m (lower than n) 
is obtained by putting pm^i, pm^Zf • • • jt>» all equal to zero in the 
calculated value for an equation of the n*^ degree, since the 
equation of lower degree can be derived from that of the n'* by 
putting the coefficients beyond pm equal to zero, and the corre- 
sponding symmetric function reduces similarly by putting the 
roots amti> am^2, • . • a» each equal to zero. 

Examples* 

1. Calculate :S 01*0203 of the roots of the equation 

«"+Pi«*-^+i»3«*^' + . . . . +i?fi-iaf + i?n = 0. 

Multiply together the equations 

aioi = - pif 

In the product the term 01' oa 03 occurs only once ; the tenn oi 02 03 01 occurs four 
times, arising from the product of oi by 020101, of 02 by 010304, of 03 by 010204, 
and of 01 by 010303. Hence 

:S0l'0203 + 4:^01030804 =PlPz \ 

therefore 

:Soi'oj,03 =^PiP^ - iPi' (Compare Ex. 6, Art. 27.) 

If the calculation were conducted by the method of Art. 127, we should have 

:goi'oa03 = J«a»i' - ai«3 - J»2* + Ht 

which leads, on substituting the values of Art. 126, to the same result ; but it is 
evident that in this case the former process is much more simple, since the values of 
81, «3, &c., introduce a number of terms which destroy one another. 

2. Calculate iSoi'oa* for the general equation. 

Squaring 

we hare 

Soroj- + 2201^0203 + 6201020104 "i?!*. 
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In squaring it ib evident that the term aiaaosoi will arise from the product of 
aia2 by 03 04* or of aios by 0301, or of 0104 by 0303 ; hence the coefficient of ai 02030* 
in the result is 6, since each of these occurs twice in the square. The result difters 
from the similar equation of Ex. 8, Art. 27, only in having 2 before the term 
oi 02 03 oi. Hence the result 

IfiLi^tK? =i?a' - 2pii)3 + 2^4. 

3. Calculate Soi^ob for the general equation. 
We have, as in Ex. 9, Art. 27, 

^i'2ai02= 2oi'a2 + ^1^0203* 
Hence, employing previous results, 

4. Calculate ^Sai'os'os for the general equation. 

The result will be the same as if the calculation were made for the equation of 
the 6**» degree. 

To obtain the symmetric function we multiply together Soi 02 and T/ai 0303 ; and 
consider what types of terms, involving the five roots oi, 03, 03, 04, as, can result. 
The term 01*03*03 will occur only once in the product, since it can only arise by 
multiplying 0103 by 010303. Terms of the type 01*020304 wiU occur, each three 
times; since 01*030304 will arise from the product of oios by 010304, of 0103 by 
010204, or of 0104 by 010203; and it cannot arise in any other way. The term 
01 03 03 04 05 will occur ten times in the product, since it will arise from the product of 
any pair by the other three roots, and there are ten combinations in pairs of the five 
roots. We have then, for the general equation, 

Soi 032010203 = 201*02*03 + 32oi* 020304 + 1020102030405. 

[We can verify this equation when #1=6, just as in Ex. 9, Art. 27 ; for the 
product of two factors, each consisting of 10 terms, will contain 100 terms. These 
are made up of the 30 terms contained in 201*03*03, along with the 20 terms con- 
tained in 201*030304, each taken three times, and the tenn 0103030400 taken 10 
times.] 

Thus the calculation of the required symmetric function involves that of 
2oi*asa»a4; for which we easily find 

201201030304 = 201*020304 + 620103030405. 
Henoe, finally, we obtain 

2 01* 02* 03 = - J52i^ + 3pi Pi - bpi. 

The process of Art. 127 would involve the calculation of <6 ; and many terms 
would be introduced through the values of <i, «3, &c., which disappear in the result. 

5. Find the value of 201*02*0304 for the general equation. 

We multiply together 20103 and 201030304, and consider what types of terns 
can arise involving the six roots 010303040505. The tenn 01*03*0304 can occur 
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onljonoe. Tenns of the type ai' as 030406 will each occur four tunes, thifi term 
arising from the product of oi 03 by oi 0304091 or of 0103 by oi 0204 oe, or of oi 04 by 
01020306, or of 01 06 by 01030304. The term oi02030i060« will occur 15 times, this 
being the number of combinations in pairs of the six roots. Hence 

2oio8 :goi 030304 B 201*03^0304 + 4201*03030405 -h 15 2 010303040506. 
We have again, for the calculation of 201*03030405, 

2oi2ai 03030400 B 201*03030405 + 62ai0203040606. 
Hence, finally, 

201*03*0304 '^p%Pi - ipiPb + 9i?6. 

6. Find the tbIuo of 201*03*03* in terms of the coefficients of the general equa- 
tion. 

Here, squaring 2010303, we hare 

2 01 03 01 2010303 =2 01* 03* 03* + 2201*03*0304+ 6201*03030405 + 202010808040506, 

from which we obtain 

201*03*03* =i?3* - ^p%Pi + 2pii?6 - 2/^. 

132. Diflterentlal Equation between the Sams of the 
Powers of the Roots and the Coeilleients of an Equa- 
tion. — ^M. Briosohi has given the following difierential equation 
conneoting the coefficients and sums of powers of the roots : — 

dpr^h 1 

dsr r 

To prove this we have, as in Art. 128, 

log(l+i?iy+i>3y' + ...+i?«!r)*-y«i-2y*^-3y'*s...--j/^«r..., 
and differentiating, 

^ (1 +Pip +p%f + . . . +Pnp^) = - (1 +Piy +i?2y* + . . . +i?»jr) 7- ; 



r 



r 



whence, comparing the coefficients of the different powers of p^ 

^ = 0, when q<r; 

dpr 1 dpr^ 1 

^^^mmt SS "■" *^ ^HB^^ia^H *^ ^to MM ^jt\j- 

dSr r' dSr r * 
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We oan now express the result of difierentiatiiig mth respect 
to 8r any fonction of the coefficients 

Since 

dpi dpz dpr-i 

all vanishi 

d -, . dFdpr ^ dF dpr^i dF d}^ 

and, applying the formula given above, this reduoes to 



\(dF dF_ dF^ 
r\dpr dpm dprv, 



dF\ 



By means of Brioschi's formula symmetric functions can 
often be calculated with great facility, as will appear from the 
following examples. 



1. Calculate the yalue of the sjmmotrio function Sai^as^oa'ai' of the roots of 
the equation 

«* +i^a^^ + 1»8«*"* + . . . +i>» = 0. 

Knowing the order and weight of any symmetric function, we can write down 
the literal part of its value in terms of the coefficients. Here 2 is of the second 
order, and its weight is eight ; whence 

S = hp^ + hptPi + hptpi + hPiP^ + hp^^y 

wliere Uh ^i» '2, &o., are numerical coefficients to be detennined. 

Terms such as ptPT^t P^PiPt, P6pi\ &c., although of the right weight, are 
of too high an order, and therefore cannot enter into the expression for 2. Again, 
2 expressed in terms of the sums of the powers of the roots is of the form 
J?(«2, i4» 999 9tj ; for, in general, SaiPas^os' . . . > expressed in terms of the sums of 
the powers of the roots, is made up of terms such as <p, 8p^^ V««h-, • . . $kp, . . . 
all of which are sums of eyen powers when /?, ^, r, . . . are even ; therefore in this 
case none but eren sums of powers enter into the expression for X 

Also, since j- = 0, and 3- = 0, we haye, using the formula above given for — , 

tops + hpipi + t2PiPt + h{p»p3 -k-ps) + 2Upipi = 0, 
toPii-tipi=0, 



1 
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From these equations we infer 

*o + /i = 0, /2 + <3 = 0, <3 + <o = 0, <i + 2/4 = 0; 
but <4 = 1, since for a quartic 2 = i»4« ; therefore 

<i=-2, ^ = 2, /8=-2, ^2 = 2; 
and, substituting these values of fo, fi, ^2, ^s, /*, 

2ai«a{i« 03*042 = 2p8 - 2pipi + 2j;6l^ - 2^^^ +^4". 

2. Calculate ^oi'os'os' for the same equation. 

Am. -2i?8 + 2pi;76 - 2p2Pi ^-p^^ (Compare Ex. 6, Art. 131). 

3. Calculate for the same equation the symmetric function 301^02' 03. 
Here the weight is six, and the order three ; hence 

:8oi»022o3 = tope + tipipi + tipipt + hpipi^ + Upi^ + hpip2Pi + Upz\ 
Also S, expressed in tenns of #1, 12, «8, &c., is (see Art. 127), 

*ia^«8 — *i*a — *a* — «2*4 + 2«e. 

Now, differentiating by means of Brioschi's equation these two values of 35 with 
regard to h, and comparing differential coefficients, we have 

^ <^6 to 

Differentiating with regard to «0, we have 

kpi + <^i = 6*1 = - 6j»i ; .-. <i = 7. 
Differentiating with regard to «4> 

^i>' + <ipi* + hpt + <3i»i« = 4«2 = 4 (pi^ - 2p2) ; 
whence 

<o + /2=-8, *i + <3=4; 

and hence 

<3 = - 3, ^2 = 4. 

Again, *6 = ; f or S vanishes if « - 2 roots vanish. And we find ^4 and h by 
taking the particular case when » — 3 roots vanish ; for in this case 

2oi'fl2««3 = 01 0808 :80l«02 = - Pi (- P\P% + ^P^ - P\P2PZ - 3j03», 

and, therefore 

<4 = -3, h^l; 
whence, finally, 

201*02' 03 = - 12i?6 + Tpip^ + ^PiP2 - Zpipi^ - Zpz^ -\-piPiPs. 
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133. DerlTatloii of new Symmetric Fnnetloiig from 
a glTen one. — ^From any relation suoh as 

where is an integral function, of the order t7, of some or aU of 
the roots of the equation 

flo«" + naiof^^ + 1 Q g8ig*"*+ . . . +«» = 0, 

we may derive a number of other symmetric functions and their 
equivalents in terms of the coefficients. 

For this purpose diminish each of the roots by any quantify 
it, and consequently change any coefficient ar into Ur (see Art. 36). 
When this is done the original relation becomes 

ao'S0(ai -a?, aa - a?, ... a» -a?) = F{J7of ZTi, iZi, . . . Z7»), 

and comparing the coefficients of the different powers of x on 
both sides of this equation, we have a number of symmefaric 
functions of the roots expressed in terms of the coefficients as 
required. It should be observed, however, that this method leads 
to no new symmetric functions when the given function ^ is a 
function of the differences of the roots. 

134. Equation of Operation. — We now proceed to deduce 
an important equation of operation in the notation of the diffe- 
rential calculus, which may be applied to furnish the results of 
the last Article. 

Let ^o"^ (ai, 02, . . . a«) = i^(flo, «!, «»,... flTn), 

as in the last Article. Adopting the notation 

^ d d d 

— « 3— + 3— + . . . + 3 — , 
(ia\ aa% aa» 

T, d ^ d ^ d d 

we have the following equation of operation : — 
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To prove this, we have, as in Art. 133, 

and, by Taylor's theorem, 

a? 

where 

Again, omitting all powers of x higher than the first, 
F{ Uoj Z71, . . . Un) becomes J'(«o, «i + ^a?, Oa + 2^1 a?, ...«» + w«»_ia;), 
or, when expanded, 

where 

whenoe, comparing coefficients of x in both expansions, we find 
the equation above written, viz., 

flo" 8^ (ai, aa, . . . an) = DF{(hy ffi, . . . an). 

This equation shows that if a symmetric function be derived 
from ^ by the operation S, its value in terms of the coefficients 
may be derived from the corresponding value of by the opera- 
tion D. 

Again, since S^ and DF may take the place of ^ and F in 
this equation, a^^^ becomes D^Fy &c. It may be noticed, 
moreover, that if S^o vanishes, S^^oy S'^09 &c., all vanish ; and 
thus that X disappears in the expansion of 

^ (ai — a?, Qj — iP, ... On - a?). 

Now this can happen only when is a function of the 
differences of oi, as, . . . • a^ : whence we conclude that if 
a{^ F{ao, aiy aty ... an) is the value in terms of the coefficients 
of a function of the differences of the roots, then 

I)F{a^y Oi, 02, ... an) 
vanishes identically. 
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This identical relation is often sufficient to determine the 
numerical coefficients in a function of the differences expressed 
by the coefficients, when the order and weight are known. It 
is not sufficient for this purpose when there exist more than one 
function of the differences of the required order and weight. 
We add examples of functions of the differences determined in 
this way. 

Examples. 

1. Determine a fanction of the differences whoee order and weight are both 

three. 

A.8giiTne 

^ = Aafaz + Bof^aia^ + Cbi^, 

these being the only three terms which satisfy the required conditians. It is 
evident from the form of D that the operation is performed by applying to the suffix 
of any coefficient Or the same process as in ordinary differentiation is applied to the 
index. Thus I><h = ror-iy and therefore, 

Dip = (3^ + B)a^a% + (25 + ZC)ai^aQ s 0. 

Hence 

3^ + 5 = 0, and 25 + 3C^=0; 

and putting A^l, we haye 

5 = -3, and C=s2; 

whence, finally, 

^-a^ih- 3floai 02 + 2ai» s 0, (See Art. 37.) 

2. Determine a function of the differences whose degree in the coefficients is four, 
and whose weight is six. 
Assume 

whence 

Dip = (6^ + E)a^(H<iz + (65 + 35 + 2D)«o«i«2« + (3C+ ^D)ai^a2 

+ (3(7+25)«oai'«8 = 0. 

Now let -4 = 1, whence 5 = -6 ; ako 3C+ 25 = 0, giving C = 4; and 
3(7+4i) = 0, giving i> = -8; and from 65 + 35 + 2i)=0, we have finally 5=4. 
Hence 

^ = oo'flj* + 4«o«a' + 4asai' - Zai^a^^ - 6<vo 010303. 
t)ompare Art 41, where tlie value of 4» is given in terms of the roots. 
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135. Operation InTOlirliig tbe Sums of tbe Powers of 
the Roots. Theorem. — If 

(ai, 02, 03 ... On) = F(8i, «3, «3, ... ««) (1) 

be any equation oonneoting a function of the sums of tlie powers 
with another symmetric function of the roots, we have then the 
difierential equation 

dib d6 d6 d6 dF ^ dF ^ dF dF 

aai aat aaz aon aSi 082 asz aSr 

For, let the roots be increased by h ; and comparing the 
coefficients of h on both sides of the equation (1) when 

*i + A«oj ^'i + 2A «i, ... «r + rh «r-i, • . . 

are substituted for «i, $29... «r9 we have the required relation. 

Employing the results of the last Article, we have, therefore, 
the following equation of operation connecting the coefficients 
and the sums of the powers of the roots : — 

- D = flo"! «o-r + 2«i:r- + 3«2-3-+ . . . + rsr-iT- ) = ^'Aj 
\ aSi 082 aSz a8rj 

where 2)« represents the result of substituting « for a in the 
operator D. 

From this it follows that if /(^o, ^i, Oa, . . . ^n) is a function 
of the differences, /($o, ^i? $39 • • . ^n) is a function of the diffe- 
rences also ; for it is plain that when I)f{a^ a^ 02, . . . ^n) = 0, 
Ds/i^oj «i, «8, . . . «n) = 0, and therefore 2^ («o, «i, «a, . . . «n) = 0, 
since Ds = - a^D. 

Examples. 

1. 0004 — ^''i As + 3^13' E J is a function of the differences, whence 
9oH — ^i9z + 3«^^ is also a function of the differences. 



2. 



00 01 02 



^0 <1 ^2 



ai 03 03 s /i when similarly transformed, gives | «i «3 «3 



03 03 04 , , '3 '3 '4 

is, therefore, a function of the differences. 



, which 
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MlSCELLAlTEOUS EXAMPLES. 

1. ProTe, by squaxing the detenoinant of Example 10, Art. 112, the foUowmg 
relation between the roots a, iS, 7, 8 of the biquadratic :— 



9q 81 9% 



8\ 82 «8 8i 



8z 8i t6 



83 



86 «6 



= 0-7)'(«-«)»(7-«)Mi8-«)«(a-/5)»(y-«)'- 



The student will have no difficulty in writing down in general the coiresponding 
determinant in terms of the sums of the powers of the roots which is equal to the 
product of the squares of the differences. 

2. Proye, for the general equation, 



= 2(a-i8)». 



#1 *a 

This appears by squaring the array 
11111. 
a jS 7 8 c . 

3. Prove similarly, for the general equation. 



(See Art. 121.) 



«o 



81 



9i 



81 82 83 

#8 *3 »4 



= :«(/3-7)M7-«)* («-««. 



By the process of Art. 121, a series of relations of this kind can be established ; 
and when the nimiber of rows in the array becomes equal to the degree of tho 
equation, the value of the determinant is the product of the squares of the difPerences, 
as in Ex. 1 . When the number of rows exceeds the degree of the equation the value 
of the corresponding determinant vanishes. For example, the value of the deter- 
minant of Ex. 1 is zero for equations of the second and third degrees. 

4. Prove from the equations of Art. 126 that the sums of the powers can be ex- 
pressed in terms of the coefficients, or vic8 versd, in the form of determinantsy as 
foUows : — 















Pi 


10 








Pl 


1 








JPI 


1 










2p2 


Pi 1 






, »3-- 


2p2 


pi 1 


, »4 = 






2p2 


Pi 




3/?3 


P2 Pi 




3iJ3 

4pi 


Pi Pi 1 
Pi Pi Pi , 



y &C. 
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2pi 



8l 


1 


, 6|?3 = - 


92 


»1 





91 1 
«8 #1 2 
«3 «9 #1 



, 2ipi = 



«4 







«i 2 
«2 «i 3 

«3 ^ «1 



, &c. 



5. Besolre into factors the detenninant 

«6 «5 «4 «3 



95 



9i 



9i 93 

9i 9i 

y" y" 



*3 
92 

9l 

y 



92 
9l 

90 
1 



aj3 

1 





where ao* 'ly «2} &c., are the sums of the powers of three quantities a, fi, y. 
* This determinant is the product of the two determinants 



a 
1 



1 



y 
1 



1 










a 
1 



/33 
1 



7" 




7» 

y 

1 



y' 

y 
1 



and each of the hitter can be resolved into simple factors. 

6. If a, fi, y, ^ be the roots of the equation 

flo«* + 4aiaj3 + 602*' + iazx + a* = 0, 
calculate in tenns of ag, My I, J the value of the symmetric function 

Here 

where tu ^t ^s? ^4 ure the roots of the equation 

s* + 6ai5» + 4Gz + th^I - ZM^ ^ 0. (See Art. 38.) 

Hence, by Ex. 2, Art. 132, 

7. Prove that 

n s «o«(i3-7)'(7-«)'(«-/3)'(«- «)^(i8- «)'^(7-«)' = ^^ + 'W.T^ 
where m = - 27/. 

The weight of this function of the roots is 12, and the order 6. 



An9. 4'{- 7J?3 + ao^SI- iao^J]. 
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We now make use of a proposition which will be proved subsequently, namely, 
that any even, rational, and integral symmetric function of the roots, of the oider tj, 
and involving the differences only of the roots, is, when multiplied by ao' , a rational 
and inUgral function of 00, S^ i, /. (Compare Ex. 8, p. 119.) 

Hence, expressing the function whose order is 6, and weight 12, in terms of 
<fb> S, J, iT, it is easy to see from the table 



I 


Order. 


Weight. 


3 


6 


2 


4 


1 

S ' 2 


2 



that JET cannot enter, for the terms of the sixth order, viz., iT^, H^If HI\ • . , 
are of too low weight. Therefore n must be of the form 

ID + w/*, 

where I and m are numerical coefficients. 

Now put 03 and ai equal to zero, and n will vanish, since in that case the 
quartic will have equal roots ; hence 

and m = - 27 /. 

8. Calculate the symmetric function of the roots of a biquadratic 

Since the order of this symmetric function is four, and its weight six, we may 
flo* 5 (iS - yf (7 - a)2 (a - fif = IHI + ma^J. (1) 



assume 



We proceed to detennine ^, m by taking two biquadratics whose roots are known, 
and calculating in each case the symmetric function by actually substituting the 
roots, and then comparing both sides of the equation when M^ J^J aie replaced by 
their values calculated from the numerical coefficients. 

First we take the biquadratic equation 

«* - a?« = 0, 
whose roots are 0, 0, 1, - 1 ; whence 

J = 8, s=.i z=i. /.^.. 

Substituting in equation (1), we hiive 

192 X 9 = - 3/ + w. 



Miscellaneous Examples, 



2m 



Proceeding in the same way with the biquadratic equation 

»* - 6** + 6 = 0, whose roots are ± v^6, + 1, 

^==768, Jr=-1, 7=8, /=-4; 

- 192 = 22 + m, 

;=r~ 2x192, m=:3xl92; 

«o*2 = 192(-2J5rj+3«o/). 



we find 

whence 

and 

and, finally, 

9. Calculate the deteiminant 



<o 



n 



<3 



91 



in terms of the coefficients of a quartic. 

This determinant is a function of the differences of the roots (see Ex. 2, Art. 135), 
whence we may remove the second term of the quartic before calcuhiting it ; and if 
the equation so transformed be 

4 -2JP2 I ' 

A= -2P2 -3P3 I =4{8P2P4-2Pa»-9P32}; 

-2Pa -3P3 2P2»-4Pi ' 

but ffo»P2 = 6J, ao^F^-iGy ao*P4 = ao'/- 3iP. 

Substituting for P2, P3, P4 these values, we have 

oo* A = 192(- 2SI+ ZoaJ) : 

the same result as in the preceding example. (Compare Ex. 3, p. 286.) 
10. If a, jS, 7, 8 be the roots of the equation 

00^ + ^<iis^ + 602^' + 403:1; + «i = 0, 

express E9, I„ /«, G9 of the equation 

$03^ + 4«i«« + 6*2*' + 4«3« + »4 « S(« + a)* = 

in terms of if, J, /, G. 



H. 



S 



I. 48in - flo'J G, 



G 



- ,5 



«o* «o*' «o* «o* 'o* oo' 

and by the aid of the relations 

^ + 4in a ooM^i"- ^o-n, O,^ + ^-ff*' Si «o»(^«ii - «o«^.)» 



102 

/, = llf(3ao/-2JB7). 

00 



U 
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11. Whsup is eyen, prove that 
Since 

Al AS ^^ 1 

:8(«-o)J' = njri» -ptixP'^ +"~"? — #j«^'- Ac. . . . -jwp-i«+ «p, 

changing x Buccessiyely into ai, 02, 03, ... any and adding the results on hoQi 
sides of the equations thus obtained, we find 

9t f} — 1 

25 (ai - aa)i» =»o»p -im»-i+ ■ ' » ■ HSp-t - . . . -l^ii^i + »oib», 

where all the teims on the right side of this equation are repeated except the middle 
tenn. Thus 

2 (ai " an)* ss 9o«4 - 4«i«3 + 8«s^ (Compare Ex. 1, Art. 135.) 

3(ai - at}* SI «o«s ~ 6«i«5 + l^H ~ IOji', &c. 

12. Form the equation whose roots are ^'{a), ^'(/S), ^'(7), ^'(S), where 
a, jS, 7, 8 are the roots of the, equation 

^{x) s «oar* + 4aia:5 + S^ja;' + 4a8^ + 04 = 0. 

13. If a|(«-i8)*03-7)«(7 -«)'(«-«)*, 
when expanded, becomes] 

Zo«* + 4Jria;» + 6Jrj{r« + iK^x + JT* ; 
prove that 

Jroatfy + jr i087 + 7a + ajB ) + Jr2 («_±A±J?)_± "^s _ jlSy/A 
(i8-7)(7-«)(«-'/3) ~ flo» ' 

where 

A = js - 27/». 

14. Prove that 

ao*2e03 + 7 - « - «)Mi3 - 7)»(a- «)« = 192 (3«6/- 2Jnr). 
15., Prove that 
ao« 2(i3 + 7-a-«)* (i8-7)' («-«)' = 612(«o'i» - 36aoffJ-\- UM^I), 



CHAPTER Xm. 



ELIMINATION. 



136. Definitions. — ^Being given a system of n equations, 
homogeneous between n variables, or non-homogeneous between 
n " 1 variables, if we combine these equations in such a manner 
as to eliminate the variables, and obtain an equation M = 0, 
containing only the coefficients of the equations ; the quantity 
It is, when expressed in a rational and integral form, called their 
Memltant or Eliminant. 

In what follows we shall be chiefly concerned with the dis- 
cussion of two equations involving one unknown quantity only. 
In this case the equation i2 = asserts that the two equations 
are consistent ; that is, they are both satisfied by a common 
value of the variable. We now proceed to show how the 
elimination may be performed so as to obtain the quantity if, 
illustrating the different methods by simple examples. 

Let it be required to eliminate x between the equations 

a^ + 2hx + = 0, aV + 2b'x + c' = 0. 

Solving these equations, and equating the values of x so 
obtained, the result of elimination appears in the irrational form 



- - + ^ = - V + ? • 

d n a a 

Multiplying by acC^ we obtain 



ah' - dh = a^V-dd - d^V-ac. 

Squaring both sides, and dividing by a d (for R does not 
vanish when a or d vanishes), and then squaring again, we find 

-B « 4 (ac - V) (aV - IP) - {ad + dc - -2^0'- 

tj2 
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This method of forming the resultant is very limited in ap- 
plioationy as it is not, in general, possible to express by an 
algebraic formula a root of an equation higher than the fourtb 
degree. Other methods have consequently been devised for 
determining the resultant without first solving the equations. 
We proceed now to explain the method of elimination by sym- 
metric functions of the roots of the equations. 

137. SSliminatloii by Symmetric Fmictloiis. — ^Let two 
algebraic equations of the m^^ and n^^ degrees be 

and let it be required to find the condition that these equations 

should have a common root. For this purpose let the roots of 

the equation ^{x) -0 be ai, 02, . . . am- If the given equations 

have a common root it is necessary and sufficient that one of the 

quantities 

^(ai), 1^(02),..., ^(a») 

should be zero, or, in other words, that the product 

yfi (ai) ^ (aa) ^ (as) . . . i/^ (a«) 

should vanish. If, now, we transform this product into a rational 
and integral function of the coefficients, which is always possible 
as it is a symmetric function of the roots of the equation ^(;r) = 0, 
we shall have the resultant required : further, if /3i, /32, . . . /3» 
be the roots of the equation 1^ {x) = 0, we have 

V' (tti) - *o(ai - /3i) (ai - /Sa) ... (fli - /3»), 
^ (02) = &o(ci3 - /3i) (aa - )32) ... (aa - )3«), 



^ (ffm) = *o(am - i3i)(am - /Sa) . . . (a« - /3„). 

If we change the signs of the mn factors, and multiply these 
equations, taking together the factors which are situated in the 
same column, we fijid 
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"We may therefore take 

i2 =(- 1)-"» Jo'^^OO 0(i32) . . . 0(^n) =«o*» ^ (ai) T/.(aa) . . . ^(a«), (1) 

for both these values of R are integral fanotions of the coef- 
ficients of (^{x) and i^(^), which vanish only when f^[x) and 
•^ {x) have a common f a.ctor, and which become identical when 
they are expressed in terms of the coefficients. 

138. Properties of the Resultant. — (1). The order of 
the resultant of two equations in the coefficients is equal to the sum 
of the degrees of the equations^ the coefficients of the first equation 
entering R in the degree of the second^ and the coefficients of the 
second entering in the degree of the first. 

This appears by reviewing the two forms of 22 in (1), 
Art. 137 ; for in the first form Oo, «!,... a^ enter in the n** 
degree, and in the second form bo^ b^ ... b^ enter in the m*^ 
degree. Also it may be seen that two terms, one selected from 
each form, are (- 1)""» Jo"* ««% ^a" in"*. 

(2). If the roots of both equations be multiplied by the same 
quantity p, the resultant is multiplied by p^^. 

This is evident, since any one of the mn factors of the form 
Qp-^q becomes p {op - j3j), and therefore p"*** divides the result- 
ant. From this we may conclude that the weight of the resultant 
is mn, in which form this proposition is often stated. 

(3). If the roots of both equations be increased by the same 
quantity, the resultant of the equations so transformed is equal to the 
resultant of the original equations. 

For we have 

where FI signifies the continued product of the mn terms of the 
form Op - |3g ; and this is unaltered when ap and jS^ receive the 
same increment. 

(4). If the roots be changed into their reciprocals, the value of 
R obtained from the transformed equations remains unaltered, except 
in sign when mn is an odd number. 

Making this transformation in 
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we have 

but 

aiot . . . a» = (- 1)* A /3,/3, . . . ^, = (-1)"t^ ; 

substitutiiig, we obtain 

22' = < Jo*** (- !)"••• n {ap - Pg) - (- !)«•*• i2. 

From this it follows that in the resultant of two equations 
the ooefficients with oomplementary suffixes of both equations, 
e.g. Ooy am ; ai, am.i, &o.y may be all interchanged without altering 
the value of the resultant. 

(5). If both equations be tran^ormed by homographic trans/or^ 
mation; that m, by substituting for x 

Aa? +/LC 
Xx + m" 

flwrf Mch simple factor multiplied by Xx + /u', ^o render the neto 
equations integral; then the new resultant K = (A/x' - A'/Li)"*iJ. 
To prove this, we have 

0(a?) = a^{x - ai)(a; - oj) ... (a? - a«), 
iA(«) = *o(« -/3,)(a? - ^a) ... (a; - j3«) ; 



also 



X- ar 



X 



becomes (A - Xar) [x - ^°^ y ^ )> 



Multiplying together all the factors of each equation, 
fit) becomes ao(A - A'ai)(A - Xa^ ... (A - A'a«), 
io „ *o(A - A'/30(A - A'/3,) ... (A - A'/3«)- 

Also, since or, jSr are transformed into ^ ^\7 ^ > ^ "i* , 

A — A Or A — A Pr 
- - fl W«lMflS (^M' - Am) (fflr - 3r) . 

«,-/3, beoomes (;^ _ ^V) (X - X'/3,) ' 
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whence 

flo" Jo"* n {ar - /3r) becomes Ao'* io** {Xfi - A'/i)"*" n (ar - /3r), 

that is, the resultant calculated from the new forms of <p{x) and 
}p{x) is 

This proposition includes the three foregoing ; and they are 
coUectiYely equiyalent to the present proposition. 

139. Enler's Method of Elimination. — When two 
equations fp{x) - 0, and yfj[x) » 0, of the m*^ and n*^ degrees 
reepectiyeljy have any common root 0, we may assume 

^{x) ^ [x ^ 0) ^,[x), 
rPix) ^ {x - 6) rPi{x), 

where 

^^1 {x) = qi(Xf'^ + g,a^*-* + . . . + y«, 

the coeffioientB being undetermined constants, as is not sap- 
posed to be known. 
Whence we have 

i^{x)\Pi{x) ^xp{x) ^i(a?), 

an identical equation of the (m + n - 1)*** degree. Now, equating 
the coejfioients of the different powers of x on both sides of the 
equation, we have m + n homogeneous equations of the first 
degree in the m + n constants pu p^j ... Pmt qiy ?39 • • • $^i» ; and 
by eliminating these constants by the method of Art. 123, we 
obtain the resultant of the two given equations in the form of 
a determinant. 

'RTAVPT.Te- 

Snppofle tlie two equatums 

tfj^ -f te + tf = 0, ai»* + *i« + fi = 

to lutTO a oomiiioii root. We hare identioally 

tei« + ^)(«p* + te + c) a (i>l* + i?2)(«l»* + *ia? + Cl), 
or 



J. 
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= 0. 



Equating to zero all tlie coefficients of tliis equation, we have the four homo* 
geneouB equations 

^i« -l»i«i = 0, 

^h '\- qza - pihi -i>a«i = 0, 

q\c ■{■ g%h -- pici - pihi =0, 

qic -P2C1 = 0; 

and eliminating the constants pi, ^2, ^9 9%t we obtain the resultant as follows : 

a ai 
b a 61 01 
e b ei bi 
c ^ 

The student can easily verify that this result is the same as that of Art 186. 

140. Sylwester'B Dlalytlc BEethod of Ellmiitalioii. — 

This method leads to the same determinants for resultants as 
the method of Euler just explained; but it has an advantage 
over Euler's method in point of generality, sinoe it oan often be 
applied to form the resultant of equations involying several 
variables. 

Suppose we require the resultant of the two equations 

}P{x) = boaf + bi3f'^ + btitf^ + . . . + 6« « 0, 
we multiply the first by the suooessive powers of <r, 



and the seoond by 



af*^\ a?"-% . . . a;*, 0?, a?^ ; 






thus obtaining m-\n equations, the highest power of x being 
m + n - 1. We have, consequently, equations enough from 
whioh to eliminate 

considered as distinct variables. 



BezouVs Method of ' Elimination. 



297 



weliaTe 



Example. 
In the case of two quadratic equations 

fl** + to + tf = 0, and tfifl!* + hx + fi = 0, 
oz* + M + car =0, 

«!«* + biX^ + CiX .= 0, 

from which, eliminating ^f ^y Xy we get the same deteiminont as before, columns 
now replacing rows : 



01 bi ei 
ai bi ' 01 

141. Bezont's Bleihod of Elimtnatton. — ^The general 
method will be most easily comprehended by applying it in the 
first instance to particxdar cases. We proceed to this applica- 
tion — (1), when the equations are of the same degree, and (2), 
when they are of different degrees. 

(1). Let us take the two cubic equations 

flr;r* + Ja^ + C;i? + rf = 0, aiO^ + biO^ + CiX + rfi = 0. 
Multiplying these two equations successively by 

ai and a^ 
aiX + 6i „ ax+ by 
aio? + hix + (?i „ oof + hx ■¥ Cy 

and subtracting each time the products so formed, we find the 
three following equations :— ^ 

{abi)a^ + {aci) x + {adi) « 0, 

(fl(?,)ar» + [{adi) + {bci)}x + (M) * 0, 

{adi)x^ + + {bdi)x + (cdi) = 0. 
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By eliminating from these equations a^j x^ as distinot 
variables, the resultant is obtained in the form of a symmetrical 
determinant as follows : — 

(a6i) (a(?i) (orfi) 

(aci) (flrfi) + (6ci) (6rfi) 
(arfi) (Wi) (crfi) 

To render the law of formation of the resultant more ap- 
parent, the following mode of prooedure is given :— 
Let the two equations be 

flfiiU* + Jifl?* + Cx^ + rfiO? + ^1 = ; 

whence, following Cauchy's mode of presenting Bezout's method, 
we have the system of equations 



a 



ba? -{• ca^ ■¥ dx ■¥ e 



Ui 


bix"^- 


f CiO?' 


+ dia 


j + e/ 


ax-i- b 


CiX? 


+ <fo 


+ « 


OiX + bi 


CiiB» + diX 


+ ^i^ 


aa? 


+ bx 


+ C 


(£r 


+ tf 


fliaj* 


+ biX 


+ Ci 


rfio: 


^e! 


00^ 


■\-b^ 


+ ca? + rf 


e 



aiix^ + JiiU + CiX + rfi ^/ 

which, when rendered integral, lead, on the elimination of 
a^, a? J a?, to the following form for the resultant : — 



{ah) 


{acx) 


{ad,) 


(a«,) 


(ac.) 


ifldi) + (6ci) 


(aei) + (W.) 


(fe,) 


K) 


(<»,) + {bdi) 


(Ac,) + (erf,) 


(ce,) 


(««>) 


{her) 


(ce,) 


('feO 
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If, now, we consider the two symmetrical determinants. 



(aJ.) 


(ac) 


K) 


(aei) 








K) 


K) 


(««•) 


(Jc.) 




(6c.) 


(W.) 


K) 


(oe.) 


(N 


(cci) 


> 


(H) 


K) 


(««i) 


{be,) 


(ce,) 


('feO 









the formation of which is at once apparent, we observe that R 
is obtained by adding the constituents of the second to the four 
central constituents of the first. 

Similarly in the case of the two equations of the fifth degree 

OxiX? + hiOf' + CiCl? + diQ? + BiX +/i = 0, 



the resultant is obtained firom the three following determi- 


nants: — 


{ab,) (aci) (arf,) (a«,) (a/,) 




K) (orf.) (ae,) (a/.) (6/.) 




(6c) (6rf.) (6ft) 




(oA) («ft) (^0 (i/0 m 


> 


(6rf,) (6ft) (cft) 


, (erf,). 


[aer) (fl/0 (J/O (c/») (rf/0 




(6ft) (cft) ((foi) 




(«/;) (S/O («/0 C'?^.) [eA) 









by adding the constituents of the second to the six central con- 
stituents of the first, and then adding the third to the central 
constituent of the determinant so formed. The student will 
have no difficulty in applying a similar process of superposition 
to the formation of the determinant in general. 

(2). We take now the case. of two equations of different 
dimensions, for example, 

ap* + 6ar* + (?ar*+di + ^ = 0, aio? + bix + (?i «= 0. 

Multiplying these equations successively by 

01 and aa^y 
diX + Ji „ {ax + b)x^y 
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and subtracting eaoh time the products so formed, we find the 
two following equations : — 

{abi)a^ + {a€i)ai^ - daix - eai = 0, 
{aci)3i^ + [{bci) - dai)x* - [dbi + eai]x - ebi « 0. 

If, now, we join to these the two equations 

ainfi + Jior* + dix = 0, 
aiOJ* + Jidj + (?i =0, 

we shall have four equations by means of which we can eliminate 
a^jO^jX; whence we obtain the resultant in the form of a deter- 
minant as follows : — 



(flJi) 


{aci) dai eui 


{acO 


{bci) - dai dbi + eui ebi 


Ci 


Ji - Ci 





ai - Ji - Ci 



This determinant involves the coefficients of the first equa- 
tion in the second degree, and the coefficients of the second 
equation in the fourth degree, as it should do; whence no 
extraneous factor enters this form of the resultant. 

We now proceed to the general case of two equations of the 
w'* and n** degrees. 

Let the equations be 

}P{x) s Jo«" + biX^'^ + Ja**"* + . . • + 6« = 0, 

where m > n ; and let the second equation be multiplied by a?*"*. 
We have then 

60^5* + biof^^ + Jja^"* + . . . + 6„af-* = 0, 

an equation of the same degree as the first. This equation has, 
however, in addition to the n roots of ^(^) » 0, i?) - n zero roots ; 
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80 that we must be on our guard lest the factor a^!^^ (!• e. the 
result of substituting these roots in ^(2^)) enter the form of the 
resultant obtained. Erom these two equations we derive, as in 
the above case (1), the following n equations : — 



flo fli^r^^ + a^Qif^ + . . . + a. 



m 



Lx + bi "" biSf^^ + Jaa^"' + . . . J»a^-**' 






>m-fi 



which, when rendered integral, are all of the {m - 1)*^ degree ; 
whence, eliminating ixf^\ a^"*, . . . x between these n and the 
m - n equations, 

JoO^"' + Ji«^"' + biX"^-^ + . . . =0, 

Jo«*^* + Ji«~"' + . . . =0, 



we obtain the resultant in the form of a determinant of the m^* 
order, the coefficients of the first equation entering in the degree 
Uj and the coefficients of the second equation entering in the 
degree m ; whence it appears that no extraneous factor can enter ; 
and that the resultant as obtained by this method has not been 
ajSected by the introduction of the zero roots. 

JRemark. — If jR be the resultant of two equations, ^[x] = 0, 
^ (^) = 0, whose degrees are both equal to m^ the resultant £^ of 
the system 

\<^{x) + fi\l^{x) = 0, XXa?) + fA\p{x) = 

(A/ - y^rJR ; 
for each of the minors {arbt)^ which in Sezout's method con- 
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^{\fi'''X',i){arbs); 



stitute the detenninant f oim of E^ becomoB in this case 

Afl, + fibsf X'«* + fi% 

whence iJ' = {Xfi - XV)"*i2, Bince JB is a determinant of 
order m. 

142. We conclude our account of the different methods of 
Elimination with one which is often employed, but which has 
the disadvantage, when applied to equations of higher degree 
than the second, of giving the resultant multiplied by extraneous 
factors. The process is virtually equivalent to that usually 
described as the method of the greatest common measure. 

In forming by this method the resultant of the two quadratic 
equations 

€u^ + bx + c = Oy a^^ + byX + c^ = 0, 

we multiply these equations successively by 

^1 and a, Cx and c, 

and subtract the products so formed. "We thus find the two 
linear equations 

(a Ji) X + (aci) = 0, 

{ac^x + (6ci) = 0; 

from which, eliminating a?, we have 

(flCi)' - (a6i) ( Jc,) = 0. 

As the degree of this expression is four, and its weight four, 
it can contain no extraneous factor, and is a coixeot form for the 
resultant. 

To form by the same process the resultant of the cubic 
equations 

aix^ •\- bx^ + cx + d= 0, aicx^ + b^x^ + CiX + c?i = 0, 

we multiply these equations successively by 

Ui and a, di and d^ 
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and subtract each time the products so formed. We have then 

(flJi) x^ + {ac^ X + {adi) - 0, 



Now, eliminating x .between these two quadratics by means 
of the formula above obtained, we find for their resultant 



(a6i) (orfi) 
{adx) (cdi) 



2 



(aJi) {aci) 



(aci) {adi) 
{hd,) (cd,) 



{ad,) {bd,) 

an expression whose degree is 8, and weight 12, in place of de- 
gree 6, and weight 9 ; whence it ought to be divisible by a 
factor whose degree is 2 and weight 3. This factor must 
therefore be of the form l{bc^ + m{adi). "We proceed now to 
show that it is (aef,) ; and to find the quotient when this factor 
is removed. 

For this purpose, retaining only the terms which do not 
directly involve (arfi), we have 

{abi) {cdi) { {abi) {cdi) + {ca^) ( W,) ) , 

which is divisible by {ad^), since 

{be,) {ad,) + K)(W,) + {ab,){cd,) ^ 0, 

this being only another form of the identical equation 

0-7)(a-8) + (7-a)0-8) + (a-j3)(7-S) - 0. 

Expanding the determinants, and dividing off by {adi)y we 
find ultimately the quotient 

{ad,y - 2(aA0K)K) + iJ>d,){ca,){ad,) 

+ K)'K) + {abi){bd,y - [ab,)[bc,){cd,), 

which, being of the proper degree and weight, is the resultant of 
the two cubics. (Compare the determinant form in Art. 141.) 
If we proceed in a similar manner to form the resultant of 
two biquadratic equations, by reducing the process to an elimi- 
nation between two cubic equations, we shall have to remove an 
extraneous factor of the fourth degree, which is the condition 
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that these oubics should have a common factor ^hen the biquad- 
ratics from which they are derived have not necessarily a common 
factor ; and in general, if we seek by this method the resultant 
of two equations of the n'* degree, eliminating between two 
equations of the (n - 1)*^ degree, we shall have to remove an ex- 
traneous factor of the order 2n - 4. Therefore as a general 
method this is inferior to all the methods previously given ; 
and it cannot be conveniently used except when, from the nature 
of the investigation, extraneous factors can be easily removed. 

143. Dlseiiminaiits. — The discriminant of any equation is 
the simplest function of the coefficients, in a rational and integral 
form, whose vanishing expresses the condition for equal roots. 
We have had examples of such functions in Arts. 41 and 68. We 
proceed to show that they come under eliminants as particular 
eases. If an equation f{x) » has a double root, this root 
must occur once in the equation /'(a?) = ; and, subtracting 
xf{x) from «/(a?), the same root must occur in the equation 

This is an equation of the (n - 1)*^ degree in x ; and by eli- 
minating a; between it and the equation /'(a;) =0, which is also of 
the (n - 1)*^ degree, we obtain a function of the coefficients whose 
vanishing expresses the condition for equal roots. The degree 
of this eliminant in the coefficients of f{x) is 2(n - 1) ; and its 
weight is w (n - 1), as may be seen by examining the specimen 
terms given in section (1), Art. 138. Expressed as a symmetric 
function of the roots of the given equation, the discriminant will 
be the product of all the difPerences in the lowest power which 
can be expressed in a rational form in terms of the coefficients. 
Now the product of the squares of the differences n (ai - aa)* 
can be so expressed ; and since it is of the 2(n - 1)^ degree in 
any one root, and of the n(w - 1)*^ degree in all the roots, it 
follows that the discriminant multiplied by a numerical factor 
is equal to a^^"^^) U (ai - oa)* ; and is, moreover, identical with 
the eliminant just obtained. (Compare (6), Art. 41, and Ex. 2, 
Art. 62.) 
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EXA.MPLES. 



1. Find the discriminant of 



We have here to find the eliminaut of the two equations 

tfo*' + 2tfia; + as = 0, 

«!«* + 2^1* + tfs = 0. 
This is, by Art. 136, 

4 (ao«2 — «i') («i «s - ««*) - (flop's - ''I azY = ; 
or it may be written in the fonn of a detenninant, as follows, by Art. 140 



«0 


2ai 


03 








Oo 


2fli 


«2 


1 


2a2 


os 






= 0. 



a\ 2ai 



Oi 



It can be easily yerified that this value of the discriminant is the same as that 
already obtained in Art. 41. 

2. Express as a determinant the discriminant of the biquadratic 

<ro«* + 4fli«5 + 6if2a?' + 4«s« + a* s= 0. 
We have here to eliminate x from the equations 

«o«® + 3aiaf* + Za2X + as = 0, 
aisfi + 3a2a?' + 3«8X + a^ = 0. 
By the method of Art. 140, the result is 

Oo 3ai 302 As 



Oo 3oi 3o2 



«3 



^0 3ai 3o2 03 

oi 3o2 3o3 04 



Ol 302 3o3 



04 



Ol 3o2 3o3 04 



This must be the same aa /^ - 27 /^ of Art. 68. 



= 0. 



3. Express the discriminant of the quartic as a determinant by Bezout's method 
of elimination. 



X 
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4. ProYC by elimination that / = is one condition for the equality of three 
roots of the biquadratic of £z. 2. 

Since the triple root must be a double root of 

Uz = oo*' + 3aia« + Za^x + as = 0, 

and therefore a single root of aix^ + 2a^ + as = ; ' and since it must also be a 

single root of 

TT% = tfo*' + 2«iaf + a2 = 0, 

it follows from the identity 

ITk ^ a;* ZTb + 2s(ai «* + 2^2* + ffs) + «2«* + ^a^x + a^ 

that the triple root nfost be a root common to the three equations 

aox* + 2^10; + «» = 0, 

aijr* + 2fl2a? + «3 = 0, 

a^:^ + 2a8a; + tf* = 0. 
Henoe the condition 

«o «i <?a ' 

I 
fli 02 aa = J" = 0. 

C2 03 <i4 < 

That the other condition for a triple root is J = may be inferred from Ex. 7, 
p. 287 ; for when three roots are equal the discriminant must vanish, and it is of the 
form 11^ + *n/». 

5. Proye that the discriminant of the product of two functions is the product ol 
their discriminants multiplied by the square of their eliminant. 

This appears by applying the results of Art. 137 and the present Article ; for the 
product of the squares of the differences of all the roots is made up of the product 
of the squares of the differences of the roots of each equation separately, and the 
square of the product of the differences formed by taking each root of one equation 
with all the roots of the other. 

144. Determlnattoii of a Root comiiioii to two 
Eqnattons. — ^If 22 be the resultant of two equations 

U s amof^ + ain-iof^^ + . . . + fl^o = 0, 

V = bnof" + bn-iaf"^ + . . . + Ao == 0, 

and a any common root, then 

dR dR dE 
dtti da^ d(h « 



(f(h </«! (/(h 
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To prove this we substitute in 5, for Oo and fto, a^x- U and 
^0 - Vj and obtain an identical equation connecting U^ F which 
is satisfied by every value of Xy and which is of the form 

whence 

dR ^ p jj^ rr# 
dop dO'p ddp* 



. _ a?P*i0 + fT-J?^ + F- , 

and when a is a common root of the equations U=Oj and F= 0, 
we have, substituting this value for x in the preceding equations, 

dR dR 



a 



dUp dttp^i 



which proves the proposition, hj giving p the values 0, 1, 2, &c. 

A double root of an equation can be determined in a similar 
manner by differentiating the discriminant A. 

145. Symmetric Fanctioiis of the Roots of two 
E^nattons, — If it be required to calculate a symmetric function 
involving the roots ai, a2, 03, . . . am^ of the equation 

along with the roots /3i, /B^, ^3, • - . P^ of the equation 

Mx) - boy"" + J,y»-^ + b^i^-^ + . . . + 6„ = 0, (2) 

we proceed as follows : — 

Assume a new variable t connected with x and y by the 

equation 

^ = Air + /uy ; 

and let 1/ be eliminated by means of this equation from (2) . The 
result is an equation of the n'* degree in x whose coefficients in- 
volve A, /LI, and t in the «'* power. Now let x be eliminated by 
any of the preceding methods from this equation and (1). 
We obtain an equation of the mw'* degree in /, whose roots are 
the m9i values of the expression \a + /u)3. 

x2 
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If, now, it be required to calculate in terms of the coefficients 
of ^{x) and i^(:r) anj symmetric function such as So^/S^, we 
form the sum of the {p + g)'* powers of the roots of the equation 
in t We thus find the value of 2 (Xa + fi^)^^ expressed in 
terms of the original coefficients and the several powers of X 
and /u. The coefficient of XP/li* in this expression will furnish 
the reqtiired value of Sa'^jS* in terms of the coefficients of 
f^[x) and ^[x). 

]y&SC£LLAN£OUS EXAMPLES. 

1. Eliminate x from the equations 

iw* + Aap + <? = 0, 

Multiplying the first equation hy a:, we have, since a:^ = 1, 

i;»' + tfo? + a = ; 
and multiplying again by x, we have 

cap* + a* + * = 0. 

Eliminating cfi and x linearly (see Art. 123) from these three equations, the 
result is expressed as a determinant 



e a 

a h 



= 0. 



2. Eliminate similarly x from the equations 

The result is a determinant of the fifth order similar to that in tiio preceding 
example. An analogous process may be applied in general to two equations of this 
kind. 

3. Apply the lAethod of Airt. 139 to find the conditions that the two cubics 

4»(ar) s aa^s + ia:* + «p + rf = 0, 
should have two common roots. 



Miscellaneous Examples. 
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When this is the case, identical results must be obtained by multiplying ^ (x) by 
the third factor of ^ {x), and iff (x) by the third factor of f {x) . We have, therefore, 

where A, /u, A', n' are indeterminate quantities. This identity leads to the equations 

a'* + ii'a - A*' - Mfl' » 0, 

\*e + /ft - Ac' - fkV = 0, 

A'rf+ life -Kd'-fie' = 0, 

/rf - /irf' = 0. 

Eliminating A', fi', A, fi from every four of these, we obtain five determinants, 
whose vanishing expresses the required conditions. There is a convenient notation 
in use to express the result of eliminating from a number of equations of this kind. 
In the present instance the vanishing of the five determinants is expressed as 
follows : — 



*' 



b 



b' 



d 



d' 



d 



= 0, 



the determinants being formed by omitting each column in turn. 
4. Prove the identity 



WOk 



.'3 



2a3 


i8« 




afif + o'3 


3i8' 


^ (o^* - a'3)». 


2a'i8' 


ff^ 





This appears by eliminating x and y from the equations 

oar + iSy = 0, a'x + i^y = ; 
for from these equations we derive 

[ax + i8y)» = 0, (oa? + /3y) {ax + jTy) = 0, {ax + 3'y)» - 0. 

The determinant above written is the result of eliminating x'^, t;y, and ^' from the 
latter equations ; and this result must be a power of the determinant derived by 
eliminating dr, y from the linear equations. 
5. Prove similarly 

2a^i8' + a'i8» /3'3' 

2a'i8ir + a^'^ 33'^ 

3o'/3'» i3^ 



o» 3a3/3 

a>a' a^0 + 2aa'i9 



a a 



.'3 



o^iS + 2aa'i8' 
3a'2 /3' 



^{aff- a'0)\ 
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This appears by deriving from the linear equations the following equations of 
tlie third degree : — 

(ax + iSy)« » 0, (a* + i8y)« (a'x + fi^y) = 0, &c., 

and eliminating sfi, s^y, «y', y^. 

6. Prove the result of Ex. 12, p. 260, by eliminating the constants \, ft, x', p! 
from four equations 

Aa +fi Xp + fi 

connecting the variables in homographic transfonnation (cf. Art. 39). 

7. Given 

F s ^V + 2B'uv 4- eV, 

«stf'dj2+2*'ay+«'y»; 

determine the resultant of U and F considered as functions of x, y. 
Since 

r-ui'(«-a'r)(«-.i5'r), 

if 27 and V vanish for common values of x, y, some pair of factors, as » — ap and 
« - av must vanish ; whence forming the resultant of 

M — av and u — av, 

and representing the resultant of u and v by i?(M, r), we have 

JJ{i« - or, « - a'v) = (o - o')* -R(«, v) ; 

and multiplying all these resultants together, we find 

R{Us, r.) fa ^« ^'*(a - a')» (3 - iB')' (a - iB')« (/5 - a')» {ii(», r)}*, 
or . • 

8. Prove that the equation whose roots are the differences of the roots of a given 
equation f{x) = may be obtained by eliminating x from the equations 

/W = 0, f\x) +/"M --^- +/"(,) j-^ + &c. = ; 
and determine the degree of the et^uation in y (of. Art. 67). 



CHAPTER XIV. 



COVARIANTS AND INVARIANTS. 



146. Definitions. — In this and the following Chapters the 
notation 

(<Io, «l, flTa, . . . fln) i^y VY 

wUl be employed to represent the quantic 



ft (ft "" X I 



which is a homogeneous function of x and y, written with bino- 
mial coefficients. If we put ^ « 1, this quantio becomes Un of 
Art. 36. 

Let ^ be a rational, integral, and homogeneous symmetric 
function, of the order X7, of the roots ai, ai, as, . . . an of the 
equation Un = (ao> di, fli, • . . Oi»)(^> 1)** = 0, this function involv- 
ing only the differences of the roots ; then if 



, , . • . 

Qi — a? 02 - X On — X 



be substituted for oi, 82 • • • an^ respectively, the result multi- 
plied by Un (to remove fractions) is a covariant of Un if it in- 
volves the variable Xy and an invariant if it does not involve x. 
From this definition of an invariant we may infer at once 

that 

^0^ (oi, Oj, 03, ... a„) 

is an invariant of Un, provided that is made up of a number 
of terms of the same type, each of which involves all the roots, 
and each root in the same degree -a. 
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These definitions may be extended to the case where ^ (the 
function of differences) involves sjmmetrioally the roots of seve- 
ral equations Up = 0, Uq = 0, Ur = 0, &c.y the roots of theee 
equations entering in the orders tcr, zs\ 7s\ &o. . . , respectively. 

We may substitute for each root a, as before, and remove 

fractions by the multiplier JJp'TJ^'U/' , . . . &c. If the result 
involves the variable or, we obtain a covariant of the system of 
quantios Up^ TJq^ Un &c. ; and if it does not, ^ is an invariant 
of the system. 

147. Formation of Covariants and Invariants.— We 
proceed now to show how the foregoing transformations may 
be conveniently effected, and covariants and invariants cal- 
culated in terms of the coefficients. With this object, let the 
symmetric function of the differences of the roots be expressed 
in terms of the coefficients as follows : — 

Now, changing the roots into their reciprocals, and conse- 
quently Qo into ^M, &c., Qr into a^^y &c. (that is, giving the suf- 
fixes their complementary values), we have 

a^ ^(ai> ««> — ««) = -^(«n, tfn-i, . . . «ro), 

where </> is an integral symmetric function of the roots, and F 
the corresponding value in terms of the coefficients. This 
fimction is called the source* of the covariant derived therefrom. 
Again, substituting oi -a;, a^-x^ . . . o« - a? for oi, o*, . . . on, 
and consequently Ur^ &c., for Ory &c., we find 

a,r-^{oi-x,Q2-0[y.,.an-or)^F[l^n, U„.iy . . . C^, Uo). 

Thus, by two steps we derive a covariant from a function of 
the differences, and find at the same time its equivalent calcu- 
lated in terms of the coefficients. 

To illustrate this mode of procedure we take the example in 
the case of the cubic 



* ThLs term Mas introduced bv Mr. Kobcrts. 
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whence, ohanging the roots into their redprooals, and a^, ^i, Ozy (h 
into Ozj Oiy ai, a^y we have 

flo'Sa' 0-7)'= 18(0,' - 0,(10. 

^ Again, changing a, /3, y ^^ a-x^ fi-x^ y-x^ and Oi, (hy 0% 
«ito F"!, Z7"„ JIzj respeotiveljy we find 

flo'SO - 7)' {x - a)» = 18 ( W - J7, U,), 

The second member of this equation becomes when expanded 

This oovariant is called the Hessian of ^s. We refer to it 
as Hxy since H is its leading coefficient. 

As a second example we take the following function of the 
quartic: — 

flo'S(/3 - 7)»(a - ly = 24(00^4 - 4oiO, + 3a,') ; (1) 

whence, changing the roots into their reciprocals, and (70,^1,02,^79,04 
into 04, Os, 03, Oi, Oo, we have 

flo'S (7 - 13)' (8 - a)' = 24 (O4«o - 4a, oi + 3o,»). 

These transformations, therefore, do not alter equation (1) : 
again, since in this case ^(a, /3, 7, S) is a function of the diffe- 
rences of the roots, yp is unchanged when a - or, /3 - ir, &c. . . . , 
are substituted for a, j3, 7, 8. We infer that O0O4 - 4oi08 + 3o»* 
is an invariant of the quartic U^. 

We observe also, in accordance with what was stated in 
Art. 146, since 

♦ - (/3 - y)' (« - s)* + (7 - «)' o - iy + (« - ^y (y - ly, 

that each of the three terms of which ^ is made up involves all 
the roots in the degree zi which is here equal to 2. 
In a similar manner it may be shown that 

''*.'((7-«)0-S)-(«-^)(r-8)){(«-/3)(7-8) 

-{/3-y)(«-8))(O-7)(«-8)-(7-a)(0-8)) 

= - 432 [a^a^ax + 2010,03 - OoO,' - 01*04 - o,') 
is an invariant of the quartic. 
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There is no diffioulty in detennining in any particular ease 
whether ^ leads to an invariant or oovariant, for if ^ leads to an 
invariant, ^ = ± i//, that is ^ is unchanged (except in sign when 
its type term is the product of an odd number of differences of 
the roots, i.e. when its weight is odd) when for the roots their 
reciprocals are substituted, and fractions removed by the simplest 
multiplier (010203 . . . o«)'. From another point of view we may 
consider an invariant as a covariant reduced to a single term. 

148. Properties of Covariants and Invariants. — 
Since ^ is a homogeneous function of the roots, the covariant 
derived from it may be written under the form 



.(tr 



TJ ( X X X 



X'^ \ Oi — X Oil — X On — X^ 



where Z7 is the order, and k the weight of (jt. 

Also, as ^ is a fimction of the differences, we may add 1 to 

X o 

each constituent such as , thus obtaining — ^. Again, 

ar ~ X Or " X 

multiplying each constituent by x^ we have 

W ( aiX atX anX 

a^ \ai- X Qi-x On- Xj 

which may be reduced to the form 

\ai X a^ X On xj 



where 



jr,.„.,i-iVl-i)...(l-i,. 

\x aij\x 02 J \X On/ 



whence it is proved that the covariant form 

/ 1 1 1 



'^n.- 



X 02 - X On ~ ^j 



is unaltered when for oi, 02, . . . a», x, their reciprocals are sub- 
stituted ; Oo, «i, 02, . • • <fn changed into o„, a^^i, . . . a^, respectively, 
and the result multiplied by (-1)* «"'~**. 
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Now if any oovariant whose degree is m be written in the 
form 

(5o, 5i, £„...£«,) (or, 1)~, (1) 

changing a^^ aiy .... a^j Xy into a^^ a^^iy . . . ffo> ~9 we have 

X 

another form for this oovariant, namely, 

(- 1)«^-»« (Co, Ci, a, . . . C^) {^y iV; 

and as this form is an integral function of x of the same type as 
(1), we have, by comparing the two forms, 

w = «©-2.c, and Bo = (- 1)-^ Cm, . .. -B,. = (- 1)« C«,_r; 

thus determining the degree of the oovariant in terms of the order 
and weight of the function 0, and showing that the conjugate 
coefficients, t. e. those equally removed from the extremes, are 
related in the following way : — 

If F{a^ ai, Oty . . . ttn) be any coefficient of the covariant, 
(- l)*jP(fl„, a,^iy ... Oo) is its conjugate. 

From the expression for the degree of a oovariant in terms 
of zj and jc, namely ntj - 2ic, we may draw the following im- 
portant inferences: — 

(1). Ifa^i^ is an invariant ^ nts =2ic. 

For, in this case <p and \p afe the same function, and conse- 
quently their weights k and nzj - k also the same. 

(2). All the invariants ofquantics of odd degrees are of even 
order. 

For if n be odd, it is plain from the equation nis = 2ic that 
rs must be even, and k a multiple of n. 

(3). All covariants of quant ics of even degrees are of even 
degrees. 

For in this case hts - 2ic is even. 

(4). T/ie resultant ofttco covariants is ahcays of an even degree 
in the coefficients of the original quant ic. 
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For, the degree of the resultant expressed in terms of the 
orders and weights of the eovanants is 

zj {nzj - 2ic') + w'(»w - 2jc) = 2 {nzjz/ - W - w'k). 

We add some examples in illustration of the principles ex- 
plained in the preceding Articles. 

Examples. 

1. Show that the resultant of two equationii is an inyariant of the system. 

2. Show that the discriminant of any quantic is an inyariant. 

3. Prove directly that any function of the differonces of the roots of the cova- 
riant 

n" f-L- 1 1 1 \ 

\ai — «' 08 — «* 08 — «' * On — iP/ 

equated to zero is a function of the difFerences of ai, as, as . . • ««• 

4. If a, 3) Y ; and a, /S' be the roots of the equations 

U stufl-k- 3*«» + 3m; + ^ - 0, 
irsa'«»+2*'a; + c' = 0; 

express in terms of the coefficients the function 

(3-7)»(a-a')(a-/8')+(y-«)»09-«')(/8-iB') + (a-3)M7-«)(7-i8'). 
Denoting this function by ^, we easily find 

- c2a> = d{a'(bd - tf') - b'(ad - be) + <f(ae - ft^}. 

Attending to the definition at the close of Art. 146 we observe that this function 
Ib an invariant of the two equations ; for it involves all the roots of the cubic in the 
second degree, and all the roots of the quadratic in the first degree. If, in fsct, we 
make the substitutions of Art 146, and render the function integral by multiply- 
ing by IP IT, the result will not contain x, and is therefore an invariant of the 
system. 

The geometrical interpretation of the equation ^ s is that the quadratic U 
should form with the Hessian of the cubic Usl harmonic system. 

5. If a, /S, 7 ; a, /3', y' be the roots of the equations 

asfi + S*** + 3«p + rf = 0, 
«'«'+ 34'a?« + 3c'af+«r= ; 

express the following function (when multiplied by aa') in terms of the coefficients, 
and prove that it is an invariant of the system : — 

(«-a')(3-iB')(r-y) f(«-/3')(/3-7')(7-«') + («-y)(3-a')(7-3'); 
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or, differently amnged, 

(«-«T03-70(y-3') + («-3')O-«)(7-7')+(«-7')03-i8')(7-«'). 

Am. mfld' - n'd) - Z(p<f - Vc)}. 

6. If a, /i, 7, 9 ; a , /S', 7', t be the roots of the biquadratics 

(a, ^ <f, rf, .) (*, 1)* = 0, (a', y,<^,<r, •)(«,!)* = 0; 
prove 

and show that this fonctioii is an invariant of the system. 

7. Prove that the following function of the roots of a biquadratic and quadratic 
givM an invaziant of the system, and detennine its geometrical interpretation : — 



I 1 /5 +7 ^ 
I 1 a +5 aS 

1 a' + /i' a0 



1 7 + a 7a 
1 /i + S /SS 
1 a'^0 f^0 



1 a +3 aj9 

1 7+5 7« 

I 
1 a'i-/9' c!0 , 



The geometrical interpretation of the equation ^ = is, that two conjugate foci 
of the three involutions determined by the biquadratic form along with the qua- 
dratic an harmonic system. 

8. Prove that the following functions of the roots of a biquadratic and quadratic 
give invariants of the system, and determine their values in terms of the coef- 
ficients : — 

flo«ao«3(a - /8)» (7 - <^) (» - iSO (7 - ^')(» - «'). 

9. Find the condition that one pair of roots of a cubic should form an harmonic 
range with the roots of a given qua^tatic. 

10. Find the condition that the roots of two cubics should detennine a system 
in involution. 

The condition is expressed by multiplying together the six determinants of the 

type 

1 a + tf' oa' 

1 /8 + jS' »Bf 

1 7 + 7' 77' 
and equating the result to zero. 

149. Formation of Covaiiants by the Operator D. — 

From Art. 134 we infer that the expansion of F{Un9 ^n-u • • • C^o) 
may be expressed by means of the Differential Calculus in the 
form 



Fo + xDFo + ^-2^^" + . . . + 



(Xf 



1.2.3...r 



ITF^ + . . . , 
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where Fo is the result of making ;r = in F{U'n, U'n^iy - - - ^o), 

viz., 

Fo = jP(a„, fl,^.i, . . . flo), 

and D = «©:;—+ 2ai3— + 8023— + . . . + nan^i-—. 

Ckti cUh wh ^n 

In forming a oovariant by this prooess, the source Fo with 
whioh we set out is altered by the successive operations D till 
we arrive at the original function ^(^09 ai» • • • a»)» from whioh 
the source was formed. Since this is a function of the differences, 
the coefficient derived by the next operation D vanishes, and the 
oovariant is completely formed. The corresponding operations S 
on the symmetric function xpo have the effect of reducing the 
degree in the roots by one each step, the final symmetric func- 
tion contaiiung the differences only. Thus the successive 
operations supply between the roots and coefficients a number of 
relations equal to the number of coefficients in the oovariant. 

The degree m of the oovariant is plainly equal to the number 
of times S operates in reducing xpo to ^, t. e, equal to the difference 
of the weights of the extreme coefficients. And since 

\po- [aiOi. . . On) ^ (—,—,.. . — 1, 

the weight of xpoisnzj- ic, where k is the weight of ^ (oi, aa, - . . a») ; 
hence the degree of the oovariant whose leading coefficient is 
ao'ift isnzj- 2ic, the same value as before obtained. We add two 
simple examples in illustration of this method. 

Examples. 
1 . Foim the Hessian of the cubic 

aoafi + Saisfi + Sag* + «s = 0. 

Taking the function JET = ocaa - ai*, we find, as in Art. 147, 

Operating on the left-hand side by 9, and on the right-hand side by D, we obtain 
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and operating in the same way again, 

ao*22(iB - 7)« = 36(«i* - OqUz). 

The next operation causes hoth sides of the equation to vanish. Hence the re- 
quired cOYaiiant is, as in Art. 147, 

(aifls - «2') + («o«3 - aia2)a; + («o«8 - ffi')«'. 

We find at the same time the corresponding expression in terms of » and the 
roots. 

2. Form the Hessian of the biquadratic 

flo«* + ^a\a^ + easar* + 4tf3« + fl^ = 0. 

The covariant whose leading coefficient is H^af^a^-ai^ is called the Hessian 
of the biquadiatio. Its degree is 4, since 1ST » 2, and ic = 2 ; and .*. wcs — 2ic = 4. 
Changing the coefficients into their complementaries, the source of the coyariant is 
0402 — as'> and we easily find 

Ex = (tfo«a - «!*)«*+ 2(ao0s - a\a%)a^ + (ao«4 + 2«ifls — Saa*)** 

160. Theorem.* — In the discussion of covariants through 
the medium of the roots, as in the previous Articles, the following 
proposition, due to Mr. Michael Boberts, is of importance : — 

Any function of the differences of the roots of two covariants is 
a function of the differences of the roots of the original quantic. 

Let 

(Co, C„ C2, . . . Cg){x, yY s Co{x-yxy){x - y^y) . . . {x-y^y) 

be two covariants of the quantic 

(oo, «i, «,,... an) (ar, yf. 
Operating with D or S on the identical equation 

Bo^r"" + pB.fir^' + ^4^ ^'^'^^ + . . . + 5^ = 0, 

• Quarterly Journal of Mathetnatiesy vol. v. p. 48. 
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and remembering that, in general, Df^^ ^o'S^, where 

we have 



and, tiherefore, 

similarly 

whence 


8/3r = -l; 
h> - - 1. 




SOr - y.) = 0. 



proving that /3r - 7« is a function of thedifiPerenoes of the roots 

Oi, as, fli, • • • Oft. 

151. Homographic Transformatloii applied to tlic 
Theory of Covarlants. — Hitherto we have discussed the 
theory of covariants and invariants through the medium of the 
roots of equations. We now adopt a different mode of treat- 
ment which will render the discussion of this subject more 
complete, and will open the way for the extension of the theory 
to quantics homogeneous in any number of variables. It is 
through the medium of such functions that the most important 
geometrical applications of this theory are carried on. With this 
object we give in the present Article two important proposi- 
tions. 

Prop. I. — Let any quantic U^ be transformed by the homo- 
graphic transformation 

if land V be corresponding invariants of the ttcoformSy tee hare 
To prove this, let 

I - ao* S(ai - QiY (a, - as)* ... (a, - a»)', 

each root entering in the degree zj. 
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Now, transforming the siniilar valae of /', sinoe x' = ^ — ^, 

A - Aa? 

we have 

(X - X'ap){\ - XagY 



ap- Og = 



Again, transforming ?7„, and rendering the result integral, 
Un takes the form 

«o'(a"' - a/)(jr' - a»') . . . (:r' - a«'), 
where 

. «o' = «o(^ ~ X'ai)(X - X'a?) ... (X - X'on) ; 

making these substitutions for all the differenoes, and for 0^% 
the denominators of the fractions which enter by the transfor- 
mation disappear ; and we have, finally, 

r = (x^' - xv)«/. 

Prop. II. — If ^{x) ^^ « covariant of the quantic Unj the new 
ralue ofip{x)y after homographic transformation^ is {wheti rendered 
integral) 

(X/i'-xv)-^(a^). 

The proof is similar to that of the preceding Proposition. 
We have 

*(«) = «o'S(ai - a8)'*(aa- aa)* . . . (ir - ai)''(a?- azY . . . , 

which expression for ^ {x) is obtained by substituting 

a? - ai, a? - 02, ... iJ* - On for ai, 02, . . . a» ^ 

in the source of the covariant ^ (;r) expressed in terms of the 
roots. Now, transforming, as in the previous Proposition, the 
value of fft{x) thus derived ; since the factors X - X'ai, X - X'oa, . . . >^ 
all enter in the same degree zj in the denominator (for eachroot 
enters the source in the degree w), they will all be removed by 
the multiplier aj'y and the transformed value of 0(^) is 

(X/u' - xv)"0(.'). 

Y 
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153. Redvctloii of Homographlc Tran»foniiation to 
a doable lilnear Transformation. — With a view to this 
reduction let the quantio be written under the homogeneous 
form 

and, in plaoe of putting as before x = r-r-? >> and removing 

/}• \cp 4- fit/ X 

fractions to make Un integral, let now - = ^t-t — ^t-,* where - 

y AX + fi/ y 



x' 



and -> are the variables in the ordinary sense. The transfor- 
mation may therefore be reduced to a linear transformation of 
both the variables x and ^, and can be effected by putting in 
the original quantic 

a? = Aa;' + ^/, . y = A V + /xV, 

the inttoduction of fractions being in this way avoided. 

Thus we pass from a homographic transformation of 
functions of a single variable to the linear transformation of 
homogeneous fimctions of two variables. 

The quantity A/i' - A'fc is called the modulus of transfor- 
mafion. 

We are now enabled to restate Propositions I. and II. of 
Art. 151, in the following way: — 

Prop. l.-^^An invariant is a function of the coefficients of a 
quantiCf such that when the quantic is transformed by linear trans- 
formation of the mriableSy the same function of the new coefficients is 
equal to the original function multiplied by a powe^' of the modulus 
qf transformation, 

■ 

Prop. II. — A covariant is a function of the coeffioients of a 
quantic, and also of the variables, such that when the quantic is 
transformed by linear transformation, the same function qf the new 
variables and coefficients shall be equal to the original function mul- 
tipUed by a power qf the modulus of tramformafion. 
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Examples. 

1. Performing the linear transformation 

if 

ax^ + 2bxy + ey^ = AX^ + 2BXT + Cr^ 
prove that 

AC-JP^iKtAi- Xi/i)* (<w ~ *'). 

2. Performing the same transfoimation, if 

(a, b, e, d, e){x, y)* = (A, B, C, D, E){X, Y)\ 

proye that 

-4^ - iBD + 3(7» = (Ami - Ai/*)* («» - 4 W + 3<?'). 

3. Perfonning the same transformation, if . 

«c« + 2bjtf + <>^ = ^Z« + 2BXT + Cr«, 
and 

proye that 

-4Ci + ^iC- 2BBi = (A/Ai - Ai/i)» (otfi + aitf - 2Wi). 

This follows from Ex. 1, applied to the quadratic forms 

(• + icfli)** + 2(H«May + (« + ««i) y* = M + «"^0-x:' + 2 (^+ ic-Bi)ir+ ((/+ irCi) r«, 

by comparing the coefficients of ic on both sides. 

Whence we may infer that, if two quadratics determine a harmonic system, the 
new quadratics obtained by linear transformation also form an harmonic system. 
For their roots being a, and ai, 0i, we have 

«ai{(«- oi)(/8-/8i) + (a-/ii)03-ai)} = 2(a«i + aic - 2Wi). 

153. Properties of CoTarlante derived from Unear 
Transformation. — We prooeed now to show, taking the second 
proposition of Art. 152 as the definition of a covariant, that the 
law of derivation of the coefficients given in Art. 149 imme- 
diately follows ; that is, given any one coefficient^ all the rest inay be 
determined. 

For this purpose, performing the linear transformation 

a? = X + A F, 

y-OX+ F, 

y2 
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whose modulus is unity, the quantic 

(^0, ffi, «2, . . . a^{x, yY becomes {A^^AiyA^, . . . -4«)(JC,F)", 
where 
Aq = flp, Ai^ai-\- a^h^ A2 = ei2+ 2fli/* + aji^ &o. (See Art. 36.) 

Now, if ^(<7o, fli, ^2, . . . flft, a?, y) be any covariant of this 
quantic, we have by the definition 

or 

I 

(er„, fli, flj, . . . any x,y)^i^ {A^^ -4i, -^^ . . . ^„, a? - Ay, y). 

Expanding the second member of this equation, and con- 
fining our attention to the terms which multiply h ; since also 

dA 

-— -T = ror^x^ when terms are omitted which would be multiplied 
ah 

in the result by A*, A', &c., we have 

+ A f - y -^ + 2)0 j + AM j + &c. . . . s 0, 

which must hold whatever value A may have ; hence 

di^ dif^ d<ff dA d^ 

^^ = '^5«;^2«.^- + 3«,^^^ + ...+,«r,..-, (1) 

and, substituting for ^ the value 

we have 

mBoZ^'^y + m(m - l)Biaf^-^y^ + . . . + niBm^iy*" 

^DBoaf^ -^mDB,af^-'y + . . . + DJ9«//*»; 

whence, comparing coefficients, we have the following equations : 

DBo = 0, DjB, = Bo, DB^ = 2J9,, . . . DBn, = m5«.x, 

which determine the law of derivation of the coefficients from 
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the source B„^ ; the leading ooeffioient Bo being a function of 
the differences, since DB^ = 0. 

The calculation of the coefficients is facilitated by the follow- 
ing theorem which has been proved already on different prin- 
ciples : — 

Ttco coefficients of a covariant equally removed from the extremes 
become equal (plus or minus) when in either of them^ ^o, ai, . . . a^, 
are replaced by a^y a^-u . . - «„) respectively, . 

To prove this, let the quantic be transformed by the linear 
substitution 

X = OX + F, ^ = X + F, whose modulus = - 1. 
Thus 

(flfu, «i, 02, . . . a„)(a?, yY = (««, «n-i, ««-?, • • . «o)(X, F)", 
and, by definition, any covariant 

♦ {any «n-i, «5,^.3, . . . «o> ^y ^) = (- 1)* ♦(^o, «i, a^y . , . a„, X, y) 

^ (- 1)'' ^ (flo, «i, 03, . . . any F, X) ; 

whence the coefficients of the covariant equally removed from 
the extremes are similar in form, and become identical (except 
in sign when k is odd) when for the suffixes their complemen- 
tary values are substituted. 

We may infer similarly that a covariant satisfies the diffe- 
rential equation 

d<h d<h ^ d<h ^ d<b dih 

a? -p = a„ -~^ + 2anr.i j-^ + 3(T„.a - -^ + . . . + na^ j^, 

ay aan-\ (JUin^^ ^n-s aOii 

as well as the equation (1) already given. 

Again, if 0(ao, ai, ^2, . . . a^) be an invariant of the quantic, 
the former transformation of the present Article gives, employ- 
ing the definition of Art. 152, 

\fky a\y Oj, . . . f/J = ^(-^^o, -4l, Aiy . . . An) 'y 

and proceeding as before in the case of a covariant, we prove 
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that an invariant must satisfy both the differential equations 

Oo 3^ + 2a, -^ + 3a« -~ + . . . + na^^i -^ = 0, 
(ifti aOt a<h adf^ 

rw„., aa,^., rfa,^^ aa^ 

either of which may be regarded as contained in the other, since 
if we make the linear transformation x ^ Y^ y ^ X (whose 
modulus - - 1), we have from the definition of an invariant 

♦ («n> ««-!> «»-«, . . . flo) = (- 1)*^ (^oj «i> ««>•••««); 

proving that an invariant is a function of the coefficients of a 
quantic which does not alter (except in sign if the weight be odd) 
when the coefficients are written in direct or reverse order. 

Having now explained the nature of Covariants and Inva- 
riants of quantics, and the connexion between the two modes in 
which these functions may be discussed, we proceed to prove 
certain propositions which are of wide application in the forma- 
tion of the Covariants and Invariants of quantics transformed 
by a linear substitution. The student who is reading this sub- 
ject for the first time may pass at once to the next chapter, where 
the principles already explained are applied to the cases of the 
quadratic, cubic, and quartic. 

154. Prop. I. — Let any homogeneo^iH quantic of the w^* degree 
f{xy y) become -F(X, T) by the linear transformation 

x = XX + fAY, y^ XX + /F; 

aho let any function uofx^y become Uby the same transformation ; 
then we hare 

-/(|-|)-k:4-S). <•> 

where M is the modulus of transformation. 

To prove this propositiou, solving the equations 

i: = AX + /uF, y^XX^fx'Y, 
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we have 

MX = iix - /u^, MY-^- Xx + \y) 

whence 

Again, 

rfu _ dUdX. dUdY l_( , ^ _y^\ 
dx'' dXdx^ dY dx^ M\^ dX dY/ 



du dUdX dUdY 
dy" dXdy '^ dY 



^^ dY I ( dU dU\ 

'^^l^-liy^dx'^^dY} 



whioh equations may be put under the form 



du 
dy 



.(I dU\ (I dU\ 
\MdY)'^^\Mdx} 



du / 



du ^,fl_dU\ ,/ _1_^' 
MdYj''^l MdX)' 



and sinoe 



/{XZ + fiY, XX + m'F) « F(X, F), 



changing X and F into = ^=, and - -^ =, respectively, 

the proposition is proved. 

In an exactly similar manner, changing X and F into 

1 d 1 d 

M dY' M dX' 

it may be proved that 

The results (1) and (2) may be applied to generate oova- 
riants and invariants, as we proceed to show. 

Suppose /(or, y) and t« to be co variants of any third quanticr, 
where v may become identical with either as a particular case. 
Also, denoting by Fc{Xy Y) and Uc the same oovariants in 
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Xy Yy variables, we have, from Props. I. and II., Art. 152, the 
identical equations 

MPF{X, Y) - Fe{Xy F), and M^U^U,; 

whence, substituting from these equations in (1), 

fdu du\ 
provmg that /( — , - -i- ) is a oovanant of v. 

And in a similar manner it is proved from (2) that 



Ai'-iy 



leads to an invariant or oovariant of t?, according as u is of the 
n^^ or any higher order. 

ElLAMPLES. 

d d 

1. If •--,-— be substituted for x and ^ in the quartic (a, by c, rf, e) (x, y)*= r, 

dp dx 

and the resulting operation performed on the quartic itself, show that the invariant 
/ is obtained. 
We find 

(«, b, f, rf, e) I J, - ^y Cr= 48(<w - 4M+ 3tf>). 

2. Prove, by performing the same operation on Hn the Hessian of the quartic 
(see Ex. 2, Art. 149), that the invariant /is obtained. 

Here we find 

(tf, *, c, rf, e) ^~, - ^^ JT, = 72(a«?+ 2*crf -«<;»- e*» - fS). 

3. Prove that 

(a, b, (7, rf)(^, ~ ^) Gf« = - 12(«2i2-6a*«f + 4rt<^ + 4i>rf-3A2c«), 

where Om ia the cubic covariant of the cubic (ff, *, c, rf) (:t, y)'. 

4. Find the value of 

whore u ^ {a, h, c, d) (j-, //)•'. 

s 
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155. Prop. II. — If ip (^o, fli, fl?, . . . On) be an invariant of 
the quantic (fl5o, au «»>••• ««) (^> y)**> (^^^^ ^ <3f covariant of the «'* 
or fl«y higher degree^ including the quantic itself; then 

fd^'u d^u d'^u d^u\ 

* \d^' d^^y' ds^-^df' * " ' df) 

is an invariant or covariant of the quantic. To prove this, let 

a? = XZ + /uF, X = AX' + liT, 

andy transforming as in the last Proposition, 

also, transforming u, we have 

U^M^u\ 



whence 



tL*t*^' 



)V.jr.(^l.yl)-.; 



dX dY^ 
and writing this equation when expanded under the form 

(A, Di, A, . . . Bn) {X\ YY - if'' {do, rf„ (4, . - . e;«).(^', y')", 
we have, from the definition of an invariant, 

if, {Do, 2>i, A, . . . Bn) = if** (^0, rfi, fl?2 . . . rfn), 

showing that * (^09 ^19 d^, . , . dn) is an invariant or covariant. 
When X, y and x', y' are transformed similarly, as in the present 
Proposition, they are said to be cogredient variables. 

Examples. 

1 . Let the quadratic 

aox^ + 2aixy + azy^ become AoX^ + 2^iXr + AzY'K 
We have then, as in Ex. 1, Art. 162, 

Af)A2 — Ai^ — M'^[aoa2 - ni^). 
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To apply tliis, let Z7 = If'^u, aa in the last Article ; and since 

it follows from the last result, considering X\ y and jr', ^ as variables, that 

r» \dXdYI ^ l<fe» dff^ \dxdyl ]' 



d2? dY* 



This ooyaiiant is called the SesHan of U. 
2. When u has the values 

(a, J, «, rf) («, y)», and (a, *, e, rf, «) (», y)S 
what covariants are derived by the process of the last example P 
Afu. (1). (atf-d»)«»+(arf-d«)«y+(W-<J«)y». 

(2). (««-««)»* + 2(«rf-&T)«»y+(fl*+2W-3<J«)«»y» 

+ 2{be -ed)xi^ + {e$- rf*) y*. 

156. Prop. III. — If any invariant of the quantic 

Tl^hixtf 'olyY 

he formed^ the coefficients of the different powers ofk are covariants 
of U; x\ y' being the variables. 

For, transforming 27 by linear transformation, let 

(flo, «!, a«, . . . ««)(a?, yY = (^0, ^1, ^2, . . . A)(X, F)» ; 

also if ^, 1^ and ^, y^ be oogredient variables, 

xxf ^x'y^M\^XY' ^X'Y). 
Whence 

(oo, fli, 02, . . . fl«)(iP, y)* + *(ipy' - vlyY 

becomes when transformed 

(^0, -4., ^2, . . . -4n) (X, F)» + AJf~( JF' - XT)** ; 

and forming any invariant ^ of both these forms, we have 

(^, #1, «2, . . . «p)(l, *)^ = Jtf*(<^, *i, <I»2, . . . 4V,)(1, if**)-, 
proving that 

or that 0r is a oovariant. 
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When {xi/ - ofyY is replaced by (6o> Ji, fti, . . . Jfi)(iP, y)", the 
preoeding Proposition becomes by extension the following : — 

If (ao, aiy (hy ' > > On) be an invariant of (oq, a^ Oa, . . . an)(<x^9 1/)% 
all the coefficients ofk in 

^ (oo + kboy ai + kbif . . • a,» + A6n) 

are invariants of the system of qtsantics 

Ory which is the same thing^ 

are invariants of the system. 

If, further, ^ be replaced by a oovariant, we may in like 
manner generate new covariants, a similax proof applying in 
this case. 

157. Prop. IV. — If <p (a?, y) and i/r (a?, y) are homogeneous 
quantics^ the determinant 

di^ dip 
dx dy 

d(p dip 
dx dy 

is a covariant of these quantics. 

For, transforming ^ and \p by the linear substitution 



we have 



giving 



x = \X +nY, y = yX + fiY, 

^ (X, Y) = fpix, y), * (X, F) - x^Xy y), 

d^ ^dip yd<p ^_v# y# 

dX dx dy* dX dx dy* 



d^ 



d^ ,dip d^ d\ff ,d\P 



dY ^dx ^ ^ dy' dY 



^f^iz^f* :j7. 



dx 



dy' 
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Whence 

d^ d<^ 

dX dY 

d^ d^ 
dX dY 

which reduces to 



dx dy* dx dy 

dx dy^ dx dy 



■MM-fd^ d\l/ d^ d\lj\ _ 
\dx dy dy dx) ' 



and the proposition is proved. 

This covariant is called the Jacobian of <p and \py and is often 
written under the form c/(^, ^). 

We now conclude this Chapter with some examples selected 
to illustrate the foregoing theory. The studient is referred for 
further information on this subject to Salmon's Lessons Intro-^ 
ductory to the Modetm Higher AlgebrOy and to Glebsch's Theorie 
Der Bindren Algebraischen Formen. 



Miscellaneous Examples. 

1. From the definitions, Art. 146, prove that all the invarianta of the quantic 
U{xy' — afff) are coyariants of U, the variable being x' : y' . 

If Z7 is a cubic, what covariants are thus derived ? 

2. If /i, /a, /a, ... In be the same invariant for each of the quantics 

A (a?) d»(a?) A (a:) A(:r) - ., , , ., 

^ ^ - ^ ^ of the order zj, where ai, aj, ... a* are the 



X — Q\ X~fl1 a?— 03 



X—Oh 



roots of 4> {x) = Of prove that 



2/r(a:-ar) 

r.l 



and if 



is a covariant of <t>{x). 

3. If ai, fi(8, as, . . . oa be the roots of the equation 

(«o, «i, ««,...«•) (:f, 1)» = ; 

whore ^i, ^, . . . ^m are all the values of a rational and integral function of some 
or all the roots obtained by substitution, find the equation whose roots are the 

m values of - ^, given 5- A = 0. 



Ans. F{Uo, Uu Uz, , , . ?/„). 
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4. Let a, i9, 7 ; and a'y ^y y' be the rooU of the cubic equations 

(a, b, e, d) (X, 1)» = 0, (a', y, c', d) {x, 1)' = 0, 

and prove that the following coTariant of the system 

a«'2{(i8-y)(3'-y) + (fl-y)(3'-7)}(^~«)(*-«0 
expressed in terms of the coefficients is 

''lS{{a<^-\-(^e-2bb*)x^-\-{ad'-¥a'd-be'-l/e)x-\-(bd' + b'd~2c(/)}. 

6. Express the identical relation connecting three quadratics in terms of their 
inyariants. 

Let V = oijp' + 2biXff + <Jiy', 

r - 023^ + 2b2xy + «4y*, 

F'= ajx' + 2*3«y + csy* ; 

multiplying together the two determinants 
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= «pflj + < 


1 U 


F 


?r 
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Sxnandii 


LC this 


determi 
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hail 


^e 







(/« 7S3 - /t3«) t7« + (/33 /U - /81») r« + (7,1 h% - /i2*) ?r« + 2 (/31 /,2 - /u /js) F^ 

+ 2(/23/,2-/2a/3i) WU^2{hzhx - Inin) UV^O. (1) 

There are two particular cases worth noticing : — 

(1). When the thre$ quadratics are mutually harmonic. — In this case 
723=0, 731 = 0, 7i2 = 0; and making these quantities vanish in equation (1), 



we have 



JJ2 pa W^ _ 

7ll 722 733 



(2). When one of the quadratics W = determines the foci of the involution of 
the points given by the other two, Z7= 0, and F= 0. In this case 7i3 = 0, and 
723 = ; and making this reduction in the general equation (1), we have 

(7i2' - 7ii /22) W = 7m (722 U^ ~ 21 n UV + 7„ V') ; 
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but from the equatbxis /» == 0, and /n s 0, we find 

a3Bic(ai^), -2d3sic(<^ii8)9 «s = K(*i<Ja); 
whence 

4(«9r8 - ft,*) = «« {(ai4,)(*i«,) - (<?,«8)«), 
or 

and reducing, when ic « 1 

- 2 r« = /« i7» - 2/it rrr+ /u f». 

6. Prore that the quartics 

(flo«* + 2*oa!y + <fp|f*)(a2«' + 258iry + oay»)-(«i«' + 2*iay+tfiy«)« = 0, 
(ffoA^ + 2ai«y + <isy>)(0o4^ + 2<fi«y + 0ay*) ~ (^0^ + 2^1 ly + ^y*)' ° 0, 

haye the same inyariants. 

7. Proye that the condition that four roots of an equation of the »<* degree 
should determine on a right line a hannonic system of points may he expressed by 

equating to zero an mvanant of the degree i -^ — . 

8. If ^(oo, ffi, OS, .. - ail) he any rational, integral, and homogeneous function 
which depends on the differences of the roots of the quantio (ao* aiy as> • • - On) ('> 1)" ; 

prove that -^ depends on the differences of the roots also. 

9. Prove that the functions 

oooa — 01*, 0004 " 401 0t + 3 03*, 00^08 — 30o0i 08 + 20i', 
which depend on the differences of the roots of the equation 

(00, «i, 02, . . . 0ii) («, 1)" = 0, 
give rise to oovariants of the degrees 

2ft - 4, 2ii - 8, 3n - 6. 

10. Prove that the coefficient of the penultimate term in the equation of the 
squares of the differences of any quantic leads to a covariant of that quantic of the 
fourth degree in the variables. 

11. Prove that the product of two oovariants whose souroesare ^ and ^ may be 
written under the f onn 



12. Prove that the m^ power of the quantic 

(00, 01, 08, . . . 0||) («, 1)" 

may be represented by 

JT* «* 



Mr. M. Roberts. 



Mr. M. Roberts. 
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13. ProTe from both definitdons of a covariant that any covaxiant of a ooTariant 
is a coYariant of the original qoantio or quantics. 

14. If ai, at, 08) • • • om, and fii, fit, fiz, . , . fin be the roots of the equa- 
tionB 

CTa (flj), ai, fl2, . . . ««)(«, 1)« = 0, and T s (io, *i, *2, . . . h) (a?, 1)* = ; 

from the aimplest function of the differences of their roots, viz., 2(ap - fiq)j it is 
required to derive a covariant of the system CTand F. 
This question will be solved if we express 



^^SrTI 



{x-ap){x-fiq) 



in terms of the coefficients of U and V. 
For this purpose we have 



% 



~^«-o ^ x- B" ^ X- B ^ x- a* 



(x-op) {x-fiq) ^ X ^ a ^ X" fi ^ x- fi 
and if U and V be written as homogeneous functions of x and y. 



^ 1 ^ rf log ZT ^ 
^ x-ay dx ' ^ 



<flog U 



ay dx ^ x — ay dy 



, &c. 



Whence, substituting these values in the last equation, we have 

op-iS, dU dV dU dV 



^'^Xd 



{x—ay){»-fiy) dx dy dy dx* 

which is the Jacobian of U and V. It should be noticed also that the leading coef- 
ficient of /(CT, V) is ao*i — «i V 

15. To reduce, by the linear transformation, 

x = xX + fiT, y = \'X + f/r, 
the two cubics 

U^{a,h,e,d){x,y)^, Vm{a^,V, ^, d')(x, y^ 
to the forms 

jj IdF ^ IdF 



Let 
then 



/■ « (-4, J, (7, J), jy) (X, r)*; 

ir« (a, d, (,, d){x, yf « (^, J, (7, J))(X, 7)^, 

Ts («', y, <^, rfO(*, y)'= (^, 0, D, ^) (X, r)». 



Now, substituting the differential symbols i)y, — 2)« for ar, y, and -zz.I>rf ^s-^x 
for Z and F in the Hessian of both forms of U, we find the operational equation 



J>u 


Dip 


Dy. 


m 


2>i- 


J>\r 


I>\ 


a 


b 


c 


1 
""if* 


A 


B 


c 


h 


e 


d 




B 





D 
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whence, operating on both f oims of F, we have 



^ («, y) = 



Similarly, 



(ar, y) = 



€l V e 
a h e 
bed 

a b e 



a; + 



f 



df 



b' 



x-\- 



a b c 
bed 

bed 



y = 



JT 



b' 



b' if 



d' 



y = 



JX 



where / is the ternary invariant of F. 
Again, since 

^(2),^-i>.) = ~Dr, an^ 
performing the operation 



-if.(i)y,-D,)=~i>jr, 



on equivalent forms, we have 



Q^ 



a b e 
a' *' if 



b' e' d' 



V e' d* 
a b c 



bed 



a' V e' 
a b c 



bed 



bed 
a' b' e 
V e' d* 






We are now in a position to determine the coefficients of J" in terms of the coef- 
ficients of V and V. 

For we have from former equations 



Qx = 



Qy = - 



V e' d' 
a b e 
be d 

a' b' c' 
a b c 
bed 



- 



c 



b' if 



b' if df 



4^. 



+ 



a 



a' b' e' 
b' d d' 



4^; 



whence, substituting these values of x and y in CTand F, we find 

Q'.U= {Ao, Bo, Co, JOo) (0, 4')^ 
Qs . r = (5o, Co, 2>o, Eo) {<p, ^|^)^ 
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andy thoreforOy 






<PF = ~, wh0nFo«{M,JBo,Go,Do,£o){l^y*y; 



alflo 






^0 



Co 



Do 









16. Detennine the inyariants of Jfb in tlie preceding example. . 
We haye from the equations of Ex. 15, 

/»« = Jf*»/o, and /«/=Jf»/o; 

and, Bulietituting differential symbols for x, y and Z, F in both forms of F, and 
operating on U, we find 

Ps oil - «irf - 8(M - *ic) = j^ 

which equation, along with the equationrQ s -rpry enables us by preTious results to 

express Jo and Jo in tenns of F and Q in the following way : 

Io = F(^y and /o=(^. 
We add certain observations. In the first pkce, since 

when P = 27/', we have necessarily P^ = 27Q ; but the first relation holds when 
P has a square factor, which necessitates U and V having a coomion factor ; whence 
we infer that P^ - 27(2 is the resultant of the cubics U and V, 

Again, if Q = 0, this transfonnation of U and f fails, for the yalues of Xand T 
become identical. It is, moreoyer, easy to show that if k can be determined so that 
27 + «c F* be a perfect cube, Q = 0, for in this case the derived functions with regard 
to X and y become identical ) whence we have the equations 

6+ Kb' " r+W *" d + jcrf'* 
Equating these fractions separately to - k^, we find the equations 

a + Kfl' + ic'4 + KK'y = 0, 
* + /ci' + k'o + icicV = 0, 
« + K^ + «<? + KK'd' = ; 

and solying for ic, jc', kk', we may eliminate them, and thus find the condition that 
V+ kV be a perfect cube in the fonn 



ii V e 



V if d' 



d 



eye 



a' b' if 
V ff d* 



= 0. 



z 
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Or, eliminating k and k^ without introdudog ic', we hAye from the ahoTe equa- 
tions another form for Q, i. e., 






17. Froye that the quartio 
may be reduced by the linear tranaf ormation 



to the form 
where 



4/|3 - /p + /= 0, if 3 V - \v. 



Dr. Sylyeater. 

18. Froye that the common factors of two quantics are double factors of their 
Jacobian /( 17, F), when the quantics are of the same degree. 

19. Proye that the 2 (« - 1) double factors of lU-\-mV, obtained by varying 
I and m, are the factors of J{Uy F), where IT and Tare both of the n*^ degree. 

20. Find the resultant of two cubics CTand Fby eliminating between 

21. Froye that eyery double factor of Z7is a double factor of its Hessian 



ete» rfy» \d3edy) * 



CHAPTER XV. 

CX)yARIANTS AND INYABIANTS OF THE QUADBATIC, CUBIC, 

AND QUARTIC. 

158. The ftiiadratle. — I%e quadratic has only one inva* 
riant f and no covariant other than the quadratic iiee^. 
For, if a and /3 be the roots of the quadratic 

U^aa? + 2&P + c«0, 

the only functions of their difference which can lead to an inva- 
riant or covariant are powers of a - j3 of the type (o - /3)'^ ; the 
odd powers of a - )3 not being expressible by the coefficients in 
a rational form. Whencci expressing 



\a - X p '- xj 



by the coefficients, we conclude that the quadratic has only the 
one distinct invariant ac - 6% and no covariant distinct from JJ 
itself. 

159. The Cable and ito Cevarlants, — ^In the present 
Artide the covariants of the cubic will be discussed as examples 
of the principles already explained, and in the following Article 
the definite number of covariants and invariants will be deter- 
mined. 

In the case of the cubic, a covariant is obtained from a 
function of the differences of the roots most simply by sub- 
stituting 

j3y + ai?, 7a + j3*, afi + yx for -a, -/3, -y, 

and thus avoiding fractions ; for, transforming a - )3, we have 

1 1 - (jBy + cur) + (7a + (3x) ^ 

a - a? f3 - flJ (x~ a) {x ~ (i) {X - y) * 

'z3 
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and when fractions are removed we arrive at the above trans- 
formation (the order being equal to the weight in the case of 
either fonction of the differenoes SoiG). This mode of trans* 
forming functions of the difierenoes will now be applied to the 
covariants of the oubic. 

(1). The Quadratic Comriant, or Sessian, Sx* 

Transforming both sides of the equation 

flTo' (a + oij3 + w^y) (a + eo'jS + wy) = 9 (^i* - aoOi), 

we have 

Oo' ((a + wj3 + w*y) a? + jSy + wya + w'aj3) 

X {(o + 01* /3 + 017) OJ + /Sy + w'70 + iiia/3) = 9 (Z7,' - U^ Ut) ; 

thus showing that 

Lx + Li and Mx 4 Mi (see Art. 59) 

aie the factors of 

ifjrhere 

From the form of the Hessian in terms of the roots in Art. 147, 
or from the relations of Art. 42^ we conclude that when a cubic 
is a perfect cube, each of the coefficients of the Session vanishes. 
identically. 

(2). The Cubic Covariantj Ox* 
We have, by Ex. 4, p. Ill, 

ao^[[a^¥u)(i + w'yy + {a'¥J'P + u>yY]^^'27{a^^a^■\'2a{'^3aoala^). 
Transforming both sides of this equation as before, we find 

ao'[{Lx + L,y + {Mx + M,y} =-27 {U^Uo + 2U^^^UlU^lr) 

^-27Gx, 

where Gx denotes the covariant formed from the function of dif- 
ferences G ; and by the method of Axt, 149, by means of the 
source a^Uo -• Saa^zrri + 2^2', we easily obtain 

Gx = (flfo^fla - 3flofli«a + 2ai'*) iX^-^3 (flo«ifl^d + ai^a2-2aoat) a? 
- (fla^e/o - ^(hazUi + 2ai^) - 3 (flrsajCfo + rta*^i - 2flsGi*) x. 
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Eesolving [Lx + Xi)' + [Mx + Ifi)', we may obtain the factors 

of 6z ; or, more simply, since the factors of G^ are /3 + y - 2a, 
7 + a-2j3, a + 3-2y, the factors of Gx are 

112 112 112 

+ , + 7T , ' + 



|3-a? y-x o-a:' y-x a-x fi-a^ a-x (i-x y-x^ 

when fractions are removed. 

We have obviously the following geometrical interpretation 
of the equation Gx = : — If we take three points on a line 
AjBy determined by Z7= ; and three points A\ B^ C\ such 
that A is the harmonic conjugate of A with regard to B and 
0\ B oi B with regard to and A ; and C of C with regard 
to A and B; the points A\ B^ C are determined by Ox = 0. 
(Compare Ex. 13, p. 86, and Ex. Art. 65.) 

(3). Expression of the Cubic as the difference of two cubes* 
This can be effected, by means of the factors of the Hessian, 
as follows : — 

(Iq 

For, from Ex. 2, p. Ill, we have 

Transf coming this equation as before, the first side becomes 

{Lx+Liy-iMe+MiY, 
and the second side 

Sabstitnting from preTions equations, we have 

{Lx +.Inf - [Mx + Jf.)' = 27 -, yW+IW" 27 ^^ • 

do do 

(Compare Art. 68.) 

(4). Relation between the Cubic and its Covariants. 
The following relation exists : — 
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For, from Ex. 2, p. Ill, 

ao»(/3 - 7)* (y - af (a - jS)' = - 27 ((?* + 4Jgr») = - 27ao»A, 

and transforming this equation as bef ore, 

00*0 - y)«(y -«)^ (a - P)«(^ - aY{x -fiy{x - y)* « - 27CG.«+4 JT,*) J 

whence AlP = Qx^ •{- ^H^. 

(5). Solution of the Cubic. 
The expression 

is a linear factor of U. 

For, from Ex. 2 and Ex. 3, we have 

flo' (ioj + LiY « 27 (Z^yA - G,), 

-ao'(-Wi+-afi)»=27 (Z7-/A + G,) ; 
and since 

(I« + Zi) - (Jfo + Ml) 

is a factor of Uy the proposition follows. 

This form of solution of the cubic is due to Prof. Cayley. 

160. Itfumber of Covariants and Invariante of the 
Cable. — The following method of determining the number of 
covariants and inyariants of the cubic is virtually equivalent to 
that proposed by Professor Cayley : — 

ITie cubic has only two covariants, their leading terms being 
H and G; and only one invariant^ viz,, its discriminant A, where 

a*£i^G^-^iE\ or A=a»rf« + 4ao»-6a6crf + 4rf6»-36'c«. 

To prove this, let ^ (a, jS, y) be any integral function of the 
differences of the roots (of order w), expressible by the ooeffidentB 
in a rational form. 

We have then (see Bemarh, Art. 37), 

(f4^{a,fi,y)=F{a,H,G) (1) 

(where r remains to be determined) ; and, in the first place, if f 
be an even function of the roots, G can enter this equation in 
even powers only, since ^ is an even function of the roots. 
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Now, eliTninating the even powen of Q bj means of the 

relation 

CP + 4J5P = a«A, 

equation (1) takes the fonn 

andy therefore, 

^*(a, ft y) = -Po(eT, JT, A) + S^^^, (2) 

where zj is the order of ^ (a, j3» y), and Fo an integral function. 
It is now neoessary to prove the following Lemma : — 
No Junction ofS and A exists that is divisible hy a. 

For, suppose Fp{Hy A) to be divisible by a; then making a 

vanish, we have 

where IT' « - J*, A' = 4rfJ* - 3J«c', the values of JETand A when 
a vanishes. This equation is plainly impossible ; for, eliminat- 
ing b by means of the equation S'-- &S c and d remain in the 
equation oonneoting W and A^ 

Wherefore equation (2) must assume the form 

«'«(«>ft7)=-Pi(a,fi,A); 

for the first side of the equation is expressible as an integral 
function of the coefficients; therefore so must the second side 
also, and consequently the fractional part disappears. 

Now, to extend this result to odd functions of the roots, we 
have only to multiply the first side of the equation by 

a'(2a-0-y)(2i3-y-a)(2y-a-ft, 

and the second side by 27(7, for Q must be a factor of every odd 

function, since JET is even. 

We are now in a position to prove the original proposition 

as to the number of invariants and covariants. For since o*^ is 

of the form 

QF{a, a, A), or jP(a, JT, A), 

according as ^ is an odd or even function of the roots, it follows 
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in the first plaoie that there cannot be an invariant of an odd 
degree in the roots, since QF{aj H^ A) does not remain the 
same function when a^ by c, d are changed into d, Cy b, a, 
respeotiTely ; and the only invariant of an even degree mnrt be 
a power of A, since if F{a, JT, A) contained aoi H besides A, it 
could not remain the same function when the coefficients are 
similarly interchanged. 

Again, the cubic has only two distinct covariants ; for it has 
been proved that every function of the differences a"^ is of one 
of the forms 

F{a,H,A)y or QF{a, H^ m). 

Now, considering these forms as the leading tenns of cova- 
riants, every covariant must be expressible as 

F{U,H^L)y or G^F{U/S,yA); 

that is, every covariant is expressible in a rational and integral 
form in terms of Sx and Gx, along with U and A ; or in other 
words, there are only two distinct covariants. 

161. The tluartlc. Its Covariante and Invarlante. — 

We have shown already that the quartic has two invariants, I 
and J (see Art. 147). From the functions S and 6 of the diffe- 
rences of the roots we can derive two covariants Hx and &x> 
whose leading coefficients are S and O ; for from the relation 

ao»S(o-/3)*=48(ffofl2-flri') 
we derive, by the process of Art. 147, 

+ 2(^1^4 - flafla)^? + {(hai - 03*). 

In a similar manner, since 

G s do' a-z + 2«i' - 3flo ^102, 
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we obtain the oovaxiant 

which reduces to the sixth degree; and if it be written as 
follows : — 

Ox s -^0^ '\-AiSfi-\- A%7^ + A^a? + AiO? + A^x + -4«, 

we find, by expanding the above, or more simply, by forming 
the source A^^ and performing the successive operations of 
Art. 149, the following values of the coefficients: — 

A^ = a^Ui -^i(h<h^ 2(h\ Ai^tti^Oo + 2aia^ai + Gch^Oz-daiCh^ 

Ai = baiazOQ + lOa^'ai - ISaiChau As = lOa^a^* - lOoi'di, 

Here it will be observed that, after Az is determined, 
A^j Aij and Ao may be obtained from A^y Asy and A^ by 
changing the suffixes into their complementary values, and 
altering the sign of the whole, in accordance with what was 
proved in Art. 148. 

We proceed in the following Articles to discuss the leading 
properties of these two covariants of the quartic. 

162. tliiadratic Factors of the Sextic Covarlant,* 
Gg-. — ^As the quadratic factors of Gx enter prominently into the 
following discussion, we proceed in the first place to find those 
factors expressed in terms of the roots of the quartic, and to 
deduce their principal properties. 

Since the factors of &, expressed in terms of a, /3, y, £, are 

/3+7-a-8, 7+a-j3-8, + /3-7-8, 
the factors of Gx are obtained from these by substituting 

, T., - — , -—5, for a, /3, 7, 8, respectively, and mul- 

X — a X — p ic— 7 X — 6 

tiplying each factor by — to remove fractions. 

* Soo a Paper by Prof. Boll, Quarterly Journal of Maihematicst yol. yii. p. 368. 



av 
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Whenoe, denoting these f aotors bj u, Vj to^ we have 

rrf ^ 1 1 1 \ 

\iP— a X - p X— y X — oj 

which yalues of u, r, it, arranged in powers of x, are 

u = (j3 + 7-a-8)«»-2(j3y-a8)a?+|3y(a+8)-a80+y), 

t? =(7 + o-/3-8)«*-2(7o-i3S)a? + ya(/3 + 8)-|38(y+o), (2) 

fr=(a + 0-7-8)aj'-2(a0-y8)a?+a^(y + 8)-78(o+j3); 

and, conBequenUy^ 32G^s = ofluvw. 
Erom formulas (1) we easily find 

and from these and similar equations we have 

/Li-v v-A A-/* a' ^^ 

and, oonsequentlyy 

Oi-v)u* + (v - A)r' + (A -fi)«^ s 0; 
whenoe 

- (/tt - v) ti' = (tr v^A - /li + r \/A -i;)(«(^v^A-/ii-t?v^A-v). 

Sinoe, as this equation shows, the factors on the seoond side 
are both perfect squares, we may assume 
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we have, theref ore. 



from which values we conclude that w, t?, «r, <^^ quadratic factors 
qf 0x9 ^^^ mutually harmonic. 

163. Expremlon of the Hesslaii by the tluadratle 
Factors of O^. — Since 

-48 ^• = S(«-P)»(a>-7)» («-«)«; 

oombimng the terms in pairs, and noticing that 

S(/3-7)(a-8)Z7--0, 

-S {(/3-7) («-«) {x-l) + («-8) (ar-^) (*-7))», 
the quantitieB between brackets being u, Vy tr, we have 

- 48 § - «» + t^ + «^, 

whidi is the required expression for H^. 

164. Expression of the tluartic Itself by the €|ua- 
dratle Factors of Ox- — ^From equations (3) a symmetrical 
yalue may be obtained for C^; for, substituting in those equa- 
tions in place of \y /u, v their values in terms of the roots 
Pn pzf pz of the equation ip^^-Ip + J'^ 0, we find 

a»(f»-«r«)«16(p,-p,)Z7, a'(fr'-tt«)«16(p3-p0^i 

from which equations, by means of the value of Sx in the pre- 
ceding Article, we obtain 

{auy:r.lQ{p,U-Sx), {avY = 16 (p^U-ffx), (4) 

{awY ^16 {p,USx). 
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We now make the assumption 

w«=:A,X», f^^AjF*, tt^^AsZ*, 
where 
Ai = -(X-iu) (X-v), A2 = -(i«-v)(/i-A), A8=-(v-A)(v-/i). 

The object of this transformation is to replace u, r, w by 
three quadratics whose discriminants are each equal to unity. 
The quadratics X, F, Z determined by the above equations are 
of this nature, for if Ai be the discriminant of Uy we have 

Ai=(^ + y-a-8){/37(a + 8)-7a(/3+8))-(/3y-a8)S 

which may be put under the form 

(/3 + 7) (a + 8) (/3y + a8) - (ya + ^8) (ajS + yS) - (/Sy + aS)*, 

from which we easily find, as above, 

Ai = - (X - /u) (X - v), with similar values for Aj and A,. 

Making these substitutions, the preceding equations become 

{p\- P2){pi- Pz} ^^ = Sx- P\Uy (5) 

(pi-f>3)(pi-/>i)F* = ir,-p,cr, 

[pi - pi) {pz - Pi) Z* - Sx-pzV; 

from which are easily deduced the following values of U and 
Sx9 and the identical equation connecting X, Y, Z: — 

S, = p^'X' + p,'Y' + p,»Z», 

- U -^ piX^ + ptT^ + P9Z\ 

s Z* + F* + Z« ; 

where, as has been proved, X, F, Z are three mutually harmonic 
quadratics whose discriminants are reduced to unity in each case. 
The value of Ox may be expressed in terms of X, F, Z as fol- 
lows. Since 

32 Gx ^ a^uv Wy 
and 

ttV<(^ = (d - vY (v - X)' (X - iii)»X«F'Z*= ^(P-27<r)X*F'Z», 
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we have 

G^ = i v^P-27c7* .XYZ. 

165. Resolutlom of tbe ttuartfe. — Fiom the equations 
wefind = Z»^r-+ZS 

Now, Bubstituting forX*, F^ Z^ from equations (5), and break- 
ing up these values of U into their factors, we have three ways 
of resolving U depending on the solution of the equation 

V-/p + c7'=0. 

The resolution of the quartio has been presented differently 
by Professor Cayley, in a symmetrical form, which may be 
easily derived from the expressions already given for U and Rx' 
For, since in general 

IB a perfect square, when 

S/* {uiCi - ii') + Swn {Oid + (hC2 - 262 is) = 0, 
/X + mF + «Z is a perfect square when P-¥m^ + n* = 0, 

X, F, Z being mutually harmonic, and the discriminants of each 
reduced to unity. 

The resolution of 27 is therefore reduced to finding values of 
/, f», n such that IX + wF + nZy or 



being a perfect square, may vanish when {7 vanishes ; or in fact 
to satisfy the two equations 



ly/pi-Pi + m v^p3 - pi + n v/pT-pa = 0, /' + fw* + w* = 0. 
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These equations are plainly satisfied if 

I m n 



\/p%-p9 vPt-pi vpi-p% 
whenoei finally, 

is the square of a linear factor of the quartio U. 

If it be required to resolve the quartic kU- XSxt ^t appears 
in a similar manner that 

^V 9%- 9^%/ Sx- pJJ ^r m^ pz- px »/ Hx~ pJJ 

being a perfect square, must vanish when kU - \Hx vanishes ; 

or, values of /, m, n must be determined so as to satisfy the 

equations 

/* + m* + n' = 0, 



i\/(ft% - ps) (ic-/t)iX) + Wv/(/[>3 -/t)i) (ic-/[>aA)+nv/(pi-/Oa) (ic- p,A)= 0. 

These equations are plainly satisfied if 

/ _ __ m n 

\/(pl - Ps) (« - pi A) \/{pz-pi){K'P2X) y{pi-p2){K-pzX) ' 

whenoe 

{pi- pz) VK- Pi^ vSx- piV'+ {pi- pi) \/ K " P2\ »/ Sx- p%U 

+ (pi-pa) \/*c -paA ^/Hx-p^U 

is the square of a linear factor of kU^ AJTx* 

166. The Invariante and Covaiiante of kU - \Hx. — 

From the equations of Art. 164, viz., 

piX^-i-p^Y^ + P^Z^ =-17, 
X*+ F*+ Z« = r-0, 

we may, by adding -- -g- Fto XII^^-kU^ reduce it to the form 
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2?iX" + i2,r' + jR,Z», where 2?i + i2, + iZ,- 0. When this is 
done, we have the following xeduoed values of Riy JBi, jBs : — 

322i = ic(2pi-f>2-ps) + X(2/9»p$-p8/)i-f)i/0i), 

3jB2»ic(2p3-/>s~/Di) + X(2papi-/>ipt-pip»)> 

On aooonnt of £he similarity of the forms 

/9iZ» + p,r* + /t)sZ» and jBiZ' + i2» F* + A-Z'*, 

whioh are of a fixed type, we ealoulate the invariants and oova- 
liants of kU- XSx by simply changing pi, pa, ps into i?i, JS2, Bz 
in the expressions for the invariants and oovaiiants of U. 
Therefore, sinoe 

and 

i?8-i?i=(pa-p8)(ie-Xpi), JB3-jRi=(p3-pi)(ic-Xpa), 

22i - A = (pi-p3)('c-Xp8), 
we find the following values for the invariants of ic27- XHx : — 

/(,,x) = /-c»-3c7;cX + gxS 

If we form the covariants S^k^k)} and (?(«,a)9 of 

(the reducing ouHc rendered homogeneous in jc, X), we find, 
as M. Hermite has remarked. 

Again, to oaloulate the Hessian of fcZT*- XiT^, we reduce 
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by the substitutionB 

p,'X' + p,'Y' + p3»Z» - - |(/rr + cTT) - - {lU, 

p,'X' ■¥ p^'T' -^ pz'Z" ^ \[IH^-^'JU)y 
the first of which follows from the equations 

pi - p2pz + \Ij p% = pspi + T^^i pt = ^i/>» + i^j 

multiplying by piZ', pzF*, /os-^, respectively ; and the second 
from the first by changing Z*, FS Z* into /t>iX% pjF', fi3-^. 
In this way we find the following form for the Hessian of 



irJ4ic*-^AM + 27^/a- JA* 



)■■ 



which may be expressed in the form 

Again, einoe 

P - 27 J» = 16 Go, - p,)' (p. - pO' (pi - P^Y, 

and 6?, = i \/P - 27 J^ . ZFZ 

Transforming pi, pi, ps into £i, iii, iSj, we find 

i(U)-27/;,A) = Q'(/'-270, 

We have therefore expressed the invariants and oovariants 
oi kU- XRx in terms of the invariants and oovariants of U. 

167. UTiunber of Covariajite and Invariante of the 
t^uartic. — ^We proceed to prove the following proposition, 
which determines the number of these functions: — 

The quartic has only the two distinct invariants I and J^ and 
ttco distinct covariants whose leading coefficients are H and G. 
This proposition asserts that every invariant is a rational and 
integral function of / and tT, and every covariant a rational and 
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integral function of Uy Sx9 Ogj /> tT*. The following disousBion, 
like that before given in the ease of the oubic, is the same in 
piinoiple as that proposed by Prof. Cayley. 

Attending to the observations in Arts. 37, 38, it is plain 
that if ^ (a, fiy yy S) be any integral fonotion of the difEe- 
lenoes of the roots expressible by the ooeffioients in a rational 
form, we have, in general, considering the equation with the 
second term removed, 

<f^{ayfiyyyl)^F{ayHyIyG)y 

where JF'is a rational and integral function, and r remains to be 

determined. 

l9Lnd if ^ in the first place, ^ be an odd function of the roots ; 

changing their signs, and subtracting the two values of ^, we 

find 

^<f^{ay 0, 7, 8) = F[ay By ly 0) » F{ay Hy /, - GF). 

This value of ^ plainly vanishes with O ; whence, eliminat- 
ing the powers of beyond the first by the identical equation 

we have 

«"«(a, /3, 7, 8) = QF,{ay Hy /, J). 

It follows that every odd function ^ of the differences of 
the roots is divisible by 

(i3+y-o-8)(y + o-0-8)(a + ^-y-8); 

and removing this factor on the first side of the equation, and 

32 -^ on the second side, we have 

^*,(a,^,y,8)=l?i(a,fl;/,c7), 

where ^x is an even function of the roots, and Fi a rational and 
integral function. 

We proceed to prove, in the second place, if ^ (a, /3, 7, 8) 
be any even integral function of the differences of the roots, of 
the order tsr, expressible by the coefficients in a rational f onn, 
that 0"^ (a, /3, 7, 8) can be expressed as a rational and integral 
function of a, Ey 7, J. 

2a 
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To prove this, the following lemma iB neoessaiy : — 
There exists no function ofJS^I^J which is divisibk by a. For, 
suppose F{JB[j If J) to be diyisible by a. Making a yanish, we 
have F{H\I\r)^0, where J5r' = -6», /'«-.4M + 3c», 
J^^2bcd- eb^ --(? (the values of JST, /, e7, when a = 0) ; andafl 
it is impossible to eliminate b^ c, d^ ey so as to obtain a relation 
between H\ I', J\ we oonolude that no relation suoh as 
F(H\ /', J') s exists ; and therefore there is no function of 
the form F[Hj /, J) which is divisible by a. 

We now proceed with the proof of the proposition ; and 
since, as has been abeady proved in the case of an even function 
of the roots, 

we have, dividing by a*"^, 

«'*(a, ^, 7, 8) = i^o(a, H, /, J) + s^l^A^D. 

Now, since the first side of this equation is expressible as a 
rational and integral function of the coefficients not divisible by 
a, the second side must be a similar function of the coefficients ; 
and this, by the lemma just established, is impossible unless such 
Fp{S^I,J) 
a 
Wherefore 



terms as 2 — — ~-^ — - disappear. 



and, finally, we have proved that a'^f^ia, j3, y, 8) may be ex- 
pressed by the forms 

GF{a,H,I,J), or F{a,E,I,J\ 

according as ^ is odd or even. 

We 'are now in a position to prove the original proposi- 
tion as to the number of invariants and covariants. For, if 
F{ai Hy /, J) be] an invariant, a and H must disappear, since 
if they were present this function could not remain the same 
when the coefficients are written in direct or reverse order, Simi- 
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larljy no odd function Buoh as OF{ay Hy I, J) oan give an in- 
variant. It follows that every invariant is a function of / and J. 
Again, the quartio has only two distinct covaiiants ; for we 
have proved that every function of the differences a* ^ is of one 

of the forms 

F{a, E.IyJ) or OF{a, IT, /, J). 

Now, considering these forms as the leading terms of cova- 
riants, it has been proved that every covariant is expressible as 

F[UyH^,I,J) or O^F[U,E^,I,J)\ 

that is, every covariant is expressible in terms of Hx and Ox^ 
along with U^ /, and J\ and this is the proposition which 
was required to be proved. 

MiSGELLAinEOUS EXAMPLES. 

1. If IT be any cobio, and Ou its cubic coyariant, prove tfaftt the HMdaa of 
xJI 4- it^Om baa ibe aame roota as the Heaaian of Uj K and fi being oonstania. 

2. If ai, iSi, 71 be the roots iAQ»^0^ proye that 

(d d d \ i d d d\ 

where 

^(«>^>r)«^i(«i, ^i»ri); 

and also that 

8ai = ^fi\ sa J-yi = — 1 . 

3. Giyen 

U^[a,h,e,d){x,y)\ and r^{fl^,V,c\d')(x,yf, 

find the relation which connects the coefficients of these cubics when it is possible 
to determine the ratio A : jti, so that 

should be a perfect cube. 

In this case the Hessian of \Cr+ iiV must yanish identically ; and writing it 

under the two forms 

\^H» + \iiKm + ij?H»' s X«» + Mxy + Ny\ 
where 

we haye 

i = 0, if=0, JV=0; 

and eliminating x', Afi, ij? from these equations, the condition is obtained in the 
following form : — 

<w-.6« ad-he hd-c^ 

I 

! (w' + «'tf-2*y ad'^tld-hf-Vo W+W-2«>' -0. 

2a2 
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4. If a quaitio liave a equaie factor, prove that the same square factor enters 
its Heaaian ; and determine the relations between the coeffidents when the qnartio 
and its Hessian are identical. 

6. ProTe that the sextic covaiiant 6^« of the qnartic ^ (x) may be written under 
thefonn 






and that, when the quartic has a doubU factor, the covariant Qm has that factor 
as a quadruple factor. 

6. Find the Talue of the detenninant 



A s 



7+0-/8-5 ya-fiB 7a(/3 + 5)-/S5(7 + a) 
o+/3-7-« a3-7« afi{y + B)-y9(a + fi) 



whose constituents are the coefficients in the quadratic factors of the sextic corariant 
of the quartic (see Art 162). 

If these constituents be represented by ai, bi, ci, 02* ^2, ^, &c., and theinyene 
constituents by Ai, Bi, ^i» &g., we find 



where 



hence 



or 



Ai 
A2 



Bi Ci 
B% C% 
Bz Ci 



^Aei 2Ahi -Aai 
-Bci 2Bb% -Ba% 
- Cei 20h - Cat 



-4«03-7)(a-8), -B = (7"a)(/3-5), C=(a-«(7-«); 

A» = - 2 ABC Ay 
A = -JU-BC = -208-7)(7-a)(a-/3)(a-«)03-«)(7-«). 



CHAPTER XVI. 

TRANSFORMATIONS. 

168. Tschlmtaaiueit's Transformation. — Theorem.— 

17^ most general rational algebraic transformation of a root ofati 
equation of the n*^ degree can be redtLced to an integral transforma- 
tion of the degree n-^l at most. 

For every rational function of a root or of the equation 
f{x) = ifl of the form 

xM 

where x and ^ are integral functions ; also 

xM ^^U\ ^ M > » * ' ^ (qr-l) \p (ar+i) . . . . \p (an) 

yP {or) " ^ ^^^ yPiai) y^ (a,) yl,[a^,) i^(a„)' 

and the denominator yp (ai) i/^ (as) . . . ^ (a»)9 being a symmetric 
function of the roots o{f{x) = 0, can be expressed as a rational 

function of the coefficients. Whence ,) . is reduced to an in- 

tegral form. 

Moreover^ the numerator of the former fraction is a sym- 

metric function of the roots of the equation ^ ^ = 0, and may 

consequently be expressed as a rational function of the coef- 
ficients of that equation ; that is, in terms of ar and the coef- 
ficients of /(a?). 

Now, denoting by F{ar) this integral form of 77— ( , we have 

by division 

FM = QfM + <p {ar) = # {ar)y 

where ^ {ar) does not exceed the degree n-1; which proves the 
proposition. 
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This transformation, in which, £rom the equation / {x) = 0, a 
new equation in ^ is formed by means of the sabstitution 
y " ^ (a?) (where ^ (^) is a rational integral function of degree in- 
ferior to that oif{x) )y was first employed by Tsehimhausen. 

169. Formation of Che Transformed Equation. — ^We 
proceed to explain the method of forming the equation whose 
roots are 

^(ai), ^(fla)? ^Wj • • • • ♦(«ii), 

where ^(o^) is a rational and integral fonoiion of a; of the degree 
n- 1. 

Let # («) B Oo + aix + (ho^ + . . . + a^icf^\ 

Baifling sucoessiYely ^ {x) to the different powers 2, 3, . . . n, and 
reducing the exponents of x in each case below n (by dividing 
hjf{x) and retaining the remainder), we have 



Substituting for x in these equations each of the roots of the 
equation /(;r) = 0, and adding, we find, if 8iy St^ 8z^ &o., denote 
the sums of the powers of the roots of the required equation, 

St =a nbo + bi8i + Jaaj+ • . . . + in^i^n^i, 



Now, expressing «i, ^s, . . . ««.! in terms of the ooeffioients of 
f{x)y we have 8if 8%, . . . 8n determined in terms of the coeffi- 
cients of ^[x) and/(ir); we are also enabled by Art. 129 to 
express the coefficients of the equation whose roots are ^ (ai), 
^ (at), • . . ^(a«) in terms of 8ij 82, . . . /Sf», and therefore finally 
in terms of the coefficients ot^{x) and/(a;) ; thus the transfor- 
mation is completed. 
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170. Second Blefhod of forming the Transformed 
Equation. — There is another way of finding the final equation 
in ^ by elimination, which we now give. Since 

flo - # + flia? + (h^ + . . . + a«^a^* = 0, 

if this equation be multiplied by a?, a^, . . . aj^'S and the expo- 
nents of X reduced below n by means of the equation/(ir) = 0, we 
have in all f» equations to eliminate dialyticaUy the n - 1 quan- 
tities a?, a?, . . . (x^'^. "We thus obtain the transformed equation 
in the form of a determinant of the vP^ order, ^ entering into the 
diagonal constituents only. For example, if /(a?) = ic"-l, we 
obtain the transformed equation in the following form : — 






«! 



(h . . fl^n-i 



Oo -^ ^\ 



On-a 



= 0. 



ax 



0% 



(h 



«o-0 



Although these methods of performing Tschimhausen's 
transformation appear simple, yet if they be applied to par- 
ticular cajses the result usually appears in a complicated form. 
Professor Cayley, by choosing a form of the transformation 
suggested by M. Hermite, was enabled to tcike advantage of 
the theory of covariants, and thus to complete the transforma- 
tion for the cubic, quartic, and quintic. "We shall content our- 
selves with showing in an elementary way how Professor Cayley 's 
results for the cubic and quartic may be obtained. 

171. Tsehimhansen's Transformation applied to the 
Cubie. — ^Let the cubic equation 

ewj^ + 36^5* + 3caj + rf = 

be written under the form 

«'' + 35i5+ G^ = 0; 

and let it be transformed by the substitution 

y = X + ica + s*. 



860 Trari^fimmUoM. 

If ai, «2, «8 be the roots of the cubic, and yi, ya, y» the corregpond- 
ing values of y, we have 

ya - y* « (^ - »s) (tc - «i), 

y. - yi » (»8 - «i) (ic - «a), (1) 

yi - y« « (»i - 82) (tc - 83), 

and, consequently, 

2yi - yt - ys - (2»i - »a - sb) K + (22a23 - «32i - «i«2), 

2ya - ys - yi = (2«a - 23 - 21) k + (2 2321 - 2x2, - 2,23), (2) 

2y8 - yi - ya = (22a - 2i - 2a) K + (22i«a - 2,2s - 2321). 

Wherefore, if the equation in y with the second term removed be 
we have from equations (1) and (2) 

where ^« and Qk are the Hessian and cubic covaiiant of 

K' + 3jffic+ G\ 

and the transformation is therefore completed, since yi + ya + ys 
can be easily determined. 

172. Tschlmbaiuteii's Transfonnatloii applied to 
Che tinaiiie. — ^In this case we do not attempt to form directly 
the transformed quartic, but prove the following theorem, which 
shows how this transformation may be resolved into two others. 

Theorem. — Tschiimhausenh transformation changes a guartie 
Uinta one having the same invariants as lJ7-\- mJET^r, and therefore 
in general reducible to the latter form by Unear transformation. 

To prove this, let the quartic 

a?* +pic^ + piO^ ^p^x + pi = 
be transformed by the substitution 

y = ao + aiX-{-ai(x^'{-asar\ 
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If Xif Xty okt ^4 be the roots of the quartioy and y^ y%f yt, y^ 
the eorrespondiiig yalnes of y^ we have 

yiZ^ - Oi + a»(«a + x^'¥ai{x^ +x%x% + a^*), 

Xi "~ •c?4 

From these equations we proceed to show that 

where Po and Qo involve the roots of the quartic cfymmetrically. 
In the first place, we find 

{Xi^ + XiXz + X^) [Xi^ +XiX^ + x!) = p^ - pip^ -{-pi -pt\ 

where X has its usual value, i.e. x%Xi + 0^12^4; and secondly, since 

X^'{'X%Xt'¥X^ = {x% + X^'^-'X%Xzy Ac, 

we find again 

{x%-^X^{x^+XxX4, +X!) + [Xi +Xi){x%^ + XiXz + Xz*) 'Pt'-piPt+PiX. 

Finally, since the other terms in the product are obviously of the 
same form as Po + Qo\ we have proved that 

\X%-Xz)[Xx - Xi) 

whence 

(ya-y»)(yi-y4) ='(v-m)(^o+G5X). 

Now, introducing /oi, pt, /03, in place of X, /i, v, this and the 
similar equations preserve their forms ; whence, altering Po and 
Qo into similar quantities, we obtain the equations 

(ya-y8)(yi-y4) ^^(ps-p2){P-Qpi), 
(y8-yi)(y«-y4) =»4(px-/08)(P-Q/th), 
(yi-y2)(y»-y4) = 40t)a-p,)(P-Qp8), 

which lead at once to the invariants of the transformed quartic ; 
and comparing their values with the invariants ot kU- \ffx 
given in Art. 166, the theorem follows at once. 




362 Trofufarmaiions. 

173. Redaetl#ii #f ibe Cable te a Binomial tmrm by 
Tscblrnbanseii's TraiiAfoniiatloa, — ^Let the cubio 

£MJ* + 3&»" + 3<» + d 
be reduced to the fona y^ -V by the trans! onnation 

y - q +px + a^. 

If Xif X2y Xi be the roots of the given cubio, and yi a root of 
the transformed oubioi we have the following equations to deter- 
mine p and q : — 

from which we find 

x^ + waJi* + ai*a%* _ . . 

Adding Xi+Xt-^x^ to this value of i>| we have 



X^Xs + OlO^a?! + (0^X1X2 

Xi-{- ijXi + ta^x^ 






it follows (see Ex. 23, p. 57), that there are only two ways of 

completing this transformation, as the values of ^, q ultimately 

depend on the solution of the Hessian of the cubic. 

174. Tsebirnbansen's Transformatloa applied to 

Reduce tbe Knartlc to a Trinomial Form, in wbidi 

tbe Second and Fourtb Terms are absent. — ^Let the 

quartio 

oa?* + 4 Ja?* + 6caj* + 4dSp + 6 

be reduced to the form y* + Py* + Q by the transformation 

y = q-hpx + a?. 

If Xij Xiy X3, X4, be the roots of the quartio ; also yi, y^ two 
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distinct roots of the transformed quartio, we have the follow- 
ing equations to detennine^ and q : — 

x^ +pxi + ? = yi, xz +px3 + ? = ys, 

iUa' + pa?2 + ? = - yi, a?*' ^pxi + ? = - y2 ; 

from which we find 

— -— — -— — -, ? = -t(«a+i?Si). 
iPi + ;i?3 — ip3 - a?* 

Andy adding <ri + a^ + (v^+a?4 to this value of jp^ we have 

j> + iTi + a?, + ara + a?4 = ZTZ — T^T 5 

henoe, by Ex. 7, p. 126, it follows that there are three ways of 
reducing the quartio to the proposed form, the determination of 
which ultimately depends on the solution of the reducing cubic 
of the quartic. 

175. Removal of Che Seeond, Third, and Fonrtli 
Terms from an Eqnatlou of the n*^ Degree, — We com- 
mence by proving the following proposition, which we shall 
subsequently apply : — 

A homogeneous function V of the second degree in r quantities 
Xiy XzfXiy ... Xn can be expressed in general as the sum ofn squares. 

To prove this, let F, arranged in powers of opi, take the fol- 
lowing form : — 

where Pi does not contain XifXz,.... Xn; also Qx and JBi are 
linear and quadratic functions, respectively^ of a^, ar„ . . . Xn. 

Again, r - (yPxX, + -^J+ iJi-g; 
also Vi^ fii - ? = PzX2' + 2Q,a?a + iJ^, 
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where P2 is a oonstanty and Q% and jBs do not contain Xi and ^; 
and similarly 



', - (^/ft 



"'*7fy'-% 



so that 



Proceeding in this way we arrive ultimately at Ai-i - -^ — , 

which is equal to P» ^»' ; and the proposition is proved. 

It may happen that Pn vanisheSi in which case Fis reduced 
to the sum of n - 1 squares. (Compare Ex. 25, p. 143.) 

Now, returning to the original problem, let the equation be 

a^ +i>ia^* +p%sf*^ + . . . + p» = ; 
and, putting 

y = cu?* + j3ic* + y»* + &r + 6, 

let the transformed equation be 

tr + QitT'' + ftjT* + . . . + Q« = 0, 

where, by Art. 169, Qi, Qa, ... Qr, ... are homogeneous functions 
of the first, second, . . . r^^ degrees in a, j3, 7, S, e. 
Now, if a, /3, 7, S, E can be determined so that 

the problem will be solved. For this purpose, eliminating c from 
Qt and Qst by substituting its value derived from Qi - 0, we 
obtain two homogeneous equations, 

A = 0, i^ = 0, 

of the second and third degrees in a, /3, 7, S ; and by the pro- 
position proved above we may write B% under the form 

which is satisfied by putting u^v and w-t. From these 
simple equations we find y ^ la + in/3, and S == /la + m^/S ; and 
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substituting these values in Qs = 0, we have a oubic equation to 
determine the ratio /3 : a. Whence, giving any one of the 
quantities a, fi, 7, S, e a definite value, the rest are determined, 
and the equation is reduced to the form 

tr + QifT* + ftr** + . . . + fti «= 0. 

In a similar way we may remove the coefficients Qi, Qz, Qa, 
by solving an equation of the fourth degree. 

Applying this method to the quintic^ we may reduce it to 
either of the trinomial forms* 

a^ + Px + Q, 
a^ + Pa?+Q; 

or again, changing x into -, to either of the forms 

X 

a?* + Par* + Q, 
a^ + Pa?* + Q. 

In this investigation we have followed M. Serret (see his 
Cours d^Algibre SupMeure^ vol. i., Art. 192). 

176. Rednctioii of Che tiuintlG te the Sum of Three 
Fiflh Powers. — This reduction can be effected by the solution 
of an equation of the third degree, as we proceed to show. Let 

where j3i, /Ss, /3s are the roots of the equation 

PzC^ +p%a? -^PiX +po = 0. 
Now, comparing coefficients in the two forms of the quintic, 

00 = Ji +Ja +63 , Oj « Ji/3i +62/3a + JajSs, 

ch = Jift* + Jai3»* + hfi,% 03 - 6i^i» + J,/33» + J^3», 

«4 - JiiSi* + Ja^.* + JajSaS 0, = b, fi,' + Ja^a* + J^a' ; 

* Seo Note A. 
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whenoe 

Po^o +i>i«i +P%(h +Pi(h * 0, 

i?0«l +i?lfl» +jP8^ +jP8a4 = 0, 
PoOt + Pi(h -^ Pidi +1>3«« « 0- 

When these equations are taken in conjunction with the 

equation 

Po + Px^ + P%^ -^ P^^ '^ ^» 

we have the following equation to detennine /3i> /3t9 /3s : — 



1 


X 


7? 


a^ 


Co 


a. 


0% 


(h 


«1 


(h 


(h 


Oi 


(h 


<h 


«4 


at 



= 0. 



Also, biy b2i bz are detennined by the equations 



Jl + bz +69 



= a^ 



09 



Ji/3i + btfit + J,/3. •• ai, 

whenoe the question is completely solved when piy /S,^ /Ss are 
known. 

This important transformation of the quintic is a particular 
case of the following general theorem due to Dr. Sylvester : — 

Any homogeneous Junction o/a^ y^ of the degree 2n *- 1, can be 
reduced to the form 

by the solution of an equation of the n*^ degree. 

The proof of the general theorem is exactly similar to that 
above given for the case of the quintic. 

177. €iiiartle8 Transfomtable into each other. — ^We 

proceed to determine under what conditions two quartics can be 
transformed, the one into the other» by linear transformation. 
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Let ihe quartios be 
17= {ay J, c, dy e){x, y )* = a(a? -ay)(i»-i8y)(a?-7y)(a? -8y), 

and if they become identio&l by the transf ormation 

a/ = Aoj + juy, y' « Xx + jiy, 
we have, by Art. 39, 

(ff-^70(a--y) ^ (y-a0(/3--y) '_ (a-^/30(/-y) 

(/3-7)(a.8) " (7-a)(/3-8) (« - ^)(y - 8) ' 

ahowing that the six anharmonio ratios detenuined by the roots 
must be the same for both equations. 

From these equations we have also the following relations 
between the invariants of the two forms : — 

J' = r*7, r^f^J', (1) 

whence 

j^^-jr (2) 

Or, what is termed the absolute invariant of the quartics is 
the same for both. 

The conditions expressed by the equations (1), (2), are 
always necessary ; but not always sufficient ^ as we proceed to 
illustrate by two exceptional cases. 

Suppose, in the first place, 

where Uy r, er, u\ tf, are of the linear f onu be + my. 

Although the condition -t; - -xvi is satisfied in this case, the 

common value of these fractions being 27, it is impossible to 
transform 27 into F, since it is impossible to make mo a perfect 
square by linear transformation. 

Secondly, if 27= w't?, F* w'* ; 

although the equations T^n^Iy J'^^n^J are satisfied, since 
/' B 0, 7=0, cT"' = 0, tT" = 0, it is, n?verthele8S, impossible to 
transform £7 into F. 
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In both these cases it would be impossible to identify the six 
anharmonio ratios depending on the roots of the quartics. And, 
in general, it is impossible to transform one quantio into another 
by linear transf ormation, when any relation exists between the 
invariants of one of them which does not exist between the in- 
variants of the other (see Glebsch's Theorie der Binaren Alge-- 
braischen IbrmeUy Art. 92). 

"MiaCSLLASlSOVS EXAIEPLSS. 

1. If the coefficients of three quadratics 

be cozmeoted by the relation 

«1 ^1 Ci 

a% b% ^ = 0; 

08 ^ ^ 

prove that they may be reduced by linear tranfif oimation to the f ormB 

2. Fiore that the most general rational tzoDjrfonnation of a quartic/(:r) may be 
reduced to the tranaf onnation 

F O 

y= + 



When P m n/{p) f(g), and Q = - M/{q) f(p), show that the second tenn 
of the transfoimed quartdc is absent 
3. Prove that the tiansfonnation 



ai«« + 2/Bi* + 7i 



may be resolved into the three successive transfonnations— {1) a homogiaphic 
transf oimation ; (2) a transformation of the roots into their squares ; (3) a homo- 
graphic transformation. 

4. If J) be any integer, prove that 

{x,-x,m^x,) = ^ + <*^*^ + *»**)^^' 
▼here 3o and 2i are symmetrio functions of Xi, g2, »h xi* 
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5. Reduce (a, by c^ d) {x, yf to the sum of two cubes by the method of 
Art. 176. 

6. 8how how to transform two quadratics to the forms 

where « and v are linear functions of x and y. 

7. Prove that two cubics can in general be transformed, the one into the other, 
by linear transformation, when their discriminants do not yanish ; and determine 
the transformation. 

8. Prove that the three roots of a cubic may be expressed as 

whei-e 

Ix \ in 

^W^ftt;;?' /m'-rm = i, ^+w' = i, 

I x + fn 

and e^(x) = l, (Compare Art. 60.) 

The meaning of the notation here employed is that 0* (x) is derived from $ (x), 
and 0^(x) from &^{x)j in the same way a8${x) ia from x. 

9. If {a, b, e, rf, e) (or, 1)* become (A, £, C, D, E) (y, 1)* by the trans- 
formation 

tt + 2Bx + yx^ 

find the invariants of the latter form. 

10. Show that the quartic U^ (a, b, e, d, e){Xy y)* may be reduced to the 
form 

where the modulus of transformatian is equal to unity. 
By Article 164 we have 

- U s piX^ -{- p2Ti -\- piZ^, 

and making the substitutions 

Z = 2f|iy, Y=i{p-ri^), Z=S^'\-n\ where i» = -l, 

we obtain the required form. These substitutions are allowable, for | and rj are 
proportional to mi and uz (Art. 162) ; and, putting for |, ri the values 

m 

I = m2X - t»iy, ri = - hx + l\y, 

we find that X, F, Z have the same discriminant {hm^ — hfi*i)^. Since this value 
is unity, it is proved that the modulus of the transformation 

a: = /i| + miij, y = h^ + mtri, 

VLB., /i«2 — fe«ii, is equal to unity. 

2 B 
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THE COMPLEX VARIABLE. 



178. Cfraphlc Representation of Imaginary tinan- 

tltles. — The imaginary expression a + b v/- 1 may be written 
in the f onn 



/u(cosa + sin a ^y/- 1), 



where 



fji = v^fl* + J*, and tan a = -. 



It may be regarded, therefore, as determined by the linear 
magnitude /i, and the angle o ; /i being called the moduius, and 
a the argument of the imaginary quantity. 

Let rectangular axes OX, OY (fig. 7) be taken ; and a 
point A such that 
XOA = a, and OA « /i. 
We have then OM = 
/A cos a = a, and AM 
= /I sin a = 6. The 

expression a + 6 \/-l 
may therefore be re- 
presented graphically 
by the right line 
drawn from to a 
point in a plane whose co-ordinates referred to the fixed axes 
are a, b ; the distance OA of this point from the origin being 
equal to the modulus, and the angle XOA equal to the argu- 
ment of the imaginary quantity. 




Fig. 7. 
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The magnitude of an imaginary quantity is estimated by 
the magnitude of its modulus. When the imaginary quantity 
vanishes (that is, when a and b separately vanish) its modulus 
vanishes; and, conversely, when the modulus vanishes, since 
then a' + 6* = 0, a and b must separately vanish, and therefore 
the imaginary quantity itself. Two imaginary quantities a + ib 
and cl -^rib'j are equal when a^ d and b = b% i.e. when the 
moduli are equal and when the arguments either are equal or 
difier by a multiple of 2ir. 

In what follows we shall for brevity represent the modulus 

and argument of a + b y/- 1 by the notation 

mod, (a + ib), arg. {a + ib)y 

where i as usual represents -^Z- 1. 

179. Addtttoift and Sabtractlon of Imaginaries. — 

Let a second imaginary quantity a' + ib' be represented by the 
right line 0A\ so that 

OA' = mod. {a + tV), XOA' = arg. (a' + ib') . 

We proceed to determine the mode of representing the sum 

a + t6 + a' + ib\ 

Writing this sum in the form a + a' + i(6 + b\ we observe, 
in accordance with the convention of Art. 178, that it will be 
represented by the line drawn &om the origin to the point 
whose co-ordinates are a\ a\b -\^ b\ To find this point, draw 
AB parallel and equal to OA' ; since AP, BPy are equal to 
a', b\ B is the required point, and we have 

OB -'mod. [a^d + i{b-¥b')], XOB-^arg. [a+d+t{b-^b')\. 

To add two imaginary quantities, therefore, we draw OA to 
represent one of them ; and, at its extremity, AB to represent 
the second (that is, so that its length is equal to the modulus, 
and the angle it makes with OX equal to the argument, of the 
second) ; then OB represents the sum of the two imaginary 

2b2 
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quantities. Since OB is less than OA + AB^ it follows that 
the modulm of the sum of two imaginary quantities is less than the 
sum of their moduli. 

This mode of representation maybe extended to the addition 
of any number of imaginary quantities. Thus^ to add a third 
a" + 4*6", represented by OA'% we draw BC parallel and equal to 
0A'\ and join OC. Then OC represents the sum of the three 
imaginary quantities OA, 0A\ OA". It is evident also that we 
may oonolude in general that the modulus of the sum of any 
number of imaginary quantities is less than the sum of their 
moduli. 

Subtraction of imaginaries can be represented in a similar 
w,ay. Since OB represents the sum of OA and OA'y OA wiU 
represent the difEerence of OB and 0A\ To subtract two 
imaginary quantities, therefore, we draw at the extremity of 
the Hue representing the first a Line parallel and equal to the 
second, but in an opposite direction (t. e. a direction which makes 
with OX an angle greater by ir than the argument of the first). 
We join to the extremity of this line to find the right line 
which represents the difference of the two given imaginaries. 

180. Moltlplicatioift and Dtviiloift of Imastnaiies. — 
To multiply the two imaginary quantities a + 16, a' + ib% we 
write them in the form 

a+ibsfx (cos a + * sin a) , a' + ib' s f/ (cos a + i sin a) . 
We have then, by De Moivre's theorem, 

{a + ib) {(/ -¥ ib^) s|u/u'{cos {a + a) + t sin(a +a')), 

which proves that the. product of two imaginary quantities is an 
imaginary quantity of the same form, whose modulus is the product 
of the two moduliy and whose argument is the sum of the two argu- 
ments. 

In the same way it appears that the product of any number 
of imaginary factors is an imaginary quantity, whose modulus is 
the product of all the moduli, and whose argument is the sum 
of all the arguments. 
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To divide a + t J by of' + ib\ we have similarly ^ 

-7—777^ -r {00B(a-a)+f8m(a-a)}, 
u + to fl 

which proves that the quotient of two imaginart/ quantities is an 
imaginary qimntity of the sameform^ whose modulus is the quotient 
of the two moduliy and whose argument is the difference of the two 
arguments. 

It is evident from the foregoing propositions that any power 
of an imaginary quantity, e.g., {a + ib)^^ can be expressed in the 
form A + iBy where A and B are real quantities. And, more 
generally, if in any polynomial 

whose coefficients are either real or imaginary quantities, an 
imaginary quantity a + ib be substituted for the variable z, the 
result can be expressed in the standard form of imaginary quan- 
tities, i. e., A + iB. 

It was assumed in the proof of the theorem of Art^ 16 that 
when a product of any nimiber of factors (real or imaginary) 
vanishes, one of the factors must vanish. This is evident when 
the factors are all real. From what is above proved the same 
conclusion holds when the factors are imaginary ; f or, in order 
that the modulus of the product may vanish, one of its factors 
must vanish, and therefore the imaginary quantity of which 
that factor is the modulus. 

181. The Complex. ¥aiiable. — In the earlier Chapters of 
the present work the variation of a polynomial was studied cor- 
responding to the passage of the variable through real values 
from - 00 to + 00 ; and the mode of representing by a figure the 
form of the polynomial was explained. Such a mode of treat- 
ment is only a particular case of a more general inquiry. Given 
a polynomial 

we may study its variations corresponding to the different values 
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(jfi Zy where z has the imaginaiy form x + ty, and where x and t/ 
both take all possible real values. This form x+ii/ is called the 
complex variable. All possible real values of the variable are of 
course included in the values oix + ty, being those values which 
arise by varying x and putting ^ = 0. In accordance with the 
principles of Art. 178 we may represent the imaginary quantity 
X + ij/hj the line OP (fig. 8) drawn from a fixed origin O to 
the point whose co-ordinates are a?, y. Or we may say, x-hiy is 
represented by the point P. Thus all possible values of a? + ty 
will be represented by all the points in a plane. Since for any 
particular value of a,/(2) takes the form A-^-iB (Art. 180), the 
values oi/{z) may be represented in a similar manner by points 
in a plane. We confine ourselves in the present Article to the 
representation of the variable 
X + iy itself. We conceive the 
variation oi x -\- ij/ to take place 
in a continuous manner ; for ex- 
ample, by the motion of the 
point Xf i/y along a curve. If OP 
and OP^ represent two consecu- 
tive values of the variable, we 
write the corresponding values 
X + it/f af + iy\ as follows : — pig. a. 

s s a? + ly s r (cos fl + $ sin fl), z'^x-^iy^ r' (cos fl' + 1 sin ©^ . 

Since OF represents the sum of OP and PP" (Art. 179), it 
follows that PP" represents the imaginary increment of z ; and if 
s' = s + A, h may be written in the form 

h^ p (cos ^ + t sin ^), 

where p = PF, and is the angle PF makes with OX. 

The variation of the modulus of s is OF - OP or r'- r ; the 
variation of the argument of 2 is FOP or ff-d\ the variation 
of z itself is A or p (cos + t sin 0), as just explained. 

Let the point be supposed to describe a closed curve. When 
it returns to P the modulus takes again its original value ; and 
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Fig. 9. 



the argument takes its original value if the point is exterior 
to the curve, or is increased by 23r if is interior to the 
curve. 

If the complex variable describes the same line in two oppo- 
site directions, the variations of its argument are equal and of 
opposite signs, i.e. the total variation is nothing. From this we 
can derive a property of the variation of the argument of the 
complex variable, which will be found of importance in our suc- 
ceeding investigations. 

Let a plane area be divi- 
ded into any number of parts 
by lines JB2>, AF, EC, &c. 
(fig. 9) ; then the variation 
of the argument relatively to 
the perimeter of the whole 
area is equal to the sum of its 
variations relatively to the pe- 
rimeters of the partial areas : 
all the areas being supposed to be described by the variable 
moving in the same sense. This is evident ; for when the 
point is made to describe all the partial areas in the same sense, 
each of the internal dividing lines will be described twice, the 
two descriptions being in opposite directions ; and the exter- 
nal perimeter will be described once ; hence the total variation 
of the argument relatively to the dividing lines vanishes, and 
the variation relatively to the external perimeter alone remains. 
In the figure, for example, when the point describes the areas 
ABF, AFD in the sense indicated by the arrows, the total 
variation relatively to the line AF vanishes. 

182. Continalty of a Fanctlon of the Complex 
ITaiiable. — Suppose the complex variable 2, starting from 
a fixed value z^y to receive a small imaginary increment 
h ^ p (cos ^ + t sin ^) ; we have then, if / (s) be the given 
function, 

f{z) =f{z,^h) =/(g +/'(=„) A +-'?^^) A' + &c., 
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and the increment of /(«), being equal to/(2o + h) -/(«o)> ^ 
f(z,) h +C^ A' + SAh^ + &c. . . . 



1.2 



1.2.3 



In this expression the coefficients of the powers of h are all 

imaginary expressions of the usual form ; and if their moduli be 

a, b, Cy &c., the moduli of the successive terms are apy bp*, cp^, &c. ; 

and since, by Art. 179, the modulus of a sum is less than the 

sum of the moduli, it follows that the modulus of the increment 

of/ (2) is less than 

ap + ftp* + cp^ + &o. 

Now a value may be assigned to p (Art. 4), such that for it, 
or any less value of p, the value of this expression will be less 
than any assigned quantity. It follows that to an infinitely 
small variation of the complex variable corresponds an infinitely 
small variation of the function ; in other words, the /unction varies 
contimwualy at the same time a^ the complex variable itself. 

183. ITarlatlon of the Argament of /(z) corresponilliis 
to the Descrlptioift of a small Closed Carre by the Com- 
plex ITaiiable. — Corresponding to a continuous series of values 
of z we have a continuous series of values of /(s), which can be 
represented, like the values of z itself, by points in a plane. 
We represent these series of points by two figures (fig. 10) side 





Fig. 10. 

by side, which, to avoid confusion, may be supposed to be drawn 
on di£Eerent planes. To each point P, representing x + ly, cor- 
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responds one determinate point 'F representing /(a). When P 
describes a continuous curve, P^ describes also a continuous 
curve; and when P returns to its original position after describ- 
ing a closed curve, F returns also to its original position. 

Our present object is to discuss the variation of the argument 
of /(s) corresponding to the description of a small closed curve 
by P. Let A be any determinate point whose co-ordinates are 
^w Vw !•©• 2^ = ^0 + *yo. We divide the discussion into two 
cases : — 

(1). When a?o + tVo is not a root of /(a) = 0, ue, when/(2o) 
is different from zero. 

(2). When x^+ii/o is a root of /(a) = 0, or/(2o) = 0. 

(1). In the first case, to the point A corresponds a point A^ 
representing the value of /(so), and (/A' is different from zero. 
Let a = So + ^> where h ^ p (cos ^ + 1 sin 0) ; and suppose P, which 
represents a, to describe a small closed curve roimd A. Let P' 
represent /(a) ; then A'P^ represents the increment of /(a) cor- 
responding to the increment AP of a. By the previous Article 
it appears that values so small may be assigned to p, that the 
modulus of the increment of /(a), namely -4'P', may be always 
less than the assigned quantity (/A' ; hence P may be supposed 
to describe round A a closed curve so small that the correspond- 
ing closed curve described by P' will be exterior to (/. It fol- 
lows, by Art. 181, that corresponding to the description hy P of a 
small closed curve^ which does not contain a point satisfying the 
eqtiation f{z) = 0, the total variation of the argument of f{z) is 
nothing. 

(2). In the second case, suppose a?o + «Vo ^ ^ root of the equa- 
tion f{z) =0 repeated m times, and let 

/(a)-(a-ao)«i^(s); 

then 

/(a) = h^\p{z) = p^ (cos fw0 + i sin w^) \p (s). 

In this case (/A' = ; and when P describes a closed curve 
round -4, P' describes a closed curve roimd (/, and the argument 
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of /(«) will be increased by a multiple of 2ir. To determine this 
increment, we have from the above equation 

arg. f[z) = fw^ + arg. \p(z) ; 

and the increment of arg,f{z) will be obtained by adding the 
increment of m<p to the increment of arg, \p (a). Now the latter 
increment is nothing by (1), since the curve described by P may 
be supposed to contain no root of ^ (2) = ; and since the incre- 
ment of ^ is 2ir in one revolution of P, the increment of m^ is 
2mir. It follows that when P describes a small closed curve con-- 
taininga root of the equation /{z) = 0, repeated m titnesy the argument 
off{%) is increased by 2 nnr. 

184. Caocliy^s Theorem. — When z describes the same 
line in a plane in two opposite directions, /(«) describes the cor- 
responding line in its plane in two opposite directions, and the 
arg, f{z) undergoes equal and opposite variations. It follows 
that if any plane area be divided into parts, as in Art. 181, the 
variation of the arg, /(«), corresponding to the description in the 
same sense by s of all the partial areas, is equal to the varia- 
tion of arg, f{z) corresponding to the description by z of the 
external perimeter only. Now let any closed perimeter in the 
plane XFbe described ; and suppose, in the first place, that it 
contains no point which satisfies the equation f[z) = 0. It can 
be broken up into a nimiber of small areas, with respect to each 
of which the conclusions of (1) Art. 183 hold ; and by what has 
been just proved it follows that the 
variation of arg, f{z) corresponding 
to the description by z of the closed 
perimeter is nothing. Suppose, in the 
second place, that the closed perime- 
ter contains a point which is a root 

of the equation /(«) = repeated m 
times. Let a small closed curve 
PQR8 be described round this 
point. The variation of arg. f{z) corresponding to the descrip- 
tion by z of the whole perimeter, is equal to the sum of its 
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Fig. 11. 
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variations corresponding to the description of the areas 
ABCPSR, CDARQP, PQR8. The two former variations 
vanish by what is above proved ; and the latter is, by (2), 
Art. 183, equal to 2 mw. The total variation, therefore, of /(s) 
is 2 niTT, Similarly, if the area includes a second, third, &c., 
points which represent roots repeated m\ ni\ &c., times, the 
total variation = 2 (w + w' + w" + &c.) ir. Hence we derive the 
following theorem due to Cauchy : — 

The number of roots of any polynomial^ comprised within a given 

» 

plane.area^ is obtained by dividing by 2rr the total variation of the 
argument of this polynomial^ corresponding to the complete descrip- 
tion by the complex variable of the perimeter of the area, 

185. Woniber of Roots of the C^eneral Kqoatlon. — 

We axe enabled by means of the principles established in the 
preceding Articles to prove the theorem contained in Arts. 15 
and 1 6 ; namely, every rational and integral equation of the «'* 
degree has n roots real or imaginary. 

In the former Articles the reasons were given why the 
proof of this theorem, which may be regarded as the fundamen- 
tal theorem of the Theory of Equations, was deferred. 

Let 

be a rational and integral function of is. Without making any 
supposition as to the existence of roots of f[z) = further than 
that/ (2) cannot vanish for any infinite values of the variable, 
we can suppose z to describe in its plane a circle so large that 
no root exists outside of it. If, then, 

f{z) = s'*{flro + «i3' +a2s"+ . . . + r/ns'") 

= z^tp (2'), where z = -, 

z\ whose modulus is the reciprocal of the modulus of 2, will 
describe a small circle containing a portion of the plane cor- 
responding to the part outside of the circle described by 2 ; and 
no root of ^ (2') = will be included within this small circle. 
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Henoe, corresponding to the description of the whole circle by s, 
the variation of arg. ^ («') = 0, and, therefore, 

variation of arg, f[z) = variation of arg. 2"; 
and if 

z = r (cos 6 + « sin 0), or a** = r** (cos nO + % sin «6), 

6 is increased by 27r, and, therefore, arg, s* is increased by 2 nir. 
It follows from Cauohy's Theorem, Art. 184, that the number 
of roota comprised within the circle described by s, i.e. the total 
number of roots of the equation f[z) = is n ; and the theorem 
is proved.* 



* Up to the period of Lagrange it appears to have been taken for granted that 
every equation must have a root. In his Traitt de la Resolution de» Equations Nume- 
riquet, note X., Lagrange has an investigation, the object of which is to prove d priori 
the possibility of decomposing any polynomial into real factors of the first or second 
degree. Gauss also gave a proof of the proposition. Cauchy occupied himself with 
the problem, and gave two forms of demonstration, one of which we have followed 
in the text. A simple investigation of this problem will be f oimd in a Paper by Mr. 
John C. Malet, M.A., '*0n a Proof that every Algebraic Equation has a Root,*' 
Trans, of the Royal Irish Academy^ vol. zzvi. p. 463. 



NOTES. 



NOTE A. 

ALGXBBAIC 80LX7TION OF XQUATIONS. 

The solution of the quadratic equation was known to tlie Arabians, and is found in 
the works of Mohammed Ben Musa and other writers published in the ninth century. 
In a treatise on Algebra by Omar Alkhayyami, which belongs probably to the middle 
of the eleventh century, is found a classification of cubic equations, with methods 
of geometrical construction ; but no attempt at a general solution. The study of 
Algebra was introduced into Italy from the Arabian writers by Leonardo of Pisa 
early in the thirteenth century ; and for a long period the Italians were the chief 
cultivators of the science. A work, styled VArte Maggwrey by Lucas Paciolus 
(known as Lucas de Burgo) was published in 1494. This writer adopts the Arabic 
classification of cubic equations, and pronounces their solution to be as impossible 
in the existing state of the science as the quadrature of the circle. At the same 
time he signalizes this solution as the problem to which the attention of mathemati- 
cians should be next directed in the development of the science. The solution of 
the equation sfi -it mx-=^n was effected by Scipio Ferreo ; but nothing more is 
known of his discovery than that he imparted it to his pupil Florido in the year 
1606. The attention of Tartaglia was directed to the problem in the year 1530, in 
consequence of a question proposed to him by Colla, whose solution depended on 
that of a cubic of the form afi + v^ » q- Florido, learning that Tartaglia had ob- 
tained a solution of this equation, proclaimed his own knowledge of the solution of 
the form 2^ + fnx = n. Tartaglia, doubting the truth of his statement, challenged 
him to a disputation in the year 1535 ; and in the mean tune himself discovered the 
solution of Ferreo's form x^ ■\- mx = n. This solution depends on assuming for x 

an expression \/t — *yu consisting of the difference of two radicals ; and, in fact, 
constitutes the solution usually known as Cardan's. Tartaglia continued his labours, 
and discovered rules for the solution of the various forms of cubics included under the 
classification of the Arabic writers. Cardan, anxious to obtain a knowledge of these 
rales, applied to Tartaglia in the year 1539 ; but without success. After many 
solicitations Tartaglia imparted to him a knowledge of these rules ; receiving from 
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him, however, the most solemn and sacred promises of secrecy. Regardless of his 
promises, Cardan publiflhed in 1645 Tartaglia's rules in his great work styled Ars 
Ma^tta. It had been the intention of Tartaglia to publish his rules in a work of his 
own. He commenced the publication of this work in 1556 ; but died in 1559, before 
he had reached the consideration of cubic equations. As his work, therefore, con- 
tained no mention of his own rules, these rules came in process of time to be regarded 
as the discovery of Cardan, and to be called by his name. 

The solution of equations of the fourth degree was the next problem to engage 
the attention of algebraists ; and here, as well as in the case of the cubic, l^e im- 
pulse was given by CoUa, who proposed to the learned the solution of the equation 
si^ + 6x* + S6 = 60x. Cardan appears to have made attempts to obtain a formula 
for equations of this kind ; but the discovery was reserved for his pupil Ferrari. 
The method employed by Ferrari was the introduction of a new variable, in such a 
way as to make both sides of the equation perfect squares ; this variable itself being 
determined by an equation of the third degree. It is, in fact, virtually the method 
of Art. 63. This solution is sometimes ascribed to Bombelli, who published it in 
his treatise on Algebra, in 1579. The solution known as Simpson's, which was 
published much later (about 1740), is' in no respect essentially difEerent from that 
of Ferrari. In the year 1637 api>eared Descartes' treatise, in which are found many 
improvements in algebraical science, the chief of which are his recognition of the 
negative and imaginary roots of equations, and his '' Rule of Signs." His expres- 
sion of the biquadratic as the product of two quadratic fectors, although deducible 
immediately from Ferrari's form, was an important contribution to the study of this 
quantic. Euler's algebra was published in 1770. His solution of the biquadratic 
(see Art. 61) is important, inasmuch as it brings the treatment of this fonn into 
harmony with that of the cubic by means of the assumed irrational form of the root. 
The methods of Descartes and Euler were the result of attempts made to obtain a 
general algebraic solution of equations. Throughout the eighteenth century many 
mathematicians occupied themselves with this problem; but their labours were 
unsuccessful in the case of equations of a degree higher than the foiuth. 

In the solutions of the cubic and biquadratic obtained by the older analysts we 
observe two distinct methods in operation : the first, illustrated by the assumpftions 
of Tartaglia and Euler, proceeding from an assumed explicit irrational form of the 
root ; the other, seeking by the aid of a transformation of the given function^ to 
change its factorial character, so as to reduce it to a form readily resolvible. In 
Art. 55 these two methods are illustrated ; together with a third, the conoeption of 
which is to be traced to Yandermonde and Lagrange, who published thdr reeearchee 
about the same time, in the years 1770 and 1771. The former of these writers was 
the first to Indicate clearly the necessary character of an algebraical solution of any 
equation, viz., that it must, by the combination of radical signs involved in it, repre- 
sent any root indifferently when the symmetric functions of the roots are substituted 
for the functions of the coefficients involved in the formula (see Art. 94) . His attempts 
to construct formulas of this character were successful in the cases of the cubic and 
biquadratic ; but failed in the case of the quintic. Lagrange undertook a review of 
the labours of his predecessors iu the direction of the general solution of equations, 



Notes. 383 

and traced all their results to one uniform principle. This principle consists in 
reducing the solution of the given equation to that of an equation of lower degree, 
whose roots are linear functions of the roots of the given equation and of the roots 
of unity. He shows also that the reduction of a quintic cannot be effected in this 
way, the equation on which its solution depends being of the sixth degree. 

All attempts at the solution of equations of the fifth degree having failed, it was 
natural that mathematicians should inquire whether any such solution was possible 
at all. Demonstrations have been given by Abel and Wantzel (see Serret's Cour9 
d'Alffibre 8up^riewre, Art. 516) of the impossibility of resolving algebraically 
equations unrestricted in form, of a degree higher than the fourth. A transcendental 
solution, however, of the quintic has been given by M. Hermite, in a form involving 
elliptic integrals. Among other contributions to the discussion of the quintic since 
the researches of Lagrange, one of leading importance is its expression in a 
trinomial form by means of the Tschimhausen transformation (see Art. 175). 
Tschimhausen himself had succeeded in the year 1683, by means of the assump- 
tion y = P ■¥ Qsp + a^t in the reduction of the cubic and quartic, and had ima- 
gined that a similar process might be applied to the general equation. The 
reduction of the quintic to the trinomial form was pubUshed by Mr. Jerraid in 
his Mathmnatieal Setearehes, 1832-1835 ; and has been pronounced by.M. Hermite 
to be the most important advance in the discussion of this quantic since Abel's demon- 
stration of the impossibility of its solution by radicals. In a Paper published by the 
Rev. Bobert Harley in the QitarUrly Journal of Mathematies, vol. vi. p. 38, it is 
shown that this reduction had been previously effected, in 1786, by a Swedish 
mathematician named firing. Of equal importance with firing's reduction is 
Dr. Sylvester's transformation (Art. 176), by means of which the quintic is expressed 
as the sum of three fifth powers, a form which gives great facility to the treatment 
of this quantic. Other contributions which have been made in recent years towards 
the discussion of quantics of the fifth and higher degrees have reference chiefly to 
the invariants and covariants of these forms. For an account of these researches 
the student is referred to Clebsch's Thiorie der JBindron Algebrauch^ Formm, and 
to Salmon's LottOM Introductory to the Modem Higher Algebra. 

There has also grown up in recent years a very wide field of investigation rela- 
tive to the algebraic solution of equations, known as the " Theory of Substitutions." 
This theory arose out of the researches of Lagrange before referred to, and has re- 
ceived large additions from the labours of Cauchy, Abel, Galois, and other writers. 
Although many important results have been arrived at by these investigators, the 
subject is of such vast extent and difficulty that it must be considered as only in its 
infancy as yet. The reader desirous of information on this subject is refeired to 
Serret's Ooure d* Algkbre Superieure, and to the Draitd dee SubetUutione et dee 
Equatione Algebriquee, by M. Camille Jordan. 
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NOTE B. 

80LT7TION OF NUMEBICAL EUUATIONS. 

The first attempt at a general solution by approximation of numerical equations 
was pubUshed in the year 1600, by Yieta. Cardan had previously applied the rule of 
*' false position" (called by him '^regula aurea") to the cubic; but the results 
obtained by this method were of little value. It occurred to Yieta that a particular 
numerical root of a given equation might be obtained by a process analogous to the 
ordinary processes of extraction of square and cube roots ; and he inquired in what 
way these known processes should be modified in order to afford a root of an equa- 
tion whose coefficients are given numbers. Taking the equation /(a;) = Q, where Q 
is a given number, and f{x) a polynomial containing different powers of x^ with 
numerical coefficients, Yieta showed that, by substituting in/(x) a known approxi^ 
mate value of the root, another figure of the root (expressed as a decimal) might be 
obtained by division. When this value was obtained, a repetition of the process 
furnished the next figure of the root ; and so on. It will be observed that the prin- 
ciple of this method is identical with the main principle involved in the methods of 
approximation of Newton and Homer (Arts. 100, 101). All that has been added 
since Yieta's time to this mode of solution of numerical equations is the arrange- 
ment of the calculation so as to afford facility and security in the process of evolu- 
tion of the root. How great has been the improvement in this respect may be 
judged of by an observation in Montucla's Histoire des Mat/Umatiquetf vol. i. 
p. 603, where, speaking of Yieta's mode of approximation, the author regards the 
calculation (performed by Wallis) of the root of a biquadratic to eleven decimal 
places as a work of the most extravagant labour. The same calculation can now be 
conducted with great ease by anyone who has mastered Homer's process explained 
in the text. 

Newton's method of approximation was published in 1669 ; but before this period 
tbe method of Yieta had been employed and simplified by Harriot, Oughtred, Pell, 
and others. After the period of Newton, Simpson and the BemouiUis occupied them- 
selves with the same problem. Daniel Bemouilli expressed a root of an equation 
in the form of a recurring series, and a similar expression was given by Euler ; but 
both these methods of solution have been shown by Lagrange to be in no respect 
essentially different from Newton's solution {Traitt de la Rholution des Equations 
Numiriques). Up to the period of Lagrange, therefore, there was in existence only 
one distinct method of approximation to the root of a numerical equation ; and this 
method, as finally perfected by Homer, in 1819, remains at the present time the 
best practical method yet discovered for this purpose. 

Lagrange, in the work above referred to, pointed out the defects in the methods 
of Yieta and Newton. With reference to the former he observed that it required 
too many trials ; and that it could not be depended on, except when all the terms on 
the left-hand side of the equation f{x) = Q were positive. As defects in Newton's 
method he signalized — first, its failure to give a commensurable root in finite terms ; 
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secondly, the insecurity of the process which leaves doubtful the exactness of each 
fresh correction ; and lastly, the failure of the method in the case of an equation 
with roots nearly equal. The problem Lagrange proposed to himself was the fol- 
lowing : — '* Etant donn^e une Equation num^rique sans aucune notion pr^alable de 
la giandeuT ni de I'esp^ce de ses racines, trouver la valeur num^rique ezacte, s'il 
est possible, ou aussi approch^ qu*on youdta de chacune de ses racines.*' 

Before giving an account of his attempted solution of this problem, it is neces- 
sary to review what had been already done in this direction, in addition to the 
methods of approximation above described. Harriot discovered in 1631 the com- 
position of an equation as a product of factors, and the relations between the roots 
and coefficients. Yieta had already observed this relation in the case of a cubic ; 
but he fiiiled to draw the conclusion in its generality, as Harriot did. This discovery 
was important, for it led to the observation that any integral root must be a factor 
of the absolute term of an equation, and Newton's Method of Divisors for the deter- 
mination of such roots was a natural result. Attention was next directed towards 
finding limits of the roots, in order to diminish the labour necessary in applying the 
method of divisors as well as the methods of approximation previously in existence. 
Descartes, as already remarked, was the first to recognise the negative and ima- 
ginary roots of equations ; and the inquiry commenced by him as to the determi- 
nation of the number of real and of imaginary roots of any given equation was 
continued by Newton, Stirling, De Gua, and others. 

Lagrange observed that, in order to arrive at a solution of the problem above 
stated, it was first necessary to determine the number of the real roots of the given 
equation, and to separate them one from another. For this purpose he proposed to 
employ the equation whose roots are the squares of the differences of the roots of the 
given equation. Waring had previously, in 1762, indicated this method of separat- 
ing the roots ; but Lagrange observes (Equations Numdriquss, Note iii.), that he was 
not aware of Waring's researches when he composed his own memoir on this subject. 
It is evident that when the equation of differences is formed, it is possible, by 
finding an inferior limit to its positive roots, to obtain a number less than the least 
difference of the real roots of the given equation. By substituting in succession 
numbers differing by this quantity, the real roots of the given equation will be sepa- 
rated. When the roots are separated in this way Lagrange proposed to determine 
each of them by the method of continued fractions, explained in the text (Art. 106). 
This mode of obtaining the roots escapes the objections above stated to Newton's 
method, inasmuch as the amount of error in each successive approximation is known ; 
and when the root is commensurable the process ceases of itself, and the root is 
given in a finite form. Lagrange gave methods also of obtaining the imaginary 
roots of equations, and observed that if the equation had equal roots they could be 
obtained in the first instance by methods already in existence (see Art. 74). 

Theoretically, therefore, Lagrange's solution of the problem which he proposed 
to himself is perfect. As a practical method, however, it is almost useless. The 
formation of the equation of differences for equations of even the fourth degree is 
very laborious, and for equations of higher degrees becomes well nigh impracticable. 
Even if the more convenient modes of separating the roots discovered since La- 
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grange's time be taken in conjunction with, the rest of his process, still this process 
is open to the objection that it gives the root in the form of a continued fraction, 
and that the labour of obtaining it in this form is greater than the corresponding 
labour of obtaining it by Homer's process in the form of a decimal. It will be 
observed also that the latter process, in t^e perfected form to which Homer has 
brought it, is free from all the objections to Newton's method above stated. 

Since the period of Lagrange, the most important contributions to tbe analysis 
of numerical equations, in addition to Homer's improvement of the method of ap- 
proximation of Yieta and Newton, are those of Fourier, Budan, and Sturm. The 
researches of Budan were published in 1807 ; and those of Fourier in 1831, after his 
death. There is no doubt, however, that Fourier had discovered before the publi- 
cation of Budan's work the theorem which is ascribed to them conjointly in the text. 
The researches of Sturm were published in 1835. The methods of separation of the 
roots proposed by these writers are fully explained in Chapter IX. By a combina- 
tion of these methods with that of Homer we have now a solution of Lagrange's 
problem &r simpler than that proposed by Lagrange himself. And it appears im- 
possible to reach mnch greater simplicity in this direction. In extracting a root of 
an equation, just as in extracting an ordinary square or cube root, labour cannot be 
avoided ; and Homer's process appears to reduce this labour to a mmimnTn- The 
separation of the roots also, especially when two or more are nearly equal, must 
remain a work of more or less labour. This labour may admit of some reduction by 
the consideration of the functions of the coefficients which play so important a part 
in the theory of the different quantics. If, for example, the functions M, J, and J, 
are calculated for a given quartic, it will be possible at once to tell the character of 
the roots (see Art. 93). Mathematicians may also invent in process of time some 
mode of calculation applicable to numerical equations analogous to the logarithmic 
calculation of simple roots. But at the present time the most perfect solution of 
Lagrange's problem is to be sought in a combination of the methods of Sturm and 
Homer. 
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NOTE C. 

DETEBMINANTS. 

The name '* determinant " was introduced by Cauchy, as well as the notation in 
ordinary use (Art. 107) to represent these functions. Although Leibnitz in 1693 
had observed the peculiarity of the functions which arise from the solution of linear 
equations, no further advance in this direction took place till Cramer in 1750 was 
led to the study of such functions in connexion with the analysis of curves. During 
the latter period of the eighteenth century the subject was further enlarged by the 
labours of Bezout, Laplace, Yandermonde, and Ingrange. These labours were 
continued in the present century by Gauss and Cauchy ; to the former of whom is 
due the proposition that the product of two determinants is itself a determinant. A 
great impulse was given to the study of these expressions by the writings of Jacobi 
in Crelle's Journal^ and by his memoirs published in 1841. Among more recent 
mathematicians who have advanced this subject may be mentioned Hermite, Hesse, 
Joachimstal, Cayley, Sylvester, and Salmon. There is now no department of 
mathematics, pure or applied, in which the employment of this calculus is not of 
great assistance, not only furnishing brevity and elegance in the demonstration of 
known properties, but even leading to new discoveries in mathematical science. 
Among recent works which have rendered this subject accessible to students 
may be mentioned Spottiswoode's Elementary Theorems relating to Determinants, 
London, 1861 ; Brioschi's La teoriea dei determinantiy Pavia, 1854 ; Baltzer*s 
Theorie und Anwendung der determinanten, Leipzig, 1864 ; Dostor's EUments de la 
theorie dee Determinants , Paris, 1877 ; Scott's Theory of Determinante, Cambridge, 
1880 ; and the chapters in Salmon's Lesaone introductory to the Modem Higher 
Algebra, Dublin, 1876. For further information on the history of this subject, as 
well as on that of Eliminants, Invariants, Covariants, and Linear Transformations, 
the reader is referred to the notes at the end of the work last mentioned. 



THE END. 
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